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1 Introduction

Let C be a convex subset of the linear space X and f a convex function on C. If
P = (p1,...,pn) is a probability sequence, i.e. pi,...,pp > 0 with Y ;" p; = 1 and
x = (z1,...,%,) € C™, then

f <sz$z> < pif (w), (1.1)
i=1 i=1

is well known in the literature as Jensen’s inequality.

The Jensen inequality for convex functions plays a crucial role in the Theory
of Inequalities due to the fact that other inequalities such as the arithmetic mean-
geometric mean inequality, Holder and Minkowski’s inequalities, Ky Fan’s inequality
etc. can be obtained as particular cases of it.

In 1989, J. Pecarié¢ and the author obtained the following refinement of (1.1) (see
[14)):

n

f <Zpi17i> < Y pi1‘--pik+1f< - T '““) (1.2)
=1

015t t1=1

CF e (B S
=1

i1, ip=1
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for k> 1 and p, x as above.
If g1,...,qx > 0 with Z?Zl gj = 1, then the following weighted refinement ob-
tained in 1994 by the author also holds (see [5]):

f (Z}%%) < > pn-pidt (W) (1.3)
i=1

i1, ip=1
n

n
< Y i (@ o aes) <Y pif (@),

i1 eyip=1 i=1

where 1 < k < n and p, X are as above.
More recently the author obtained a different refinement of Jensen’s inequality
incorporated in (see [7]):

n
Zj:l Pjxj — PkTk

f j;pjl’j < ke?f,ifl,n} [(1 —pi) f ( > +pkf($k)] (1.4)

1 —px
1| < > j=1DjTj — PKTk "
<= Z(l—pk)f . +Zpkf($k)
n = Pk =1
< penax [(1 — i) f (Zj_lf]f;k_ pkxk) +Pkf($k)]

< pif (),
j=1

where f, z; and pg are as above.

For other refinements and applications related to Ky Fan’s inequality, the arith-
metic mean-geometric mean inequality, the generalized triangle inequality, the f-
Divergence measure etc., see [1], [2]-[12], [13] and [15]-[16]

Motivated by the above results, we investigate in this paper the integral ver-
sion of Jensen inequality and establish some refinements and reverses of interest for
applications.

Let (92, A, 1) be a measurable space consisting of a set 2, a ¢ — algebra A of
parts of 2 and a countably additive and positive measure g on A with values in
RU{oo} . For the u-integrable positive u-a.e. weight w consider the Lebesgue space

Ly (Qu):={f:Q—R, fis y-measurable and /Q |f ()| w (t)du (t) < oo}

For simplicity of notation we write everywhere in the sequel fQ wdp instead of
Jow () dp(t) ete..
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For the p-integrable positive p-a.e. weight w and a given n > 2 we consider
the set B, (w) all possible n-tuples of u-integrable positive p-a.e. weights w =
(wi, ....,wy,) with the property that ) " ; w; = w. The n-tuple W = (wq, ...., wy) it
is called a partition of the weight w. It is clear that > ;" ; [ widp = [, wdp for any
(w1, ...y wn) € Py (w) and [ widp > 0.

For a convex function ® : [m, M] — R, a p-measurable function f : Q — [m, M]
such that f, ® o f € Ly, (Q, ) we define the functional ¢ (@, f,-) : B, (w) — R by

1 - Jo fwidp '
vt = g e (G ) e (1)

In the next section we establish some results concerning this functional that
are related to Jensen’s integral inequality. Applications for discrete inequalities
and weighted means are provided in the third section. In the last section some
applications for univariate functions are also given.

2 Main Results

The following basic result holds:

Theorem 2.1. Let ® : [m,M] — R be a convex function, f : Q — [m, M| a p-
measurable function such that f, ® o f € Ly (Q,u). Then for any w € P, (w) we

have
Jo(@oNuwdn 6 ¢ 0 q)<fafwd/~6>
where n > 2.

Proof. From Jensen’s integral inequality we have

/Q(<I>Of) widp > ® <m> /Qwidu (2.2)

for any i € {1,...,n}.
If we sum the inequality (2.2) over i from 1 to n we get

ZZ:;/Q((I) ° f)widp = ;:@ (fﬂfwd“> /sz-du (2.3)

Jowidn

and since

izn;[](®0f)widu=/§z(®0f) (izn;wi>du:/ﬂ(q>of)wdﬂ
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then from (2.3) we get the first part of (2.1).

Let
fowidM .
;= dp >0z ==————¢€ |m,M|, 1€{l,...,n}.
pi /szu Zi Jo widy [m, M], i€{ n}
Then
n
P, = Zpi:/wdu,
i=1 L
and

sz‘ziZZ/f’widMZ/deu-
i=1 i=1 79 Q

From Jensen’s discrete inequality

E —1Pizi
i Z>(I>
7 Do (e = o (E 0

we have
" id d
Ly <fafwﬂ> / widp > @ (fafwﬂ>
and the second inequality in (2.1) is also proved. O

Remark 2.2. The double inequality (2.1) is equivalent to

do d
oLl s (o 2.4)

and

fQ fwdu)

inf 1 (®, f,W) > ( iy

2.5
WEPn (w) (2:5)

where n > 2.

We use the following lemma [9].
Lemma 2.3. Let ® : [ — R be a convex function on the interval of real numbers
I and m,M € R, m < M with [m, M| C I, I is the interior of I. If g : & — R is

p-measurable, satisfies the bounds

—oco<m<g(x) <M< oo for p-a.e. x €
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and such that g,® o g € Ly, (, 1) , where p > 0 p-a.e. on Q with [, pdp =1, then

OS/QP(@Of)du—CI></prdu> (2.6)
< M= Jopfd) Uopfde—m) 5y e )
M —m 1€ (m, M)
< fdu> (/prdu—m> e (]\JQ::* (m)
si M —m) [® (M) - @, (m)],
where Ug (;m, M) : (m, M) = R is defined by

\Ifé(t;m,M):@(]\]Q_j)(t) @(ti—;{;(m).

We have the following reverse of the first inequality in (2.1).

Theorem 2.4. Let ® : [m, M| — R be a convex function, f : Q — [m,M] a p-
measurable function such that f, ® o f € Ly (Q,p). Then for any w € By, (w),
n > 2 we have

0< W (@, ) (27)

1
sup Vg (t;m, M)
M — M te(m,M)

i ) o ) ()

<

d d
< sup W@(th)(M—fow M) <f9fwu—m>.
M = m ve(m, ) Jowdp )\ Jowdp
Proof. From the second inequality in (2.6) for g = f and p = %, i€{l,...,n}
Q Wi
we have
P— / (®of)d <1>< ! / fd) (2.8)
= w; (P 0 = T 7 | wijap .
Jowidp Jo Jowidp Jo
1 ifd ifd
< (M—fgwfﬂ> <f9wf,u_m) sup Vg (t;m, M)
M—-m fQ wzd,u' fQ wzd,u te(m,M)

for any i € {1,...,n}.
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If we multiply by fQ w;dp > 0 and sum over ¢ from 1 to n we get

0<Z/wl (®o f)du— Z(I)(Iszdu/wifd,u>/Qwid,u (2.9)

sup Vg (t;m, M)
M M te(m,M)

% () (50 (5 )

which proves the second inequality in (2.7).
Now, observe that the function ¥ : [m, M] — [0,00), ¥ (t) = (M —t) (t —m) is
concave and by Jensen’s inequality for concave functions with

<

id
pi = /szd/,L>Ozz—W€[m,M],iE{l,...,n}
Q (2
we have
() ) 52
qwd — ‘ fQ widp fﬂ widp
Sl
fQ wdu i=1 Q fQ wld'u
w; du) 7&2 wifdp —-m
Jo wdu —~ \Ja Jo widp
Ei
Jowdn Jo wp
which proves the last part of (2.7). O

Remark 2.5. Since, as shown in [9],

sup Wg (t;m, M) < @ (M) — ', (m)
te(m,M)
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then we have the following simpler inequality

Jowdp
- (M) -9 (m)
- M —m
fQ widp fQ w; fdp fQ w; fdp —m
> () (B )
M) =¥ (m) ( Jo Swdp ([ Jo fwdn
= M —m <M fgwdu><fgwdu )

If we use Lemma 2.3 for the discrete measure, we can state the following result:

Lemma 2.6. Let @ : [a,b] — R be a convex function on the interval of real numbers
[a,b], zi € [a,b], pi >0, i€ {1,....,n} and Y, pi = 1. Then

0< sz (z) (szzz> (2.11)

(b -y 1pizz') (Ximy pizi — a) sup Vg (¢;a,b)
—a te(a,b)

(oo (o)
i —a)[@ (b) - ¥, (a)].

The following reverse of the second inequality in (2.1) holds:

Theorem 2.7. Let ® : [m, M| — R be a convex function, f : Q — [m,M] a p-
measurable function such that f, ® o f € Ly (Q,p). Then for any w € By, (w),
n > 2 we have

0< vy (Q,fw)—o (W) (2.12)
L () — Jo fwdu Jo fwdp —l(w
g( ) fQ”‘“‘) <f9‘”d“ ( )> sup U (1 (W), L (W)

L (w) — I (w) te(l(w),L(w))

< (L@ -1@) s We(tl(@),L@),
te(l(w),L(w))
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where
[(w):= min {fow,u}’ L(w):= max {fgfw,u} (2.13)
ie{ln} | Jowidp ie{ln} | Jowidp
Proof. If we write the first two inequalities in (2.11) for
z’d id
pl:fﬂw M>OZZ:M’Z€{1’7’[’L}
Jo wdp Jo widn

and for a = [ (w),b = L (w) as above we have
1L i fo (Z?l i fo
0< ——r idy | @ | =2—— )| -0 | =/————— 2.14
= Jywidn 2 () e (e, o wdp 249
< SUPte(m) L) Yo (t;1(w), L (w))
B L (w) -1 (w)
= Jowidp [ fwidp ~ Jowidp o fwidp _
L - . : —1
( (@) ; qwdp fQ w;du ; o wdp fQ w;du (w)
. Jo fwdp\ ( [q fwdp _
(L(w)_ ?wdu) (?wdu _l(w)>
= . - Uy (t:1 (W), L (W),
L(w) 1 (w) ooyt B @)

X

which proves the second inequality in (2.12).
The last part in (2.12) follows by the elementary inequality

2
af < <‘”5) L a,BER.

2
0
Remark 2.8. Since
Vo (t:1(w), L (w)) < @ (L (w)) - ¢, (I(w)),
then from (2.12) we have the simpler inequalities
0<% (P, f,w)—® (W) (2.15)

(L) =@, (@) (o JoSwdp\ (fo fwdn
= L(w) — 1 (w) (L( ) fgwdu><fgwdu 3 )>

< (@)~ @) [0 (L @) - @, (@)]
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The following reverse of Jensen inequality also holds [9]:

Lemma 2.9. Let ® : I — R be a convex function on the interval of real numbers
I and m,M € R, m < M with [m, M| C I, I is the interior of I. If g : & — R is
p-measurable, satisfies the bounds

—oo<m<g(x) <M< oo for p-a.e. x €

and such that g, ® o g € Ly, (2, p1) , where p > 0 p-a.e. on Q with [opdp =1, then

OS/Qp(fPOf)du—<1></ﬂpfdu> (2.16)

[ (=) 2 3

@(m)—;—@(M) _q)(m—;M)].

2
M—-—m

|

We have the following result:

Theorem 2.10. Let ® : [m, M| — R be a convex function, f : Q@ — [m,M] a
p-measurable function such that f, ® o f € Ly (Q,u). Then for any w € P, (w),
n > 2 we have

fQ(q)of)wd,u_ -

OS—widu Y (P, f,w) (2.17)
O (m) + @ (M) m+ M

< [HetE e ()]

n

2
X <1+M—mz

=1

T Jy (- sz)d“D

. {(I)(m)—lQ—CI)(M) _(I)<m+M>}

2 1 m+ M
14— - dp ) .
><< +M—mfﬂwd,u/gw’f 2 M)

Proof. From the second inequality in (2.16) for g = f and p = T
Q

Wy
widw’

ie{l,..,n}
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we have

0< fgilid,u/gwi (Pof)du— (fﬂiiid,u/gwifdu> (2.18)

el o2

1 / m+ M >
W; du —
fﬂwid,u Q fdp 2

If we multiply the inequality (2.18) by [, widpu > 0 and sum over i from 1 to n
we get

Ogizn;/gzwi(q)Of)duizn;@( ! /Qwifdlt)/gwidﬂ

x |1+ 2
M —m

for any ¢ € {1,...,n}.

Jo widp

)

n

(S st (o)

=1

[ (o)

o= 25)

any by dividing with [, wdu = >""" | [, widu, we get the second inequality in (2.17).

1 / m+ M ‘
wlfd —
Jowidp Jo a 2 )

n

2
d
x(/ﬂw,u—kaZ

=1

By the properties of modulus we have

n

1 / < m+M> ‘ 1 / m—i—M'
i (- an < 3 [ - an
; Jowdp Jo 2 wid,u; Q 2
1 / m—l—M‘
=— [ w|f————|du
wid,u Q 2
and the last part of (2.17) is proved. O

If we use Lemma 2.3 for the discrete measure, we can state the following result:
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Lemma 2.11. Let ® : [a,b] — R be a convex function on the interval of real numbers
la,b], z € [a,b], p; >0,i€{1,...,n} and Y ;" | p; = 1. Then

0< Zpl (z) (Zplzl> (2.19)

S[@(a)—;@(b)_@<a—2kb>] (Hb—Qa )

<9 [@(a);@(b) _q)(a;—b)]

n

Zpizi_ a—2|—b

1=1

Using this lemma we can state and prove the following result as well:

Theorem 2.12. Let ® : [m,M] — R be a convex function, f : Q — [m,M] a
p-measurable function such that f, ® o f € Ly (Q,u). Then for any w € P, (w),
n > 2 we have

(@, f,w)— @ <f})ﬂf;vdiu> (2.20)

LU OL®) _, (L))

where | (W), L (W) are defined by (2.13).

Proof. If we write the first two inequalities in (2.11) for

_ Jowidp S0 Jo fwidp

pi = i = ce{l,...n
Jo wep Jowid { }
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and for a = (w), b= L (w) as above we have

0< fgjvdu Xn: </ widu> o <m>
@( fﬂw’d“ Ja fwzdu>

fQ wdp Jowidp
(L) 4 (l (@) +L(w)>}

- [ 2 2
Jowidp Jo fwidp 1 (w) + L (w)
% <1 * L(w (w) ; i qwdp })Q w;d 2 )
o (@)) +@ (L (w)) l(w) + L (w)
B S G |

2 (w) + L (w)
(s () - 235

that proves the required inequalities in (2.20). O

3 Discrete Case and Some Applications

Let ® : [a,b] — R be a convex function on the interval of real numbers [a, ],
xg € a,b], wp >0, k€ {1,....,m}. Let wy; >0 for k € {1,....,m}, i€ {l,...,n} with
m,n>2and > wg = wy for any k € {1,...,m}.

-----

o > he 1kam> -
V(@ W) = 1wkZ@( T > w, (3.1)

where T = (21, ..., ) € [a,b]"

Using the results from the previous section we have

> ke Wk D e W
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Doy @ () wy

_ Q)*
0< ST Y (@, T, W)
- P’ (b) — P, (a)
- b—a

Z Zwk < D ket kaki> <Z?1 TEWE a)
Zk 1 Wk Z D k1 Whi 2 k=1 Whi

=1 k=1

- " (b) — ¥, (a) <b— Dbt l'kwk) (kal LWy _a> ,

- b—a Do W Dby W
and
0< Z%ifﬁgwk — ¢ (D,7,W)
e
><<1+ Eaizkl kzwm< a+b)>
st
X (1—1—&%;1111{ wk—a;—bD-
Define

[(W):= min {Z’f 1“”““}, L(W):= max {Z’f 1“”““}.

Zk 1 Wki Zk 1 Wki

Then we also have

0< v (@7 W)-2 <ZZ;1 x’““”“)

D he1 Wk
(L (W) ~ ¥, (1(W))
- L(W)—1(W)

ZZL W 22"21 Wi

" (L (W) — 2kt l"kwk) <Z?=1 TeWk (W))
% (L(W) = 1(W)) [0 (L (W)) — &, (IL(W))]

37

(3.5)
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and
0< ¢ (®,ZW)—d <W> (3.7)
Ek:l W

. [cp(z (W));@(L(W)) @ <Z<W)+2L(W)>]

Dhr Trwe (W) + L (W) D
)| 2k we 2

(”L(W)2 o
@ (L (W) _®<Z<W>+L<W>>]_
(

<o[2U0

2 2

We consider the convex function ® : (0,00) — (0,00), ®(t) = t? with p €

(—00,0) U (1,00) . Then

(P, T, W)= ! Z <ZZL1 kaki>p Z (e (3.8)

2oy W £ 2 ket Whi =1

et () (£)”

=1

where x > 0, wi, > 0, wg; > 0 for k € {1,...,m}, i € {1,...,n} with m, n > 2 and
Yo wy = wy, for any k € {1,...,m}.
From (3.2) we have

D hey TRWk - mmwl P mwA o
S w >zk_ Z<Z ¢ k) (,; ’“) (39)

11k1

> (Zk:l xk’wk)p
N\ 2L w

If we set @ = min{@k}tycqy ,y and b =max{zr}tyeqy ,p,y then from (3.3) and
(3.4) we have

1-p
D=1 xiwk TpW Y Wi
o< SR - Z(Z ‘ k) (,; ’“) (3.10)

=1 =
< pp—1 — gp—1
=p b—a
S (5 S (S )
Zk’ 1 i=1 k=1 ij 1 Wi Zk:l Wi

bl — g1 b—Zk 1 TEW D ope TRwy

Spb—a( S >< S ‘a>’
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and

1-p
2 k1 TRWk W - Wi
0= Z?ﬂ W Zk 1“%2 (Z g kl) (; kl) (3.11)

[a”+b” a+b>] -
(eate Sl (13
=

al + P <a+b)]
. a—l—bD

m
1+ — w
( T
dL are defined as in (3.5), then from (3.6) and (3.7) we also have

k=1
m 1-p Zm D
TpW W _ (&= TROR .
Zk, ; <Z k kz) (kzl m) < STy > (3.12)
(L@))P~ = (W)

LW)—-1(W)

p
y <L(W) DY kak> <Z}fle TrWk _Z(W)>
1
4

IN

X

IN

If [ (W) an

0<

D he Wk D ke Wk

(L(W) =L (W)) [(L )P~ = aw)y]

and

1 n m | p m | 1-p Zk L TRWE
0SS (Zxk“"ﬂ) (Z“”“) -(3pne) oo
L

(1 Zz%”‘fufk ‘Z(W)QL(W)D
LW + LAV (LW) 4 L)Y
R ()]

Further on, consider the convex function @ : (0,00) — (0,00), ® (t) = —Int then
from (3.2) for zx > 0, wx > 0, wg; > 0 for k € {1,...,m}, i € {1,....,n} with m,
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n>2and ) ", wg = wy for any k € {1,...,m} we get

1 1
m ST w n b1 Whi\ ST w
ngk =1 Wk < H <Z;gn=m1 kaki>2k R S (3.14)
pratee} D k1 Wi

=1
D he ThW
N Zzn:1 WE

By (3.3) and (3.4) we have

1
m 1
" ST 2w D ohel Wi\ SR wy
i=1 Zzl:1 Wk

1< I
([T, o) T
1 & ( S Wk S TEWk
<exp | ——=m— wy; (b — S2k=l Z) < k=1 Z—a)
[ba D ke W ; ; . D ke Wi D ka1 Wi
1 m m
< exp [ (b Y kak) (E’fj} TEWk a)] (3.15)
ab D ket Wk D ket Wk

and

1
m ~m .
T, (ks 2k ks | SR
=1 D ey Whi

b= N (3.16)
(H?:l a:}c”k) Sho vk
< <a+b>l+bfa S| syt S wni (2= #52)
~ \2Vab
< <a 7 b> L 525 sy, L wee— 43
~ \2Vab :
From (3.6) and (3.7) we also have
s S TRwy
L= S ; (3.17)
n (SR ) ke k) ST
<Hi:1 ( Zk?; Wi ) )
1 Zm: LW Zzlzl TpWi
< exp [ (L(W>— Lt > ( = —1(W)
L (W) l (W) Ek:l Wi Zk‘:l Wi
(L (W)= 1(W)?
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and

1 m
ST wk 2 ke LWk

1
- 1
I S apwy | k=1 ki | TRe
1=1 D b Wi

(3.18)

T 'E?T:nlzkwk_l(w)-‘rl/(w)
o (L) L) TR
= \ oI W)
LWy +Lw)
= \2yIm W)

4 Applications for Univariate Functions

Let ® : [m,M] — R be a convex function and f : [0,7] — [m, M] an integrable
function. Since sin*t + cos?t = 1 for any ¢ € [0,7] then w = (sin

2,C082) is a
partition of the unity. We then have
v (P, f,w)
1 T f(t)sintdt\ [T T f(t)cos?tdt\ [T
— e f(’{r(# /sin2tdt+<1><f0 J (1) cos >/ cos® tdt
T Jo sin® tdt 0 Jo cos?tdt 0

- % [cp (i /wa(t) sin2tdt) + o <72T /wa(t) cos?tdtﬂ :

By the inequality (2.1) we have

Jo (@ Oﬂn QLS % [<I> (i /Oﬂf(t) sin® tdt) +@ <72T /Oﬂf(t) cos” tdt)] (4.1)
o (1 0)

™

while from (2.10) we have

fo7r (®o f) (t) dt

0<

_ % {q) <7;:/0ﬂf(t) sin tdt> + o (fr /Oﬁf(t) cos? tdt)]

(4.2)
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-2 M—-—m

(-2 [ st (2 [ vt}
(=2 [ et /f )

< SO ([0 )(f 0,

Now, let

I () zmm{/ﬂf( sin tdt/ £ (t) cos tdt}
e

) cos 2tdtH

and

L(w) :72rmax{/Oﬂf(t)sithdt,/Oﬂf(t)cosztdt}
= 71T[/Oﬂf(t)dtJr‘/Oﬂf(t)cos%dtu

then by (2.15) we have

0<[ ( /f sin tdt>—|—<I>< /f cos tdt)} (4.3)
‘I’(fow)

1
2

o (4 /0 ra| [ 50w
_ (; [/wa(t)dt ! (t)eoﬂtdt”)]

Similar inequalities may be obtained if someone would also use the inequalities (2.17)
and (2.20). The details are omitted.

) cos 2tdt‘




Refining Jensen’s Integral Inequality 43

References

1]

S. Abramovich, S. Iveli¢ and J. Pecarié¢, Generalizations of JensenSteffensen and
related integral inequalities for superquadratic functions. Cent. Eur. J. Math.
8 (2010), no. 5, 937-949.

S. S. Dragomir, An improvement of Jensen’s inequality, Bull. Math. Soc. Sci.
Math. Roumanie, 34 (82) (1990), No. 4, 291-296.

S. S. Dragomir, Some refinements of Ky Fan’s inequality, J. Math. Anal. Appl.,
163 (2) (1992), 317-321.

S. S. Dragomir, Some refinements of Jensen’s inequality, J. Math. Anal. Appl.,
168 (2) (1992), 518-522.

S. S. Dragomir, A further improvement of Jensen’s inequality, Tamkang J.
Math., 25 (1) (1994), 29-36.

S. S. Dragomir, A new improvement of Jensen’s inequality, Indian J. Pure and
Appl. Math., 26 (10) (1995), 959-968.

S. S. Dragomir, A refinement of Jensen’s inequality with applications for f-
divergence measures, Taiwanese J. Math. 14 (2010), no. 1, 153-164. Preprint,
Res. Rep. Coll. 10 (2007), Supp., Article 15.

S. S. Dragomir, A new refinement of Jensen’s inequality in linear spaces with
applications. Math. Comput. Modelling 52 (2010), no. 9-10, 1497-1505.

S. S. Dragomir, Some reverses of the Jensen inequality with applications. Bull.
Aust. Math. Soc. 87 (2013), no. 2, 177-194.

S. S. Dragomir and N. M. Ionescu, Some converse of Jensen’s inequality and
applications. Rev. Anal. Numér. Théor. Approz. 23 (1994), no. 1, 71-78.
MR1325895 (96¢:26012).

S. S. Dragomir and C. J. Goh, A counterpart of Jensen’s discrete inequality for
differentialble convex mappings and applications in information theory, Math.
Comput. Modelling, 24 (1996), No. 2, 1-11.

S. S. Dragomir, J. Pecari¢ and L. E. Persson, Properties of some functionals
related to Jensen’s inequality, Acta Math. Hung., 70 (1-2) (1996), 129-143.

S. Khalid and J. Pecari¢, On the refinements of the integral JensenSteffensen
inequality. J. Inequal. Appl. 2013, 2013:20, 18 pp.



44 S. S. Dragomir

[14] J. Pecari¢ and S. S. Dragomir, A refinements of Jensen inequality and applica-
tions, Studia Univ. Babes-Bolyai, Mathematica, 24 (1) (1989), 15-19.

[15] F. Qi and M.-L. Yang, Comparisons of two integral inequalities with Hermite-
Hadamard-Jensen’s integral inequality. Int. J. Appl. Math. Sci. 3 (2006), no. 1,
83-88.

[16] Z.Y. Song, Discussion on the integraltype Jensen inequality for P-convex func-
tions. (Chinese) Pure Appl. Math. (Xi’an) 28 (2012), no. 1, 36-40.

S. S. Dragomir

!Mathematics, College of Engineering & Science
Victoria University, PO Box 14428

Melbourne City, MC 8001, Australia.

2DST-NRF Centre of Excellence in the
Mathematical and Statistical Sciences

School of Computer Science & Applied Mathematics,
University of the Witwatersrand, Private Bag 3,
Johannesburg 2050, South Africa

E-mail: sever.dragomir@vu.edu.au



