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1 Introduction

Let C be a convex subset of the linear space X and f a convex function on C. If
p = (p1, . . . , pn) is a probability sequence, i.e. p1, . . . , pn ≥ 0 with

∑n
i=1 pi = 1 and

x = (x1, . . . , xn) ∈ Cn, then

f

(
n∑
i=1

pixi

)
≤

n∑
i=1

pif (xi) , (1.1)

is well known in the literature as Jensen’s inequality.
The Jensen inequality for convex functions plays a crucial role in the Theory

of Inequalities due to the fact that other inequalities such as the arithmetic mean-
geometric mean inequality, Hölder and Minkowski’s inequalities, Ky Fan’s inequality
etc. can be obtained as particular cases of it.

In 1989, J. Pečarić and the author obtained the following refinement of (1.1) (see
[14]):

f

(
n∑
i=1

pixi

)
≤

n∑
i1,...,ik+1=1

pi1 . . . pik+1
f

(
xi1 + · · ·+ xik+1

k + 1

)
(1.2)

≤
n∑

i1,...,ik=1

pi1 . . . pikf

(
xi1 + · · ·+ xik

k

)
≤ · · · ≤

n∑
i=1

pif (xi) ,
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for k ≥ 1 and p, x as above.
If q1, . . . , qk ≥ 0 with

∑k
j=1 qj = 1, then the following weighted refinement ob-

tained in 1994 by the author also holds (see [5]):

f

(
n∑
i=1

pixi

)
≤

n∑
i1,...,ik=1

pi1 . . . pikf

(
xi1 + · · ·+ xik

k

)
(1.3)

≤
n∑

i1,...,ik=1

pi1 . . . pikf (q1xi1 + · · ·+ qkxik) ≤
n∑
i=1

pif (xi) ,

where 1 ≤ k ≤ n and p, x are as above.
More recently the author obtained a different refinement of Jensen’s inequality

incorporated in (see [7]):

f

 n∑
j=1

pjxj

 ≤ min
k∈{1,...,n}

[
(1− pk) f

(∑n
j=1 pjxj − pkxk

1− pk

)
+ pkf (xk)

]
(1.4)

≤ 1

n

[
n∑
k=1

(1− pk) f

(∑n
j=1 pjxj − pkxk

1− pk

)
+

n∑
k=1

pkf (xk)

]

≤ max
k∈{1,...,n}

[
(1− pk) f

(∑n
j=1 pjxj − pkxk

1− pk

)
+ pkf (xk)

]

≤
n∑
j=1

pjf (xj) ,

where f, xk and pk are as above.
For other refinements and applications related to Ky Fan’s inequality, the arith-

metic mean-geometric mean inequality, the generalized triangle inequality, the f -
Divergence measure etc., see [1], [2]-[12], [13] and [15]-[16]

Motivated by the above results, we investigate in this paper the integral ver-
sion of Jensen inequality and establish some refinements and reverses of interest for
applications.

Let (Ω,A, µ) be a measurable space consisting of a set Ω, a σ – algebra A of
parts of Ω and a countably additive and positive measure µ on A with values in
R∪{∞} . For the µ-integrable positive µ-a.e. weight w consider the Lebesgue space

Lw (Ω, µ) := {f : Ω→ R, f is µ-measurable and

∫
Ω
|f (t)|w (t) dµ (t) <∞}.

For simplicity of notation we write everywhere in the sequel
∫

Ωwdµ instead of∫
Ωw (t) dµ (t) etc..
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For the µ-integrable positive µ-a.e. weight w and a given n ≥ 2 we consider
the set Pn (w) all possible n-tuples of µ-integrable positive µ-a.e. weights w =
(w1, ...., wn) with the property that

∑n
i=1wi = w. The n-tuple w = (w1, ...., wn) it

is called a partition of the weight w. It is clear that
∑n

i=1

∫
Ωwidµ =

∫
Ωwdµ for any

(w1, ...., wn) ∈ Pn (w) and
∫

Ωwidµ > 0.
For a convex function Φ : [m,M ]→ R, a µ-measurable function f : Ω→ [m,M ]

such that f, Φ ◦ f ∈ Lw (Ω, µ) we define the functional ψ (Φ, f, ·) : Pn (w)→ R by

ψ (Φ, f, w) :=
1∫

Ωwdµ

n∑
i=1

Φ

(∫
Ω fwidµ∫
Ωwidµ

)∫
Ω
widµ. (1.5)

In the next section we establish some results concerning this functional that
are related to Jensen’s integral inequality. Applications for discrete inequalities
and weighted means are provided in the third section. In the last section some
applications for univariate functions are also given.

2 Main Results

The following basic result holds:

Theorem 2.1. Let Φ : [m,M ] → R be a convex function, f : Ω → [m,M ] a µ-
measurable function such that f, Φ ◦ f ∈ Lw (Ω, µ). Then for any w ∈ Pn (w) we
have ∫

Ω (Φ ◦ f)wdµ∫
Ωwdµ

≥ ψ (Φ, f, w) ≥ Φ

(∫
Ω fwdµ∫
Ωwdµ

)
, (2.1)

where n ≥ 2.

Proof. From Jensen’s integral inequality we have∫
Ω

(Φ ◦ f)widµ ≥ Φ

(∫
Ω fwidµ∫
Ωwidµ

)∫
Ω
widµ (2.2)

for any i ∈ {1, ..., n} .
If we sum the inequality (2.2) over i from 1 to n we get

n∑
i=1

∫
Ω

(Φ ◦ f)widµ ≥
n∑
i=1

Φ

(∫
Ω fwidµ∫
Ωwidµ

)∫
Ω
widµ (2.3)

and since

n∑
i=1

∫
Ω

(Φ ◦ f)widµ =

∫
Ω

(Φ ◦ f)

(
n∑
i=1

wi

)
dµ =

∫
Ω

(Φ ◦ f)wdµ
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then from (2.3) we get the first part of (2.1).

Let

pi =

∫
Ω
widµ > 0 zi =

∫
Ω fwidµ∫
Ωwidµ

∈ [m,M ] , i ∈ {1, ..., n} .

Then

Pn :=
n∑
i=1

pi =

∫
Ω
wdµ,

and
n∑
i=1

pizi =
n∑
i=1

∫
Ω
fwidµ =

∫
Ω
fwdµ.

From Jensen’s discrete inequality

1

Pn

n∑
i=1

piΦ (zi) ≥ Φ

(∑n
i=1 pizi
Pn

)
we have

1∫
Ωwdµ

n∑
i=1

Φ

(∫
Ω fwidµ∫
Ωwidµ

)∫
Ω
widµ ≥ Φ

(∫
Ω fwdµ∫
Ωwdµ

)
and the second inequality in (2.1) is also proved.

Remark 2.2. The double inequality (2.1) is equivalent to∫
Ω (Φ ◦ f)wdµ∫

Ωwdµ
≥ sup

w∈Pn(w)
ψ (Φ, f, w) (2.4)

and

inf
w∈Pn(w)

ψ (Φ, f, w) ≥ Φ

(∫
Ω fwdµ∫
Ωwdµ

)
, (2.5)

where n ≥ 2.

We use the following lemma [9].

Lemma 2.3. Let Φ : I → R be a convex function on the interval of real numbers
I and m,M ∈ R, m < M with [m,M ] ⊂ I̊, I̊ is the interior of I. If g : Ω → R is
µ-measurable, satisfies the bounds

−∞ < m ≤ g (x) ≤M <∞ for µ-a.e. x ∈ Ω



Refining Jensen’s Integral Inequality 29

and such that g,Φ ◦ g ∈ Lp (Ω, µ) , where p ≥ 0 µ-a.e. on Ω with
∫

Ω pdµ = 1, then

0 ≤
∫

Ω
p (Φ ◦ f) dµ− Φ

(∫
Ω
pfdµ

)
(2.6)

≤
(
M −

∫
Ω pfdµ

) (∫
Ω pfdµ−m

)
M −m

sup
t∈(m,M)

ΨΦ (t;m,M)

≤
(
M −

∫
Ω
pfdµ

)(∫
Ω
pfdµ−m

)
Φ′− (M)− Φ′+ (m)

M −m

≤ 1

4
(M −m)

[
Φ′− (M)− Φ′+ (m)

]
,

where ΨΦ (·;m,M) : (m,M)→ R is defined by

ΨΦ (t;m,M) =
Φ (M)− Φ (t)

M − t
− Φ (t)− Φ (m)

t−m
.

We have the following reverse of the first inequality in (2.1).

Theorem 2.4. Let Φ : [m,M ] → R be a convex function, f : Ω → [m,M ] a µ-
measurable function such that f, Φ ◦ f ∈ Lw (Ω, µ). Then for any w ∈ Pn (w) ,
n ≥ 2 we have

0 ≤
∫

Ω (Φ ◦ f)wdµ∫
Ωwdµ

− ψ (Φ, f, w) (2.7)

≤ 1

M −m
sup

t∈(m,M)
ΨΦ (t;m,M)

× 1∫
Ωwdµ

n∑
i=1

(∫
Ω
widµ

)(
M −

∫
Ωwifdµ∫
Ωwidµ

)(∫
Ωwifdµ∫
Ωwidµ

−m
)

≤ 1

M −m
sup

t∈(m,M)
ΨΦ (t;m,M)

(
M −

∫
Ω fwdµ∫
Ωwdµ

)(∫
Ω fwdµ∫
Ωwdµ

−m
)
.

Proof. From the second inequality in (2.6) for g = f and p = wi∫
Ω widµ

, i ∈ {1, ..., n}
we have

0 ≤ 1∫
Ωwidµ

∫
Ω
wi (Φ ◦ f) dµ− Φ

(
1∫

Ωwidµ

∫
Ω
wifdµ

)
(2.8)

≤ 1

M −m

(
M −

∫
Ωwifdµ∫
Ωwidµ

)(∫
Ωwifdµ∫
Ωwidµ

−m
)

sup
t∈(m,M)

ΨΦ (t;m,M)

for any i ∈ {1, ..., n} .
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If we multiply by
∫

Ωwidµ > 0 and sum over i from 1 to n we get

0 ≤
n∑
i=1

∫
Ω
wi (Φ ◦ f) dµ−

n∑
i=1

Φ

(
1∫

Ωwidµ

∫
Ω
wifdµ

)∫
Ω
widµ (2.9)

≤ 1

M −m
sup

t∈(m,M)
ΨΦ (t;m,M)

×
n∑
i=1

(∫
Ω
widµ

)(
M −

∫
Ωwifdµ∫
Ωwidµ

)(∫
Ωwifdµ∫
Ωwidµ

−m
)
,

which proves the second inequality in (2.7).

Now, observe that the function Ψ : [m,M ] → [0,∞), Ψ (t) = (M − t) (t−m) is
concave and by Jensen’s inequality for concave functions with

pi =

∫
Ω
widµ > 0 zi =

∫
Ω fwidµ∫
Ωwidµ

∈ [m,M ] , i ∈ {1, ..., n}

we have

1∫
Ωwdµ

n∑
i=1

(∫
Ω
widµ

)(
M −

∫
Ωwifdµ∫
Ωwidµ

)(∫
Ωwifdµ∫
Ωwidµ

−m
)

≤

(
M − 1∫

Ωwdµ

n∑
i=1

(∫
Ω
widµ

) ∫
Ωwifdµ∫
Ωwidµ

)

×

(
1∫

Ωwdµ

n∑
i=1

(∫
Ω
widµ

) ∫
Ωwifdµ∫
Ωwidµ

−m

)

=

(
M −

∫
Ω fwdµ∫
Ωwdµ

)(∫
Ω fwdµ∫
Ωwdµ

−m
)
,

which proves the last part of (2.7).

Remark 2.5. Since, as shown in [9],

sup
t∈(m,M)

ΨΦ (t;m,M) ≤ Φ′− (M)− Φ′+ (m)
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then we have the following simpler inequality

0 ≤
∫

Ω (Φ ◦ f)wdµ∫
Ωwdµ

− ψ (Φ, f, w) (2.10)

≤
Φ′− (M)− Φ′+ (m)

M −m

×
n∑
i=1

∫
Ωwidµ∫
Ωwdµ

(
M −

∫
Ωwifdµ∫
Ωwidµ

)(∫
Ωwifdµ∫
Ωwidµ

−m
)

≤
Φ′− (M)− Φ′+ (m)

M −m

(
M −

∫
Ω fwdµ∫
Ωwdµ

)(∫
Ω fwdµ∫
Ωwdµ

−m
)
.

If we use Lemma 2.3 for the discrete measure, we can state the following result:

Lemma 2.6. Let Φ : [a, b]→ R be a convex function on the interval of real numbers
[a, b], zi ∈ [a, b] , pi ≥ 0, i ∈ {1, ..., n} and

∑n
i=1 pi = 1. Then

0 ≤
n∑
i=1

piΦ (zi)− Φ

(
n∑
i=1

pizi

)
(2.11)

≤
(b−

∑n
i=1 pizi) (

∑n
i=1 pizi − a)

b− a
sup
t∈(a,b)

ΨΦ (t; a, b)

≤

(
b−

n∑
i=1

pizi

)(
n∑
i=1

pizi − a

)
Φ′− (b)− Φ′+ (a)

b− a

≤ 1

4
(b− a)

[
Φ′− (b)− Φ′+ (a)

]
.

The following reverse of the second inequality in (2.1) holds:

Theorem 2.7. Let Φ : [m,M ] → R be a convex function, f : Ω → [m,M ] a µ-
measurable function such that f, Φ ◦ f ∈ Lw (Ω, µ). Then for any w ∈ Pn (w) ,
n ≥ 2 we have

0 ≤ ψ (Φ, f, w)− Φ

(∫
Ω fwdµ∫
Ωwdµ

)
(2.12)

≤

(
L (w)−

∫
Ω fwdµ∫
Ω wdµ

)(∫
Ω fwdµ∫
Ω wdµ

− l (w)
)

L (w)− l (w)
sup

t∈(l(w),L(w))
ΨΦ (t; l (w) , L (w))

≤ 1

4
(L (w)− l (w)) sup

t∈(l(w),L(w))
ΨΦ (t; l (w) , L (w)) ,
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where

l (w) := min
i∈{1,...,n}

{∫
Ω fwidµ∫
Ωwidµ

}
, L (w) := max

i∈{1,...,n}

{∫
Ω fwidµ∫
Ωwidµ

}
. (2.13)

Proof. If we write the first two inequalities in (2.11) for

pi =

∫
Ωwidµ∫
Ωwdµ

> 0 zi =

∫
Ω fwidµ∫
Ωwidµ

, i ∈ {1, ..., n}

and for a = l (w) , b = L (w) as above we have

0 ≤ 1∫
Ωwdµ

n∑
i=1

(∫
Ω
widµ

)
Φ

(∫
Ω fwidµ∫
Ωwidµ

)
− Φ

(∑n
i=1

∫
Ω fwidµ∫

Ωwdµ

)
(2.14)

≤
supt∈(l(w),L(w)) ΨΦ (t; l (w) , L (w))

L (w)− l (w)

×

(
L (w)−

n∑
i=1

∫
Ωwidµ∫
Ωwdµ

·
∫

Ω fwidµ∫
Ωwidµ

)(
n∑
i=1

∫
Ωwidµ∫
Ωwdµ

·
∫

Ω fwidµ∫
Ωwidµ

− l (w)

)

=

(
L (w)−

∫
Ω fwdµ∫
Ω wdµ

)(∫
Ω fwdµ∫
Ω wdµ

− l (w)
)

L (w)− l (w)
sup

t∈(l(w),L(w))
ΨΦ (t; l (w) , L (w)) ,

which proves the second inequality in (2.12).
The last part in (2.12) follows by the elementary inequality

αβ ≤
(
α+ β

2

)2

, α, β ∈ R.

Remark 2.8. Since

ΨΦ (t; l (w) , L (w)) ≤ Φ′− (L (w))− Φ′+ (l (w)) ,

then from (2.12) we have the simpler inequalities

0 ≤ ψ (Φ, f, w)− Φ

(∫
Ω fwdµ∫
Ωwdµ

)
(2.15)

≤
Φ′− (L (w))− Φ′+ (l (w))

L (w)− l (w)

(
L (w)−

∫
Ω fwdµ∫
Ωwdµ

)(∫
Ω fwdµ∫
Ωwdµ

− l (w)

)
≤ 1

4
(L (w)− l (w))

[
Φ′− (L (w))− Φ′+ (l (w))

]
.
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The following reverse of Jensen inequality also holds [9]:

Lemma 2.9. Let Φ : I → R be a convex function on the interval of real numbers
I and m,M ∈ R, m < M with [m,M ] ⊂ I̊, I̊ is the interior of I. If g : Ω → R is
µ-measurable, satisfies the bounds

−∞ < m ≤ g (x) ≤M <∞ for µ-a.e. x ∈ Ω

and such that g,Φ ◦ g ∈ Lp (Ω, µ) , where p ≥ 0 µ-a.e. on Ω with
∫

Ω pdµ = 1, then

0 ≤
∫

Ω
p (Φ ◦ f) dµ− Φ

(∫
Ω
pfdµ

)
(2.16)

≤
[

Φ (m) + Φ (M)

2
− Φ

(
m+M

2

)](
1 +

2

M −m

∣∣∣∣∫
Ω
pfdµ− m+M

2

∣∣∣∣)
≤ 2

[
Φ (m) + Φ (M)

2
− Φ

(
m+M

2

)]
.

We have the following result:

Theorem 2.10. Let Φ : [m,M ] → R be a convex function, f : Ω → [m,M ] a
µ-measurable function such that f, Φ ◦ f ∈ Lw (Ω, µ). Then for any w ∈ Pn (w) ,
n ≥ 2 we have

0 ≤
∫

Ω (Φ ◦ f)wdµ∫
Ωwdµ

− ψ (Φ, f, w) (2.17)

≤
[

Φ (m) + Φ (M)

2
− Φ

(
m+M

2

)]
×

(
1 +

2

M −m

n∑
i=1

∣∣∣∣ 1∫
Ωwdµ

∫
Ω
wi

(
f − m+M

2

)
dµ

∣∣∣∣
)

≤
[

Φ (m) + Φ (M)

2
− Φ

(
m+M

2

)]
×
(

1 +
2

M −m
1∫

Ωwdµ

∫
Ω
w

∣∣∣∣f − m+M

2

∣∣∣∣ dµ) .
Proof. From the second inequality in (2.16) for g = f and p = wi∫

Ω widµ
, i ∈ {1, ..., n}
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we have

0 ≤ 1∫
Ωwidµ

∫
Ω
wi (Φ ◦ f) dµ− Φ

(
1∫

Ωwidµ

∫
Ω
wifdµ

)
(2.18)

≤
[

Φ (m) + Φ (M)

2
− Φ

(
m+M

2

)]
×
(

1 +
2

M −m

∣∣∣∣ 1∫
Ωwidµ

∫
Ω
wifdµ−

m+M

2

∣∣∣∣)
for any i ∈ {1, ..., n} .

If we multiply the inequality (2.18) by
∫

Ωwidµ > 0 and sum over i from 1 to n
we get

0 ≤
n∑
i=1

∫
Ω
wi (Φ ◦ f) dµ−

n∑
i=1

Φ

(
1∫

Ωwidµ

∫
Ω
wifdµ

)∫
Ω
widµ

≤
[

Φ (m) + Φ (M)

2
− Φ

(
m+M

2

)]
×

(
n∑
i=1

∫
Ω
widµ+

2

M −m

n∑
i=1

(∫
Ω
widµ

) ∣∣∣∣ 1∫
Ωwidµ

∫
Ω
wifdµ−

m+M

2

∣∣∣∣
)

=

[
Φ (m) + Φ (M)

2
− Φ

(
m+M

2

)]
×

(∫
Ω
wdµ+

2

M −m

n∑
i=1

∣∣∣∣∫
Ω
wi

(
f − m+M

2

)
dµ

∣∣∣∣
)

any by dividing with
∫

Ωwdµ =
∑n

i=1

∫
Ωwidµ, we get the second inequality in (2.17).

By the properties of modulus we have

n∑
i=1

∣∣∣∣ 1∫
Ωwdµ

∫
Ω
wi

(
f − m+M

2

)
dµ

∣∣∣∣ ≤ 1∫
Ωwdµ

n∑
i=1

∫
Ω
wi

∣∣∣∣f − m+M

2

∣∣∣∣ dµ
=

1∫
Ωwdµ

∫
Ω
w

∣∣∣∣f − m+M

2

∣∣∣∣ dµ
and the last part of (2.17) is proved.

If we use Lemma 2.3 for the discrete measure, we can state the following result:
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Lemma 2.11. Let Φ : [a, b]→ R be a convex function on the interval of real numbers
[a, b], zi ∈ [a, b] , pi ≥ 0, i ∈ {1, ..., n} and

∑n
i=1 pi = 1. Then

0 ≤
n∑
i=1

piΦ (zi)− Φ

(
n∑
i=1

pizi

)
(2.19)

≤
[

Φ (a) + Φ (b)

2
− Φ

(
a+ b

2

)](
1 +

2

b− a

∣∣∣∣∣
n∑
i=1

pizi −
a+ b

2

∣∣∣∣∣
)

≤ 2

[
Φ (a) + Φ (b)

2
− Φ

(
a+ b

2

)]
.

Using this lemma we can state and prove the following result as well:

Theorem 2.12. Let Φ : [m,M ] → R be a convex function, f : Ω → [m,M ] a
µ-measurable function such that f, Φ ◦ f ∈ Lw (Ω, µ). Then for any w ∈ Pn (w) ,
n ≥ 2 we have

0 ≤ ψ (Φ, f, w)− Φ

(∫
Ω fwdµ∫
Ωwdµ

)
(2.20)

≤
[

Φ (l (w)) + Φ (L (w))

2
− Φ

(
l (w) + L (w)

2

)]
×
(

1 +
2

L (w)− l (w)

∣∣∣∣ 1∫
Ωwdµ

∫
Ω
wfdµ− l (w) + L (w)

2

∣∣∣∣)
≤ 2

[
Φ (l (w)) + Φ (L (w))

2
− Φ

(
l (w) + L (w)

2

)]
,

where l (w) , L (w) are defined by (2.13).

Proof. If we write the first two inequalities in (2.11) for

pi =

∫
Ωwidµ∫
Ωwdµ

> 0 zi =

∫
Ω fwidµ∫
Ωwidµ

, i ∈ {1, ..., n}
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and for a = l (w) , b = L (w) as above we have

0 ≤ 1∫
Ωwdµ

n∑
i=1

(∫
Ω
widµ

)
Φ

(∫
Ω fwidµ∫
Ωwidµ

)

− Φ

(
n∑
i=1

∫
Ωwidµ∫
Ωwdµ

·
∫

Ω fwidµ∫
Ωwidµ

)

≤
[

Φ (l (w)) + Φ (L (w))

2
− Φ

(
l (w) + L (w)

2

)]
×

(
1 +

2

L (w)− l (w)

∣∣∣∣∣
n∑
i=1

∫
Ωwidµ∫
Ωwdµ

∫
Ω fwidµ∫
Ωwidµ

− l (w) + L (w)

2

∣∣∣∣∣
)

=

[
Φ (l (w)) + Φ (L (w))

2
− Φ

(
l (w) + L (w)

2

)]
×

(
1 +

2

L (w)− l (w)

∣∣∣∣∣ 1∫
Ωwdµ

∫
Ω

(
n∑
i=1

wi

)
fdµ− l (w) + L (w)

2

∣∣∣∣∣
)

that proves the required inequalities in (2.20).

3 Discrete Case and Some Applications

Let Φ : [a, b] → R be a convex function on the interval of real numbers [a, b],
xk ∈ [a, b] , wk > 0, k ∈ {1, ...,m} . Let wki > 0 for k ∈ {1, ...,m} , i ∈ {1, ..., n} with
m, n ≥ 2 and

∑n
i=1wki = wk for any k ∈ {1, ...,m} .

We consider the functional associated with the matrixW := {wki}k∈{1,...,m},i∈{1,...,n}

ψ (Φ, x,W ) :=
1∑m

k=1wk

n∑
i=1

Φ

(∑m
k=1 xkwki∑m
k=1wki

) m∑
k=1

wki, (3.1)

where x = (x1, ..., xm) ∈ [a, b]m .

Using the results from the previous section we have

∑m
k=1 Φ (xk)wk∑m

k=1wk
≥ ψ (Φ, x,W ) ≥ Φ

(∑m
k=1 xkwk∑m
k=1wk

)
, (3.2)
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0 ≤
∑m

k=1 Φ (xk)wk∑m
k=1wk

− ψ (Φ, x,W ) (3.3)

≤
Φ′− (b)− Φ′+ (a)

b− a

× 1∑m
k=1wk

n∑
i=1

m∑
k=1

wki

(
b−

∑m
k=1 xkwki∑m
k=1wki

)(∑m
k=1 xkwki∑m
k=1wki

− a
)

≤
Φ′− (b)− Φ′+ (a)

b− a

(
b−

∑m
k=1 xkwk∑m
k=1wk

)(∑m
k=1 xkwk∑m
k=1wk

− a
)
,

and

0 ≤
∑m

k=1 Φ (xk)wk∑m
k=1wk

− ψ (Φ, x,W ) (3.4)

≤
[

Φ (a) + Φ (b)

2
− Φ

(
a+ b

2

)]
×

(
1 +

2

b− a

n∑
i=1

∣∣∣∣∣ 1∑m
k=1wk

m∑
k=1

wki

(
xk −

a+ b

2

)∣∣∣∣∣
)

≤
[

Φ (a) + Φ (b)

2
− Φ

(
a+ b

2

)]
×

(
1 +

2

b− a
1∑m

k=1wk

m∑
k=1

wk

∣∣∣∣xk − a+ b

2

∣∣∣∣
)
.

Define

l (W ) := min
i∈{1,...,n}

{∑m
k=1wkixk∑m
k=1wki

}
, L (W ) := max

i∈{1,...,n}

{∑m
k=1wkixk∑m
k=1wki

}
. (3.5)

Then we also have

0 ≤ ψ (Φ, x,W )− Φ

(∑m
k=1 xkwk∑m
k=1wk

)
(3.6)

≤
Φ′− (L (W ))− Φ′+ (l (W ))

L (W )− l (W )

×
(
L (W )−

∑m
k=1 xkwk∑m
k=1wk

)(∑m
k=1 xkwk∑m
k=1wk

− l (W )

)
≤ 1

4
(L (W )− l (W ))

[
Φ′− (L (W ))− Φ′+ (l (W ))

]
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and

0 ≤ ψ (Φ, x,W )− Φ

(∑m
k=1 xkwk∑m
k=1wk

)
(3.7)

≤
[

Φ (l (W )) + Φ (L (W ))

2
− Φ

(
l (W ) + L (W )

2

)]
×
(

1 +
2

L (W )− l (W )

∣∣∣∣∑m
k=1 xkwk∑m
k=1wk

− l (W ) + L (W )

2

∣∣∣∣)
≤ 2

[
Φ (l (W )) + Φ (L (W ))

2
− Φ

(
l (W ) + L (W )

2

)]
.

We consider the convex function Φ : (0,∞) → (0,∞), Φ (t) = tp with p ∈
(−∞, 0) ∪ (1,∞) . Then

ψ (Φ, x,W ) :=
1∑m

k=1wk

n∑
i=1

(∑m
k=1 xkwki∑m
k=1wki

)p m∑
k=1

wki (3.8)

=
1∑m

k=1wk

n∑
i=1

(
m∑
k=1

xkwki

)p( m∑
k=1

wki

)1−p

where xk > 0, wk > 0, wki > 0 for k ∈ {1, ...,m} , i ∈ {1, ..., n} with m, n ≥ 2 and∑n
i=1wki = wk for any k ∈ {1, ...,m} .
From (3.2) we have∑m

k=1 x
p
kwk∑m

k=1wk
≥ 1∑m

k=1wk

n∑
i=1

(
m∑
k=1

xkwki

)p( m∑
k=1

wki

)1−p

(3.9)

≥
(∑m

k=1 xkwk∑m
k=1wk

)p
.

If we set a = min {xk}k∈{1,...,m} and b = max {xk}k∈{1,...,m} then from (3.3) and
(3.4) we have

0 ≤
∑m

k=1 x
p
kwk∑m

k=1wk
− 1∑m

k=1wk

n∑
i=1

(
m∑
k=1

xkwki

)p( m∑
k=1

wki

)1−p

(3.10)

≤ pb
p−1 − ap−1

b− a

× 1∑m
k=1wk

n∑
i=1

m∑
k=1

wki

(
b−

∑m
k=1 xkwki∑m
k=1wki

)(∑m
k=1 xkwki∑m
k=1wki

− a
)

≤ pb
p−1 − ap−1

b− a

(
b−

∑m
k=1 xkwk∑m
k=1wk

)(∑m
k=1 xkwk∑m
k=1wk

− a
)
,
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and

0 ≤
∑m

k=1 x
p
kwk∑m

k=1wk
− 1∑m

k=1wk

n∑
i=1

(
m∑
k=1

xkwki

)p( m∑
k=1

wki

)1−p

(3.11)

≤
[
ap + bp

2
−
(
a+ b

2

)p]
×

(
1 +

2

b− a

n∑
i=1

∣∣∣∣∣ 1∑m
k=1wk

m∑
k=1

wki

(
xk −

a+ b

2

)∣∣∣∣∣
)

≤
[
ap + bp

2
−
(
a+ b

2

)p]
×

(
1 +

2

b− a
1∑m

k=1wk

m∑
k=1

wk

∣∣∣∣xk − a+ b

2

∣∣∣∣
)
.

If l (W ) and L (W ) are defined as in (3.5), then from (3.6) and (3.7) we also have

0 ≤ 1∑m
k=1wk

n∑
i=1

(
m∑
k=1

xkwki

)p( m∑
k=1

wki

)1−p

−
(∑m

k=1 xkwk∑m
k=1wk

)p
(3.12)

≤ p(L (W ))p−1 − (l (W ))p−1

L (W )− l (W )

×
(
L (W )−

∑m
k=1 xkwk∑m
k=1wk

)(∑m
k=1 xkwk∑m
k=1wk

− l (W )

)
≤ 1

4
(L (W )− l (W ))

[
(L (W ))p−1 − (l (W ))p−1

]
and

0 ≤ 1∑m
k=1wk

n∑
i=1

(
m∑
k=1

xkwki

)p( m∑
k=1

wki

)1−p

−
(∑m

k=1 xkwk∑m
k=1wk

)p
(3.13)

≤
[

(l (W ))p + (L (W ))p

2
−
(
l (W ) + L (W )

2

)p]
×
(

1 +
2

L (W )− l (W )

∣∣∣∣∑m
k=1 xkwk∑m
k=1wk

− l (W ) + L (W )

2

∣∣∣∣)
≤ 2

[
(l (W ))p + (L (W ))p

2
−
(
l (W ) + L (W )

2

)p]
.

Further on, consider the convex function Φ : (0,∞)→ (0,∞), Φ (t) = − ln t then
from (3.2) for xk > 0, wk > 0, wki > 0 for k ∈ {1, ...,m} , i ∈ {1, ..., n} with m,
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n ≥ 2 and
∑n

i=1wki = wk for any k ∈ {1, ...,m} we get(
m∏
k=1

xwk
k

) 1∑m
k=1

wk

≤

(
n∏
i=1

(∑m
k=1 xkwki∑m
k=1wki

)∑m
k=1 wki

) 1∑m
k=1

wk

(3.14)

≤
∑m

k=1 xkwk∑m
k=1wk

.

By (3.3) and (3.4) we have

1 ≤

(∏n
i=1

(∑m
k=1 xkwki∑m
k=1 wki

)∑m
k=1 wki

) 1∑m
k=1

wk

(∏m
k=1 x

wk
k

) 1∑m
k=1

wk

≤ exp

[
1

ba
∑m

k=1wk

n∑
i=1

m∑
k=1

wki

(
b−

∑m
k=1 xkwki∑m
k=1wki

)(∑m
k=1 xkwki∑m
k=1wki

− a
)]

≤ exp

[
1

ab

(
b−

∑m
k=1 xkwk∑m
k=1wk

)(∑m
k=1 xkwk∑m
k=1wk

− a
)]

(3.15)

and

1 ≤

(∏n
i=1

(∑m
k=1 xkwki∑m
k=1 wki

)∑m
k=1 wki

) 1∑m
k=1

wk

(∏m
k=1 x

wk
k

) 1∑m
k=1

wk

(3.16)

≤
(
a+ b

2
√
ab

)1+ 2
b−a

∑n
i=1

∣∣∣∣ 1∑m
k=1

wk

∑m
k=1 wki(xk−a+b

2 )
∣∣∣∣

≤
(
a+ b

2
√
ab

)1+ 2
b−a

1∑m
k=1

wk

∑m
k=1 wk|xk−a+b

2 |
.

From (3.6) and (3.7) we also have

1 ≤
1∑m

k=1 wk

∑m
k=1 xkwk(∏n

i=1

(∑m
k=1 xkwki∑m
k=1 wki

)∑m
k=1 wki

) 1∑m
k=1

wk

(3.17)

≤ exp

[
1

L (W ) l (W )

(
L (W )−

∑m
k=1 xkwk∑m
k=1wk

)(∑m
k=1 xkwk∑m
k=1wk

− l (W )

)]
≤ 1

4

(L (W )− l (W ))2

L (W ) l (W )



Refining Jensen’s Integral Inequality 41

and

1 ≤
1∑m

k=1 wk

∑m
k=1 xkwk(∏n

i=1

(∑m
k=1 xkwki∑m
k=1 wki

)∑m
k=1 wki

) 1∑m
k=1

wk

(3.18)

≤

(
l (W ) + L (W )

2
√
l (W )L (W )

)1+ 2
L(W )−l(W )

∣∣∣∣∑m
k=1 xkwk∑m
k=1

wk
− l(W )+L(W )

2

∣∣∣∣

≤

(
l (W ) + L (W )

2
√
l (W )L (W )

)2

.

4 Applications for Univariate Functions

Let Φ : [m,M ] → R be a convex function and f : [0, π] → [m,M ] an integrable
function. Since sin2 t + cos2 t = 1 for any t ∈ [0, π] then w =

(
sin2, cos2

)
is a

partition of the unity. We then have

ψ (Φ, f, w)

:=
1

π

[
Φ

(∫ π
0 f (t) sin2 tdt∫ π

0 sin2 tdt

)∫ π

0
sin2 tdt+ Φ

(∫ π
0 f (t) cos2 tdt∫ π

0 cos2 tdt

)∫ π

0
cos2 tdt

]

=
1

2

[
Φ

(
2

π

∫ π

0
f (t) sin2 tdt

)
+ Φ

(
2

π

∫ π

0
f (t) cos2 tdt

)]
.

By the inequality (2.1) we have∫ π
0 (Φ ◦ f) (t) dt

π
≥ 1

2

[
Φ

(
2

π

∫ π

0
f (t) sin2 tdt

)
+ Φ

(
2

π

∫ π

0
f (t) cos2 tdt

)]
(4.1)

≥ Φ

(∫ π
0 f (t) dt

π

)
,

while from (2.10) we have

0 ≤
∫ π

0 (Φ ◦ f) (t) dt

π
(4.2)

− 1

2

[
Φ

(
2

π

∫ π

0
f (t) sin2 tdt

)
+ Φ

(
2

π

∫ π

0
f (t) cos2 tdt

)]
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≤ 1

2

Φ′− (M)− Φ′+ (m)

M −m[(
M − 2

π

∫ π

0
f (t) sin2 tdt

)(
2

π

∫ π

0
f (t) sin2 tdt−m

)
+

(
M − 2

π

∫ π

0
f (t) cos2 tdt

)(
2

π

∫ π

0
f (t) cos2 tdt−m

)]
≤

Φ′− (M)− Φ′+ (m)

M −m

(
M −

∫ π
0 f (t) dt

π

)(∫ π
0 f (t) dt

π
−m

)
.

Now, let

l (w) : =
2

π
min

{∫ π

0
f (t) sin2 tdt,

∫ π

0
f (t) cos2 tdt

}
=

1

π

[∫ π

0
f (t) dt−

∣∣∣∣∫ π

0
f (t) cos 2tdt

∣∣∣∣]
and

L (w) : =
2

π
max

{∫ π

0
f (t) sin2 tdt,

∫ π

0
f (t) cos2 tdt

}
=

1

π

[∫ π

0
f (t) dt+

∣∣∣∣∫ π

0
f (t) cos 2tdt

∣∣∣∣]
then by (2.15) we have

0 ≤ 1

2

[
Φ

(
2

π

∫ π

0
f (t) sin2 tdt

)
+ Φ

(
2

π

∫ π

0
f (t) cos2 tdt

)]
(4.3)

− Φ

(∫ π
0 f (t) dt

π

)
≤ 1

2π

∣∣∣∣∫ π

0
f (t) cos 2tdt

∣∣∣∣
×
[
Φ′−

(
1

π

[∫ π

0
f (t) dt+

∣∣∣∣∫ π

0
f (t) cos 2tdt

∣∣∣∣])
−Φ′+

(
1

π

[∫ π

0
f (t) dt−

∣∣∣∣∫ π

0
f (t) cos 2tdt

∣∣∣∣])] .
Similar inequalities may be obtained if someone would also use the inequalities (2.17)
and (2.20). The details are omitted.
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