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Abstract: In this paper, complex Ginzburg-Landau (CGL) equations
governed by p-Laplacian are studied. We discuss the global existence
of solutions for the initial-boundary value problem of the equation in
general domains. The global solvability of the initial-boundary value
problem for the case when p = 2 is already examined by several au-
thors provided that parameters appearing in CGL equations satisfy a
suitable condition. Our approach to CGL equations is based on the the-
ory of parabolic equations with non-monotone perturbations. By using
this method together with some approximate procedure and a diagonal
argument, the global solvability is shown without assuming any growth
conditions on the nonlinear terms.
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1 Introduction

In this paper we are concerned with the following complex Ginzburg-Landau equa-
tion governed by p-Laplacian in a general domain Q € RY with smooth boundary
o08:

dpu(t, z)— (A +ia) Apu—(k+if)|ul! 2u—yu= f(t,z)
in (t,z) € [0,T] x Q,
u(t,z) =0 on (t,x) € [0,T] x 09,

u(0,x) = up(x) inx e,

(CGL),
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where A,k > 0, o, 3,7 € R are parameters; Ayu = div(|Vu[P~2Vu) with p >

2N
» N+42

value; f : Q x [0,7] — C (T > 0) is an external force. Our unknown function
u:Qx[0,T] = C is a complex valued function. In extreme cases, (CGL),, gives two
well-known equations: quasi-linear heat equation (when o = 8 = 0) and nonlinear
Schrédinger-type equation (when A = x = 0). Thus the general case of (CGL),
could be regarded as “intermediate” between nonlinear heat equation and nonlinear
Schrédinger equation.

max {1 }; q > 2; i = +/—1 is the imaginary unit; ug : Q — C denotes an initial

As a mathematical model for superconductivity, equation (CGL)2 ((CGL), with
p = 2) was introduced by Landau and Ginzburg in 1950 [7]. Subsequently, it was
revealed that many nonlinear partial differential equations can be rewritten in the
form of (CGL)2 ([9]). Recently Bekki, Harada and Kanai pointed out that some
solutions of (CGL)y describe nonlinear traveling waves in a human heart ([5]).

Mathematical studies for the solvability of (CGL),, are examined extensively for
the case p = 2 by several authors. The first treatment of the case p # 2 is done by
Okazawa-Yokota [11]. In [11], they assumed a monotonicity condition on parameters
A and «, that is, |a|/A < 2v/p—1/(p—2) (p > 2) and employ the theory of maximal
monotone operators in complex Hilbert spaces. They also assumed boundedness of
domains.

On the other hand, it was proposed in Okazawa-Yokota [11] that equation
(CGL)2 can be regarded as a parabolic equation. Based on this line, the global
existence of solutions together with some smoothing effect in general domains is
examined in [8].

In this paper, we show the global solvability of (CGL),, in general domains with-
out assuming any upper bound condition on ¢ and without any additional restriction
on parameters \, k, «, 3, p such as |a|/\ < 2y/p—1/(p—2), i.e., we only assume that
parameters lie in the so-called CGL-region (see (3.1)).

To deal with the problem in general domains without excessive assumptions, we
cannot directly apply major tools for solving evolution equations: the compactness
method, the contraction mapping principle and the monotonicity method. In fact,
for the compactness method, the embedding W'? C L? is no longer compact in
general domains €2; for the contraction mapping principle, the Sobolev subcritical
condition on ¢ is needed; for using the monotonicity of the operator —(\ + ia) A,
one has to impose more restrictive conditions on A and « (cf. Okazawa-Yokota [11]).

In order to overcome these difficulties, we first introduce suitable approximate
problems for (CGL), and solve the problem in bounded domains {Q}ren which
approximate our domain € for initial values which are compactly supported in €2; by
applying the compactness method. Letting £k — oo we have a limit function Uy, — U,
where {Uj}ren are solutions on Q. Then we ensure that U is the desired solution
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by combining the diagonal argument, local strong convergences and the standard
argument of the convex analysis, more precisely, the definition of subdifferential
operators.

This paper consists of seven sections. In §2, we fix some notations and prepare
some preliminaries. Two main results are stated in §3 and key inequalities are
prepared in §4. In §5, we introduce approximate problems for (CGL) and show their
solvability. §6 and §7 are devoted to proofs of main results.

2 Notations and Preliminaries

In this section, we first fix some notations for formulating (CGL), as an evolution
equation in a real product function space based on the following identification:

C>uy +iug — (Ul,UQ)T c R
Then define the following:
(U - V)re = uiv1 + ugva, U= (ul,UQ)T, V= (1)1,1)2)T € R?,
L2(Q) = L2(Q) x LX(Q), (U, V)2 := (u1,01)p2 + (uz, 09)p2,
U= (up,uz)t, V= (v1,v)" € L*(Q),
LP(Q) = LP(Q) x LP(Q), |Ulf, = wilf, + |u2lf, U eLP(Q) (1 <p<oo).

We use the differential symbols to indicate differential operators which act on each
Lp .
component of W;"(£2)-elements:

Di = % WP (Q) = WEP(Q) x WEP(Q) — LP(Q),

DiU = (Djuy, Diug)" € LP(Q) (i = 1,--- , N),

V= (g ) T > @)
VU = (Vuy, Vug)T e (LP(Q) 2.
We further define, for U = (uy,u2)™, V = (v1,v2)", W = (wy,ws)7T,
U(x) - VV(z) := ui(z) Vo (z) + uz(x)Voa(z) € RY,
(U(a) - VV ()W (2) := (u1(x) wi(2) Vi (2), ug(x)ws (x) Voo (2)) T € R,
(VU (z) - VV(2)) := Vuy(z) - Voi(2) + Vua(z) - Vug(x) € RY,

VU (@)] = (|Vur () 2 + [Vus(@)3n)
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As a realization in R? of the imaginary unit 4 in C, we introduce the following
matrix I, which is a linear isometry on R?:

0 -1
= 3):
We abuse I for the realization of I in LP(Q), i.e., IU = (—ug,u;)T for all U =

(ul,uQ)T S LP(Q)
Then I satisfies the following properties:

1. Skew-symmetric property:

(IU -V)ge = —(U - IV)ge2; (IU -U)gz =0 for each U,V € R%.  (2.1)
2. Commutative property with the differential operator D; = %:
ID; = Dl : Wy? 1P (i=1,--- ,N). (2.2)

3. (In)equalities resulting from the orthogonality of vectors V and I'V:
(U- V)2 + (U-1V)2s = |U[2:|V[%:  for each U,V € R?, (2.3)
(U V)2, + (U IV)E, < |UZ:|V[2, for each U,V € L*(Q). (2.4)
Properties (2.1) and (2.2) are obvious. By virtue of the orthogonality of V and IV,
(2.3) is nothing but Pythagorean theorem and (2.4) comes from Bessel’s inequality.
Let H be a Hilbert space and denote by ®(H) the set of all lower semi-continuous
convex function ¢ from H into (—oo, +o0] such that the effective domain of ¢ given by

D(¢) := {u € H; ¢(u) < 400} is not empty. Then for ¢ € ®(H), the subdifferential
of ¢ at u € D(¢) is defined by

0¢(u) :={w € H; (w,v — u)g < ¢(v) — ¢(u) for all v € H}.

Then 0¢ becomes a possibly multivalued maximal monotone operator with domain
D(0¢) = {u € H;0¢(u) # 0}. However for the discussion below, we have only to
consider the case where d¢ is single valued.

We introduce the following amalgam space:

X, () = {u € L2(Q); Vu € (]LP(Q))N}
with norm
[[ulf, + |VulP,]"? for p>2,

lulx, = / 1 1/p 2N
p [|u\£2 + \Vuh}ip] for max {1, —} <p<2
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for all u € X,(€2) and

—+=—=1
p p

are Holder conjugate exponents.

We define V,(2) := (CSO(Q)HX” with a norm | - |y, := |- [x,, which is also an
uniformly convex Banach space since it is a closed subspace of X,(Q2) (see [2] and
§A).

Now we define two functionals ¢, 1 : L2(Q) — [0, +-00] by

1 b
5/Q|VU(x)\ de if U € V,(Q),

if U € L*(Q)\ V,(Q),
1/IU(:c) Ldo if U € LY(Q) NLA(Q),

Y(U) =3 172 (2.6)
+ 00 if U € L2(Q) \ LYQ).

We note here that if either p > 2 or © is bounded, then D(y) = V,(Q) coincides
with Wy (Q).

Then it is easy to see that ¢,1 € ®(L?(Q2)) and their subdifferentials are given
by

dp(U) = =AU = —V(|VU[P2VU) (2.7)
with D(9p) = {U € V,(Q); A,U € L*(Q)},

OY(U) = |U|%,%U with D(9y) = L2~ (Q) N L*(Q). (2.8)

Furthermore for any p > 0, we can define Yosida approximations 0y,, 0v¢, of

Oy, 0y by

Do) 1= —(U = JU) = 0p(J#U),  J2% = (1+ pop) ™, (2.9)

tl)—‘ tlH

Wu(U) i= —(U = JVU) = Qp(IVT), T3 = (1+ po) ™. (2.10)
Then it is well known that dy,,, 9¢, are Lipschitz continuous on L?(2) (see [12]).
Here for later use, we prepare some fundamental properties of I in connection

with 0, 0y, Op,, 0Y,.
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Lemma 1 (c.f. [8] Lemma 2.1).
The following orthogonality properties hold.

(p(U), IU) 2 =0 YU € D(dyp), (d(U),IU)2 =0 YU € D(dy), (2.11)
(0pu(U), IU)2 =0, (9, (U),IU)2 =0 YU € L*(Q), (2.12)
(OU(U), 10, (U))2 =0 YU € D(9Y). (2.13)

These properties can be verified in the same way as in the proof of Lemma 2.1
of [8]. However the following orthogonality

(0pu(U), 10¢p(U))12 = 0

does not hold true anymore, since the nonlinear operator dy fails to be self-adjoint.

Moreover we can show that AJp(U) 4+ k0y(U) is also represented as a single
subdifferential operator. To see this, we use the following criterion for the maximal
monotonicity of a sum of two maximal monotone operators.

Proposition 1 (Brézis, H. [3] Theorem 9).
Let B be maximal monotone in H and ¢ € ®(H). Suppose

O((1+ pB) ') < ¢(u), V>0, YueD(¢). (2.14)
Then d¢ + B is maximal monotone in H.

Lemma 2.
Let ¢ = ¢ and B = 01 given by (2.5) and (2.8) respectively, then the inequality
(2.14) holds.

Proof. We can show (1 + pudy)~1CH(Q) C C§(Q) in the same way as in [8]. Let
U, € C§(Q) and U, — U in V,,. Then V,, := (1 + pudy) U, € CL() satisfy

Vi = Ve = |(1 4+ pd) U, — (14 pdp) U2 < |Up — Ul — 0 as n — oo,

whence it follows that V,, — V in L2(Q). Next differentiating (1 4 o)V, = Uy,
we obtain

VUA(2) = (1+ plVa (@) ;2 V Vi (2) (2.15)
+ (g — 2)|Val@)| L (Vi (@) - VVa(@)Va(@).

Multiplying (2.15) by |VV,,(z)[P~2VV,,, we get

IVVi(2)P < (VUn(2) - [VVi(2)[P2VVi(2)) ace. z € Q.
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We integrate both sides over €2 and apply Young’s inequality to obtain

©(Vn) < o(Un). (2.16)
Passing to the limit, the following inequality holds by the lower semi-continuity of
the norm | - |L»:

o(V) <liminf o(V,,) < lim ¢(U,) = ¢(U),

n—o0 n—oo

whence follows V' € V), and (2.14). O

Now we see that Adp + k0 is maximal monotone for all A\, x > 0. Therefore,
since the trivial inclusion A\dp + k0¥ C I(A¢ + k1) holds, we obtain the following
relation:

A0 + k0P = 0(Ap + k) for all A,k > 0. (2.17)
Thus (CGL), can be reduced to the following evolution equation:
au
—(t A I I —U=F(t), t T
i O FO0P ) +010pU) +BLOVU) U =F(@), 1€ OT), (oo

U(0) = Uy,

where f(t,z) = fi(t,z) + ifa(t,z) is identified with F(t) = (fi(t,-), f2(¢, )T
L2(9).

3 Main Results

In order to state our main results, we introduce the CGL-region (cf. [8]) given by:

zy| — 1
CGL(r ::{:E,y eR%zy >0or <r 3.1
(1) = 2.9) i (3.1)

= S1(r) USa(r) U S3(r) USa(r),
where S( ) (i =1,2,3,4) is given by
= {(=, 6R2'|$|<7‘} Sa(r) := {(z,y) 6R2|y|<7‘}
{xy eszy>0} Sa(r) : {xy €R2 |1+xy|<r|x—y|}

Also, we use the parameter ¢, € [0,00) measuring the strength of the nonlinear-
ity:
q—2
2/q—1
We assume that possibly unbounded domain {2 have a sequence of bounded
subsets with smooth boundary such that

(3.2)

Cq =
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Figure 1: CGL region

(i) Qk C Qg1 C Q for each k € N,

(ii) for all bounded Q' C € there exists k € N such that Q' C Q,

(see Kuroda-Otani-Shimizu [8]).
Then our main results are stated as follows.

Theorem 2.
Let Q ¢ RY be a general domain of uniformly C2-regular class (see, e.g., [1]) and

. . . . . N
satisfy (i) and (ii). Suppose that F' € L2(0,7;1L%(Q)) with T > 0, max {1, 22+—N <p
and (%, g) € CGL(C;I). Then for any Uy € V,(£2) NL9(Q2), there exists a solution
U € C([0,T};L3()) of (ACGL),, satisfying

1. U e Wh2(0,T;L2(2)) N C([0, T]; V,(£2) N LI(£)),

2. U(t) € D(0p) N D(0yY) for a.e. t € (0,T) and satisfies (ACGL), for a.e.
te (0,7),

3. 0p(U(-)),00(U(")) € L2(0,T;L2()).

As for the smoothing effect, the following result holds.
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Theorem 3.
Let all assumptions in Theorem 2 be satisfied. Then for any Uy € L2(Q2), there exists
a solution U € C([0,T];L2(Q2)) of (ACGL),, satisfying

L. U € W2((0, T); L3()) N C((0, T]; V, (Q) N 1LA(12)),

loc

2. U(t) € D(0p) N D(0yY) for a.e. t € (0,T) and satisfies (ACGL), for a.e.
te (0,7),

3. p(U()),¥(U() € LN0,T) and tp(U(t)), ty(U(t)) € L>(0,T),
4. VELU(t), VEop(U (1)), VIOW(U () € L2(0, T; L2()).

To prove Theorems 2 and 3, we need to prepare the following result concerning
the bounded domain case:

Proposition 4.
Let 2 C RY be a bounded domain of C?-regular class. Suppose that F' € L2(0,T;1.2(2))

with T > 0, max{l,z%r—NN} < p and <%,§) € CGL(cgl). Then for any Uy €
Wé’p(ﬂ) NLY(Q), there exists a solution U € C([0, T]; L?(2)) of (ACGL),, satisfying

1. U e Wh2(0, T;1L2()) N C([0, T); WP (€2) N 1LY(Q)),

2. U(t) € D(Op) N D(0yY) for ae. t € (0,T) and satisfies (ACGL), for a.e.
t€(0,T),

3. 0p(U(-)),00(U(")) € L2(0,T;L2(Q2)).

Remark 1.
The above result concerning the bounded domain case ameliorate the result of
Okazawa-Yokota [11], since we are able to exclude the assumption |a|/A < 2y/p—1/

(p—2).

4 Key Inequalities

In this section, we prepare some inequalities, which play an important role in es-
tablishing a priori estimates. The same estimates are obtained in [11] within the
complex valued functions setting; and in [8] under the framework of the product
space of real valued functions. We follow the strategy in [8].
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Lemma 3 (cf. [8] Lemma 4.1).
The following inequalities hold for all U,V € D(d¢) N D(0v):

(VU fax VV. VIOU(V))i2| < ¢q(IVU far VV, VOU(V))12 (4.1)

[(0p(U), 109, (U))12| < ¢q(8p(U), 09, (U))y.2 (4.2)
< ¢q(0p(U), 09(U))2 V>0,

where 01, (-) is Yosida approximation of 0¢(-) given by (2.10).
Here we note that taking V' = U in (4.1), we get (cf. (4.1) in [8])

(@p(U), 100(U))2] < @ (U), (U2 (43)
Proof. By calculating VAy(V), we have
(IVUL29V, Vou(V))ys
= [ VU {(a = DIVIE IV YY)+ VIV Ber f o (4)
Making use of (2.1) and (2.2), we obtain
(\VU|R2NVVV131/1( ))L2
~ (=2 [ [VUEGIVIE" (V- VV).UV - VV))a da

/ VULV (VV - VIV)ds

(a- / VU2 VIS (V- 9V), (IV - TV))an da (4.5)
Here by direct calculations, we note

(V- VV) o + [TV - VV)[n = V]3| VV [ (4.6)
Then by Young’s inequality, (4.5), (4.6) and (4.4), we obtain
(VU [far VV, VIOW(V)) 12|

<(¢-2) /|VU|R2N|V| YV IV - |V - TV pde

S(q—Q)/ |VU‘R2N‘V‘ 2\/—{ (V- vv)‘RN—H(IV Vv |RN}dx
:cq/ VUV {(a = 2|V - IV + VIR VV ox } da

= ¢4(|VU Bz VV, VOy(V))L2
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whence follows (4.1).
Let V := (1 + udy) LU, then applying integration by parts, (2.1) and (2.2), we
have
(0p(U), 109, (U))1.2
= (VU loar VU, VIOp(V))p2
(|VU‘R2NVV + N|VU‘R2NV8¢( ), VIOY(V )12
= (|VUar VV, VIO$(V))y2 (4.7)

Hence by (4.7) and (4.1), we obtain

[(0p(U), 109, (U)) 12|
< og(|VUaa VV, Voy(V))2

< cq(|[VUn (VV + pVap(V)), VOU (V)2 = cq(dp(U), 04, (U)) 12

which is the first inequality of (4.2). Finally we show the second inequality of (4.2).
We first note, for a.e. x € €, (see [8])

V@)l < U@k 48)
OV (@)l < [VU(@)]gon (49)
V(&) - YV (@)l < [(V(e) - VU@) g
_ V@) ). vU (@) < [(0@) - VU@ ar.
‘U(‘T”R?

We use (4.8), (4.9) and (4.10) to get

(Op(U), 0 (U))r2
[ A= 20vui vt (v - v m o),
+|VU\R2N|V\‘1 (V- V) } do

= (99(U), 0¢(U))2

)

{(a=2) VU U - VU)o + (U1 VU Ry | da

{O

Therefore we obtain the second inequality of (4.2). O
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5 Bounded Domain Case

In this section, we prove Proposition 4, which are concerned with the bounded
domain case. In this case, we can use the compactness argument to deduce a strong
convergence of a sequence of solutions of approximate equations.

First we consider the following auxiliary equation:

au

%(t) + A+ rY)(U) +aldp(U) + B(U) = F(t), t € (0,T),
U(0) = Up,

where S10¢(U) —~U in (ACGL), is replaced by a Lipschitzian perturbation B(U)

whose Lipschitz constant is denoted by Lp. As for the global solvability of (AE),
the following statements hold:

(AE)

Proposition 5.
Let Q € RY be a bounded domain of C2-regular class. Suppose that F' € L2(0, T';1L?(£2))

with T" > 0, max{l, 22+—NN} < pand \,k > 0, « € R. Then for any Uy €
Wé7p(§2) N 1L4(82), there exists a solution U € C([0,T];L2(Q2)) of (AE) satisfying
1. Ue WhH2(0,T;1L2()),
2. U(t) € D(Op) ND(0Y) for a.e. t € (0,T) and satisfies (AE) for a.e. t € (0,7T),
3. 0p(U("), 09(U(-)) € L*(0, T5L*(Q)).

In order to prove Proposition 5, we consider the following approximate equation
with p(U) replaced by its Yosida approximation 9, (U) = dp((1 + vdp)~1U).
dU
o O+ 90 + 1) (U) + aldp, (U) + BU) = F(t), t € (0,T),
U(0) = Uy,

Since the monotonicity of 10y fails for p # 2, we cannot follow the standard theory
of monotone perturbations (cf. [8]).

First we prove Proposition 5 for the case where |a] < A\/2. By the standard
theory of maximal monotone operators (cf. Brézis [3]), we have solutions U, = U of
(AE), satisfying all regularities stated in Proposition 5.

Here we establish some a priori estimates.

(AE),

Lemma 4.
Let |a| < A/2 and U be a solution of (AE),. Then there exists a positive constant
C4 depending only on A\, k, Lp, T, |B(0)|.2, |Up|L2 and fOT |F|i2dt satisfying

sup |U(t)]22 < Ch. (5.1)
te[0,7
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Proof. We multiply (AE), by its solution U and integrate with respect to ¢t on [0, 7]
to obtain by (2.12)

—|U L2+p)\/ dt+q/-c/ (U
1 1
< (L + DU + 5 BO)E: + 5[ F0)a. (5.2
where we use |(B(U),U)2| < (Lp+3)|U[?,+3|B(0)[2, and (2.12). By the Gronwall
inequality, we conclude (5.1). O
Lemma 5.

Let |o] < A/2 and U be a solution of (AE),. Then there exists a positive constant
Cy depending only on A\, k, Lp, T, ¢(Up), ¥(Uy),|B(0)|1.2, |Uo|p2 and fOT |F|2,dt sat-

isfying
T
/

Proof. Multiplying (AE), by 0p(U(t)), we have for a.e. ¢t € (0,T),

aUu

2 T T
0| s [ppvais [pewopazc. 63

p(U (1)) + AU (1)
+r0p(U(1)), 09 (U(1)))12 + a(I0p, (U(1)), 0p(U(t)))12
= —(BU®),0p(U(1)))r2 + (F(t), 0p(U(t)))12

< 2100 (U0 + 2 {2LHIU@E, +2ABOE: + [FO)E.}

Note that (4.3) implies (Op(U), 09(U))2 > 0 and

4
dt

A
a(I9, (U(1), 9p(U(t)L2 = —|al|de(U)[F2 > —glaw(U)\iz-
Hence by Lemma 4, we have

d

LU0+ J0pU M < 2 (2030, +2BOR: +FOE} . (54)

Then the integration of (5.4) over (0,t) with respect to ¢t € (0,7 gives

/ ‘8@ ‘Lz dS

. (5.5)
< ¢(Uo) + § {2L23C1T +2T|B(0)2, + / |F|ﬁ2dt} .
0
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Next multiplying (AE), by 0y (U(t)), we have for a.e. t € (0,T),

didJ( (1)) + MOp(U (1)), 09U (t)))r2 + KlOP(U (1))

= — a(I0p, (U (1)), 00(U 1)y
— (BU®)), 00U M) + (F(1), (U (1))
K o?

< T op)Ra + S 10pU ) (5.6)
4 {2150+ 2BO): + @)}

Therefore the integration of (5.6) on (0,7") with respect to t together with (4.3)

yields
/ 04U (5))[f2ds
<o+ [ ek 6.7
1 2 2 .
+ - 2LBCI\T +2T|B(0)|f2 + |F|f2dt o .
0
Thus from (5.5), (5.7) and (AE),,, we derive (5.3). O

Now we are in the position of proving Proposition 5 for |a| < \/2.

Proof of Proposition 5 for |a| < X\/2.  Let U, be a solution of (AE),,.
First we note V,, = W(l)“v(Q) C L2(9), since Q2 is bounded and max {1, 2%:\;\,} <p.

By Lemmas 4 and 5, we can apply Ascoli’s theorem on U, so that there exists a
subsequence {U,,, } and U € L2(0, T;1L?(2)) such that

v, - U strongly in C([0,7]; L%(Q)), (5.8)
dg—t'/" Cf:llZ weakly in L?(0,T;1%(Q)), (5.9)
do(U,,) — 0p(U) weakly in L%(0, T;L%(Q2)), (5.10)
o(U,,) — 81/1(U) weakly in L?(0,T;1.%(Q)), (5.11)
,fw(Ul,n) strongly in L2(0, T;1.%()), (5.12)
v (Uy,,) — 81/1( ) weakly in L?(0, T;L%(2)). (5.13)

where we used the demiclosedness of 4 77> 0 and 9. Thus is U is the desired solution.
O
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We next proceed by induction. Assume Proposition 5 holds with a = % for
some n € Z. Then we have the solution U, = U of

1) + 000 + ) (V) + " 190
+ agdp, (U) + B(U) = F(t), t € (0,T), (AE)}
U(0) = U,

with |ap| < A/2.
For the solution of (AE)}, we have again the following a priori estimates.

Lemma 6.
Let |ap| < A/2 and U be a solution of (AE)!. Then there exists a positive constant
C depending only on A, s, Lg, T, |B(0)|r2, |Uo|L2 and fOT |F|?,dt satisfying

sup |U(t)]?2 < Ch. (5.14)
te[0,7

Proof. Noting (2.11), we can verify this in much the same way as in the proof of
Lemme 4. ]

Lemma 7.
Let |ap| < A/2 and U be a solution of (AE),. Then there exists a positive constant

Cy depending only on \,k,a, L, T, p(Up), ¥(Up), |B(0)|L2, |Uolr2 and fOT |F|H%2dt
satisfying

T
/
Proof. Noting (2.1), we can prove this in much the same way as in the proof of
Lemme 5. U

2 T T
GO ds Ui [ oewo)ba<c, 613

L2

Proof of Proposition 5. We prove by mathematical induction. For every a € R,
there exist unique n € Z and ag € (—%, %) such that

n
o = 7 + op.
By Lemma 4, Lemma 5 and the proof of Proposition 5 for |a] < A/2, we know
that (AE)) with n = 1 admits a solution. Then Lemma 6, Lemma 7 and the same
arguments as in the proof of Proposition 5 for |a| < A\/2 assure the existence of
solution of (AE)} with n = 2. Thus to complete the proof, it suffices to repeat this
procedure up to n = n and apply Lemma 6, Lemma 7 and the same arguments as
in the proof of Proposition 5 for |a] < A/2. O
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Here we proceed to the proof of Proposition 4. We consider the following ap-
proximate equation.

W) + o0 + (V)
+aldp(U) + BIoY,(U) —qU = F(t), t € (0,T), (AE),

U(0) = Up.

By Proposition 5, there exists a unique solution U, = U of (AE),. We are going
to establish the following a priori estimates of U,, independent of ..

Lemma 8.
Let U be a solution of (AE),. Then there exists a positive constant C depending

only on v, T, |Uplp2 and fOT |F|?,dt satisfying

sup |U(t)22 +/ d8+/ Y(U(s))ds < Ch. (5.16)
0

t€[0,T]

Proof. This lemma is proved in the same way as for Lemmas 4 and 6. Here we use
(2.11) and (2.12). O

Lemma 9 (cf. [8] Lemma 6.2).

Let U be a solution of (AE),, and let (%, g) € CGL(C;I). Then there exists

a positive constant Cy depending only on A\, k, «, 3,7, T, ¢(Uy), ¥ (Up), |Us|r2 and
fOT |F|2,dt satisfying

() [*

s o) + [ |2

te[0,7]

. Lz (5.17)
+ / (U (1))t + / DU (1)) 2dt < Cs.
0 0

Proof. Let V(t) := (1 + udvy)~U(t). Then using the facts that U = V + pudyp(V),
OY(V) - Ve = qp(V) > 0 and (V) + §l0p(V)]? =: 1, (U) < 9(U), we get

OUU). 00,0z = [ W VIE W - Ve > /Q VS = |0y, (U) 2

(U012 = av(V) + aloe(V)Ez = quu(U) = (3 = Dulow(V) Rz < qv(U).
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Hence by virtue of these properties, multiplication of (AE), by d¢(U(t)) and 0v, (U (t))
together with (2.1) give

P(U (1) + Mop(U) 2 + kG (t) + BB,u(t) = prsp(U(1)) + (F,0p(U))12, (5.18)

Yu(U () +]0¢u (U)[F2+AG () = aByu(t) < qr b (U (1) +(F, 0 (U))L2, (5.19)

dt

d

dt
where v := max{v,0} and

G = (0p(U),0¢(U))L2, Gu:= (99(U),0¢u(U))12, By := (9p(U), 109, (U))L2

We add (5.18)x 62 to (5.19) for some § > 0 to get

{52 )+ 0u(U)} + 8N0p(U)E2 + k|0, (U)IF2
+52HG+ AG,, + (828 — @)B,
< vy {pS2o(U) + q(U)} + (F, 8200(U) + 8¢, (U)) 2. (5.20)

Let € € (0,min{\, k}) be a small parameter. By the inequality of arithmetic and
geometric means, and the fundamental property (2.4), we have

P Now(U)E2 + k|09, (U) £

= e {0210p(U) 2 + |00u(U) 22} + (A — 5200 (U) 2 + (5 =€), (U) 2

> e {0%100(U) 2 + 10w (V)22 } + 21/ (A — €)(x — 02100 (U) 22|08 (U) 2,

> e {2(0p(U) 2 + 00(U) 22} + 20/ (A — )5 — )0%(G3 + B2). (5.21)

We here recall the key inequality (4.2)
G >G> c;'|Byl (5.22)
Hence (5.20), (5.21) and (5.22) yield
{52 )+ ¥u(U)} + e {0%10p(U) [z + [0vu(U)IE2 } + (6, €)| Bl
S v {p82p(U) + qp(U)} + (F,8200(U) + 04, (U) )12, (5.23)

where

J(6,6) i= 26y (1L + 7 )(A — )k — ) + ¢ (6% + A) — |28 — al.
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Now we are going to show that (, %) € CGL(c, ") assures J(d,¢€) > 0 for some
0 and e. By the continuity of J(4,-) : € — J(J,¢€), it suffices to show J(4,0) > 0 for
some §. When aff > 0, it is enough to take § = y/a/5. When af < 0, we have
|628 — af = §2|B| + |a|. Hence

J(6,0) = (cg 'k — [B1)6> 4+ 261/ (1 + cg ) Ak + (e ' A = |av)).
Therefore if |B]/k < ¢, 7,

—1 we get J(6,0) > 0 for sufficiently large 6 > 0. If cq_1 <
|B|/k, we find that it is enough to see the discriminant is positive, i.e.,

D/4:=(1+ cf))u@ - (0;1/-@ - |ﬁ|)(c;1)\ —]al) >0 (5.24)
Since
D/4>0<:>%@—1<cq_1 <%+|L;|>,
the condition (£, ﬁ

) € CGL(c;!) yields D > 0, whence J(4,0) > 0 for
§=21/(1+cg®)A/(|B] — ¢ 'K) > 0.

Now we take § and e such that J(d,€) > 0. Integrating (5.23) and using Young’s
inequality and Lemma 8, we obtain
T T
sup pUO)+ [ 106Ut + [ U EDEds <O (5:25)
teo,

where Cy depends on the constants stated in Lemma 9. We multiply (AE), by
oY(U) to get by (2.13)

%Qp(m + K0P s + MBp(U), 00 (U)) 2

—a(I9p(U), 0¢(U))r2 — BI0¢u(U), 0p(U))L2
+yp(U) + (F,04(U))y2

K

< Z
— 4

a? K 1
0U(U)IE2 + — 100U + qr4w(U) + 7100 (U) 2 + —|F [

(5.26)
Hence (4.3), (5.25) and the integration of (5.26) yield

T
/0 OY(U(3))22ds < C.

(5.27)
Thus (AE), together with (5.25) and (5.27) gives the desired estimate (5.17).

O
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Proof of Proposition 4. By Lemmas 8 and 9, we can deduce by Ascoli’s theorem

U, = U strongly in C([0, T]; L?(2)), (5.28)

% — % weakly in L?(0,T;1.%(%)), (5.29)

9p(U,,) = 0p(U) weakly in L?(0,T;1L%(Q)), (5.30)

O(U,,) — 0w(U) weakly in L?(0,T;L2(Q2)), (5.31)

Oy, (Up,) = 00 (Vi) = g weakly in L*(0, T L*(2)), (5.32)

for some g € L2(0,T;1L%(€2)). Here we used the demiclosedness of %, dp, 0.

In order to ensure g = 9y (U) it suffices to show V,,, = (1 + p,0¢)"'U,, — U
strongly in L2(0,T;1L2(Q2)) as u,, — 0. Indeed we have

Vi = Ulrzo,r22) < Vi = U lL20,7502(0)) + U — Ulr2(0,7502(02))
= ) OV Uy, ) 20,112(0) + Un, — UlL20,112(0)) — 0,
as pn, — 0. ]

6 Proof of Theorem 2

In this section, we prove Theorem 2 with the aid of Proposition 4.

Let {Ué“}keN C V,, such that U(’f — Up in V,, and supp U(’f C Q, where Q;, C Q
satisfies (i) and (ii). Let U* = U be solutions of (ACGL), with = €, corresponding
to initial data U(’f given by Proposition 4. Here we can assume without loss of
generality that for all k € N

U L2(0,) < [Uoliz(e) + 1, (6.1)
p(U§) < @(Up) +1,
Y(UF) < $(Uo) + 1. (6.3)

Then repeating much the same arguments as before, we can deduce a priori estimates
similar to those in Lemmas 8 and 9:

Lemma 10.

Let U* be a solution of (ACGL), with Q@ = Q4 and initial data UF. Then there
exists a positive constant C7 depending only on v, T, |Up|r2(q) and fOT |F|I%2(Q)dt
satisfying

T T
sup [UM(t)[F2(q,) + / o(U"(s))ds + / YUk (s))ds < C. (6.4)
te[0,7 0 0



86 T. Kuroda and M. Otani

Proof. The same argument as in the proof of Lemma 4 and (2.11) yields (6.4). O

Lemma 11.
Let U* be a solution of (ACGL), with Q = ) and initial data U}, and let (%, g) €

CGL(cgl). Then for a fixed T > 0, there exists a positive constant Cy depending
Only on )‘7 "{70[767/77 T7 SO(UO)vw(UO)7 |U0|]L2(Q) and f(]T |F|]]2_,2(Q)dt satisfying
au*(t) |?

dt
dt

L2 ()

T
sup o(U*()) + sup w<vk<w>+—j/
te[0,7) te[0,7) 0

T k 2 T k 2
+ [ e O aaytt+ | U O ot < Co (65)

Proof. We can repeat the same arguments as in the proof of Lemma 9 with 10, (U)
replaced by I0y(U). O

In what follows, we denote by @ or [w]™ the zero extension of w € L%(Q4) to

L2(9), i.e.,
o uwl) itz ey,
w(r) = [w]™(z) = {0 if € Q\ Q.

Then we note that

[%Uk(t,x)]N - %U'k(t,x), [azp(U’f(t,x)) T = 0p(U"(t, ).

Therefore, by Lemmas 10 and 11, there exists a subsequence {U*} of {U*} satisfying

Uk ~ U weakly in L2(0,T;1L2()), (6.6)

UF(T) = U(T) weakly in L2(Q), (6.6)
dUkn  dU oy )

o - weakly in L=(0,7;L°(Q2)), (6.7)

[8¢(Uk”)] ~h  weakly in L2(0, T; L*(2)), (6.8)

oY(U*) — ¢ weakly in L?(0,T;1L2(Q)), (6.9)

for some h, g € L2(0,T;L%(Q)). Hence we get

d
EU—FAh—i—mg—i—th—k,B[g—fyU:F. (6.10)

In the sequel, we are going to confirm that h = dp(U) and g = o¢(U).
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In order to show g = 9¢(U), we follow the strategy given in [8], i.e., we rely on
Ascoli’s theorem and the diagonal argument. To do this, we first note that for any
[ € N (6.5) assures

to

dU*n

d8§ vV Cg\/tg—tl, (6.11)

L2 ()

UM (t2) ], — UF (t1) ]y L2 ey < /t

1

which implies that {U* |q, }1,>; forms an equicontinuous family in C([0,T7; L2(5Y))
for any [ € N. Furthermore, since (6.4) and (6.5) ensures that |VUkn‘Ql‘]Lp(Ql) and

|[~]kn|Ql|]L2(Ql) are bounded and {U*"(t)|q, }x, > forms a precompact set in L2(€;).
Hence, by Ascoli’s theorem, there exists a subsequence {k}} of {k,} such that

U’k’lﬂgl — U strongly in C([0,T);L?(£)) as n — oo.
Moreover there exists a subsequence {k2} of {k.} such that

(jk’%mz — U strongly in C([0,T];L%()) as n — oo.
Successively we can choose sequences {kl1} of {kL} such that

{k}l}nEN ) {kg}neN D) {kfl}nEN > {k£1+1}neN D

ﬁkl”ml — U' strongly in C([0, T];L2(Q)) as n — oc.
Now we take the diagonal sequence {k] }nen := {k }nen. Then we get
[jk;“gl — U strongly in C([0,T};L2(Q;)) asn — oo Vi€ N. (6.12)
On the other hand, by (6.6), we find that
f]k/”|gl —Ulg, weakly in L?(0,T;L*(;)) asn— oo V€N (6.13)
Thus, by (6.12) and (6.13), we find that U' = Ulq, VI € N and
f]kﬂgl — Ulg, strongly in C([0,T];L*(€)) asn —oco V€N (6.14)

Here, by virtue of the demiclosedness of the operator U — 9y(U) = |U|?72U in
L2(0,T;1L2(€)) for any [ € N, we can conclude

9(t,x)la, = 0Y(U(t,2)lo,) VIEN,
whence follows

g(t,z) =0Y(U(t,z)) ae. (t,x) € (0,T) x Q. (6.15)
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Next we ensure that h = dp(U).

Let V be an arbitrary element of C([0,77]; C{(Q2)), then there exists ng such that
supp V(t) is contained in Q,, for all ¢ € [0,T]. Since U*n is a solution of (ACGL),
with = Q,,, from the definition of dp, we get

([opw ] + 0%,V — T2
(6.16)
<

~ k! 1~
(V) + ‘V‘]]}(Q p(U*) — §|Uk"\iz(ﬂ)1 for all n > nyg.

Multiplying (6.16) by e=2(0+}) and integrating on (0,T’), we obtain

T ~ ~ ./
| (apw )]+ 0 V)i
0

T ~ ~ 0~
_/ e‘ztﬁ“’([aw(U’*(t))} + U, U () )2y dt
0

r 1
< /0 e 2t +N) {(’D(V) + §|V|E2(Q)} dt
T ot k] L=k 2
_/0 e~ 2t(r+N) {gp(U n(t)) + §|U ,L|L2(Q)}dt.

By (6.6) and (6.8), we have

T ~ ~ 1./
| e (apt )]+ 0 V)i
0

= ( [890([]%)] + 0%7 e 2O V)L2(0,T;1L2(Q))

— (h + U, 6_2t(ﬂ/+A)V)L2(0’T;]L2(Q)) as n — oQ.

(6.17)

On the other hand, we have

(U (1)) = % —%U'f% — kOY(UM) — aldp(U*n) — BIOW(U ) + yU*n + F| .
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Hence it holds that

T ~ o e
_ / 6_2t(”+A)([8¢(U% (t))] + UEn UM (1)) 2 dt
0

_ i /T e—2t('y+)\)i|ﬁk;l|2 dt + % /T e—2t('y+)\)¢(ﬁk;l (t))dt
2X Jo dt L2() A

y Tl 7L o2 1 (T oiia Sk
_<X+1)/0 o2t )\U"(t)|L2(Q)dt—X/O ¢~V (F (T4, 3 g d

T
= i/ ie—2t('v+/\)|[jk2|22 dt
2\ Jo Ldt L)

qr T k! 1 T ~ 1./

+ e 2Ny (TFn (8))dt — 3 / e HOTN (F, U0 )2 dt
0 0

_ 1 ek

=3¢ |U"(T")

1 g
[f2(0) — ﬁ|U0n|]i2(Q) (6.18)

qKr T ~ 1/ T ~
+ e Ny (UFn (8))dt — = / e HOTN (F, U0 ) 2 dt
0

By the assumption, it holds that
k/
|U0"|]L2(Q) — |U0|]L2(Q) as k], — oo. (6.19)
Moreover, 0 < min{1,e 20tV < e=2t0+) < max{1, e~ 20N} implies the multi-

plier e=2(*+}) maintains the norm equivalent to that of L2(0,T;1L2(f2)). Therefore
by the weak lower semi-continuity of norms, we have

T oy 1~
lim sup [—/0 e~ 2O+A) {SO(Uk” (t)) + §|Uk"|i2(9)} dt]

n—oo

T ~ 1~
= —liminf [ 20O+ {@(Uk” () + §|Uk"‘i2(ﬂ)} dt

n—o0 0
Tt [
<= [T e Lo + 510k | ar (6:20)
T ., T
lim inf / e 2Ny (TFn (1)) dt > / e 2N (U (t))dt (6.21)
and
liminf [0 (T)|i2(0) 2 [U(T)li2(0). (6.22)
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Thus, in view of above relations (6.22)-(6.16),
4 “2t(y+N) L or(van) 2 Lo
; (h+Ue VLot + oye U(T)i2(0) = 55 1Uolizo

g [T 2(y+A 17 2t(y+A
+5 e Ny (U (8))dt — 5 / e HOTN (B, U)oyt
0 0

T 1
< /0 e~ 20N {go(V)+§\V\i2(m}dt (6.23)

— /OT o 2t(r ) {go(U) + %|U(t)|ﬂ%2(g)} dt.
Since we already have g = 0y¥(U), it holds that
(I19,U)12(0) =0 for ae. t € (0,7). (6.24)
Here we claim that it also holds that
(Ih,U)p2) =0 for ae. t € (0,7T). (6.25)
To show (6.25), we use an truncation function n € C{(RY), 0 < n < 1 such that

- [l if 2] < 1/2,
T =0 it e > 1,
and define nr(z) := n(x/R). Then suppnr C Bgr := {z; |z|gy < R} and ng satisfies

IV1oo
R )

‘VnR‘oo S

where |w|s = esssup,epn [w(z)] for w € L®°(RY).
Multiplying I0p(U kiz) by nrU kn and applying integration by parts, we obtain
by (2.1)

(1 [0(U*)] " nal*)i2(0) = (—IV (VT P2VT), nr0*) 00
= (I(|VU* P72V 0%, np VT*) 20y 2w
+ (I(|VT P20k, VnpURn ) 12 g )2n
= (I(|VU* P72V 0, ViplU*n) g2pen . (6.26)

We first consider the case p > 2. Then by Hélder’s inequality, we get

|([100@)] " el )20y | < VT 150 |0 ) [Tl (6:27)
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Hence, if p < N, we can apply Gagliardo-Nirenberg-type interpolation theorem to
have

T 1p() < CIVT*a (100 [T 20 (6.28)
with % =0 (% - %) +(1-0)3, ie, 0 = % We note that 6 € (0,1), since

p>2N/(N +2).
Then by (6.27) and (6.28), we obtain

[([100@)] ™ nnl% )z < CIVTS o [0% ey Voo . (629
As for the case p > N, we need more delicate arguments. Let & be a mapping
from Bgr onto By given by ®p : x — y = /R and for any U € L"(Bpg), we define

Ug € L"(By) by
Ur(y) = U(Ry) Yy € By,

Then we easily have
1/r
Uk = ([ @) (6.30)
Br
N 1/r N
= < . lUr(y)|"R dy> = R7|Ur|LrB,)
1

1/r
VaUlir oy = </ |va|7"d:c> (6.31)
Br

-

Let p > N, then by Sobolev’s embedding theorem, for all » > p there exists Ky =
K (r) such that

11" 1/r Ner
VyUR(Z/)E RNdl/) = R |V,UR|LrB,)-

Ul < K1 (IVULes)) + [UlLe@,)) YU € WH(By). (6.32)

On the other hand, we get

. 1/p
Uliay < ( [ 1w |U|d:c>
Br

1 1
<< / |U|2(”—1>dx>2” < / |U|2dac>2p (6.33)
a Br Br

p—1

< ‘U|]L2(p 1)(BR |U‘]L2(Q
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Then applying (6.32) with » =2(p — 1) > p, (6.30), (6.31) with r = p, we obtain
N
‘U|L2(p—1)(BR) — R2(p*1) |UR‘]L2(P*1)(B1) (634)
N
< R0 K, (|VURrlLrB,) + URlr(81))
N _N-p _N
= R2-D K, (R ? [VU|p@g) + R 7 \U|LP(BR)) '

Then substituting (6.34) in (6.33), we get
p=1

1
| 7 10l

p—1 P; p—1
<R91K F VUl g, + K1 R92|U|L5(BR>> UL @)

N _ _N
|U|]Lp(B < |:R2(P—1) K ( P |vU|]Lp( —|— R » |U|]Lp(BR)

= N—

where

N N—-p\p—1 2N
01 = — <l& <2)<
' (2(19—1) p > p N+2( )

N Nyp-—1
Og = [ — <0&2<p
? <2(p—1) p) P

Since (6.4) implies that |T7*n lL2(BR) is uniformly bounded and 6, < 0, there exists
(a sufficiently large) Ry such that

and

1~
K, > 392\Ukn|P |U’f |Lp §|U’fn\Lp(BR) +1 VR > Ry.
Hence we obtain

p—1 ., 1
U5 Lo B, <2R91K g |VUk b U ) +2 YR > Ro.

(@)
Substituting this into (6.27), we finally deduce
‘({1390([]%)} JIRU%)V(Q)‘
k! K K, 0 1 (6.35)
< OV TH 5y { V%15 | 0%y B + 1} 1Vl

Next for the case max{1,2N/(2 + N)} < p < 2, by Holder’s inequality, we have
by (6.26)

|([100@ )] a2y | < VT ) [0 b ) V18]
< (VT 25 [T 20y Bl ™ [ Vsl

&/ &/ N(2=p) 4
< CVTR 2, ) [085 oy Vnlc R 5, (6.36)
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where C' denotes the constant independent of R and k,. We note that

<p.
2p 2+ N p

Thus by virtue of (6.29), (6.35) and (6.36) together with Lemmas 10, 11, there
exist an appropriate constant C' independent of R, k/, and p > 0 such that

(([I&p(U’%)} RO 20)| < CR™ YR > Ry, (6.37)

First we fix R > 0 and take k!, — oo in (6.37), then by (6.14) we have
|(Th,nrU)12(0)| < CR™” VR > Ry. (6.38)
On the other hand by the fact
|(Th,nrU )gz| — |(Ih,U)g2| as R — oo, a.e. Q x (0,7),

and

|(Th, nrU)g2| < [nloo|hlr2 [Ur2 € L'(Q x (0,T)),
we can apply Lebesgue’s dominated convergence theorem to obtain

T T
/ ’(Ih, nRU)Lz(Q)‘dt — / ‘(Ih, U)L2(Q)’dt as R — oo. (639)
0 0

Integrating (6.38) on (0,7") and then passing to the limit R — oo with (6.39), we
conclude

T
/0 [(Th, U)p2(qldt = 0,

whence follows (6.25).
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Hence, by (6.23), (6.24) and (6.25), we obtain
T 1
)\/ e—2t(7+)\) (SD(V) —|— §|V|i2(9)> dt
0
T

_ 1
_ )\/0 o2ty HA) (go(U) + §|U‘i2(ﬂ)> dt

T T
> / e HOFN (AR 4+ AU, V)dezwr1 / i(e—%“)\mﬁm)dt
0 2 Jo dt @)

T T
+ gk / e 20N YU (t))dt — / e MOV (F,U) 2 g dt
0 0

T
_ / ¢~ (\h 4 AU, V)2 d (6.40)
0

T
+/ e~ 2t(+N) <@+alh+(/~e+ﬁ1)g—(7+>\)U—F,U> dt
0 dt L2(Q2)

T
_ / e—2t(’y+>\)()\h + AU,V = U2 dt,
0

where we used the fact that (see (6.10))

aU
—r talht (r+BI)g —U — F = =Ah.

Since C([0,T]; C§(€2)) is dense in D, := {V € L%(0,T;L23(Q)); fOT eV (t))dt < +oo},
(6.40) holds true also for any V' € D.,.

Let to € (0,T) be Lebesgue point of h(-) and Vj be an arbitrary element of
D(p) =V, (). Take V € D, in (6.40) such as

Vo te = [to—h/2,t0 + 1/2),
t) = Ut) telo,T)\ I

Then dividing (6.40) by h > 0 and letting h — 0, we get
Lo o |
(h+U,Vo = U)pz(a) < | (Vo) + §|VO|]L2(Q) —(eU)+ §|U|]L2(Q) (6.41)

holds for a.e. t € [0, 7], which implies that

1
h+U=20 <¢(U) + §|U\iz> .
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Hence we conclude
h=0p(U) a.e.tel0,T]. (6.42)

Thus, in view of (6.10), (6.15) and (6.42), we find that U satisfies

au
dt

As for the initial condition

)+ AN+ al)dpU) + (k+ BI)OY(U) — U = F.

Ut)—- Uy imL2Q)ast]0

and the fact that U € C([0,7];L?(£2)) can be verified by the arguments similar to
that in the last part of the proof of Theorem 3.

7 Proof of Theorem 3

Let {Uf}ken C V, such that UY — Uy in L2(Q) and supp U¥ C Qy, where Q; C Q
satisfies (i) and (ii). Let U* = U be solutions of (ACGL),, with = Qj corresponding
to initial data Ué“ given by Proposition 4. Here we can assume without loss of
generality that for all k € N

U2 < [Uolp2 + 1, (7.1)

Then using the above boundedness, we can deduce the following a priori estimates
by much the same arguments as before.

Lemma 12.
Let U be a solution of (ACGL),, with Q = Q4 and initial data U¥. Then there exists

a positive constant C; depending only on v, T, |Up|p2 and fOT |F |H2} dt satisfying

T T
sup [UOR: + [ oUs)ds+ [ o(U(s)as <. (7.2)
te[0,7) 0 0

Lemma 13 (cf. [8] Lemma 7.2).
Let U be a solution of (ACGL), with Q = Q and initial data U}, and let (%, g) €

CGL(cgl). Then there exists a positive constant Cy depending only on A, &, a, 5,7,
T, ¢(Uo), & (Uo), |Uoliz and [y |F|2.dt satisfying

sup tp(U(t) + sup ty(U(t))
te[0,T] t€[0,T]

T 1du()|? T 2 4 2
+/0 t‘TLth—i—/o t\(‘)cp(U(t))\det—i—/o HOW(U (1)) Padt < Co. (7.3)
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Lemma 12 can be proved much the same way as in the proof of Lemmas 4 and
10.

To obtain (7.3), it suffices to we multiply (5.26) and (5.23) by ¢ € (0,7") and
integrate on (0,7") with respect to t.

By Lemmas 12 and 13, we can derive the following convergences of a subsequence
{U*} ¢ {U*} for any 6 € (0,T):

UM ~ U weakly in L2(0,T;1L%(Q2)), (7.4)
dUukn  du oy )

o o weakly in L*(0,T;L°(2)), (7.5)

dp(Ur) —~ h  weakly in L?(5, T;1L%(2)), (7.6)

oY(Uk) =g weakly in L?(6, T;1L%(Q)),

for some h, g € L%(5,T;1L%(12)). Here we used the demiclosedness of <.
We repeat the same argument as above to obtain g = 0y(U) fo a.e. t € (0,T).
Multiplying (6.16) by e=2(*f») and integrating on (5, T) we obtain

T ~ ~ 1./
/ e 20 ([0p(U* (1) 4+ 0¥, V) pad
o

T ~ ~
- / e N [k (1)] + T, T4 (1)) et
6

T
g/ e 2t ) {go(V)—i—%‘V‘iz}dt
)

r : [
- / e 20N {cp(Uk"(t))+§|Uk"\i2}dt.
9

Again repeating the same argument, we obtain (6.25) for a.e. t € (0,7T) so that
it holds

T
/ e 2O (W + U,V — U)p2dt
é

T 1
< / o2 () {@(V)+§|V|i2}dt (7.8)
)

T
— / e~ 2A(HA) {gp(U(t)) + %|U|i2} dt.
o

Taking same V' € D, as before, we conclude h = dp(U) a.e. t € (0,T).
Then in order to complete the proof, it suffices to check

U(t) = Uy inlL%Q) ast 0. (7.9)
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First we show U(t) — Uy weakly in L2(Q2). Multiplying (ACGL), with initial
data U} by W € C(Q2), we have

(U*(t), W)z = (U’“(t) WLe + (F(t), W)L2
(A +al) [ ] W)z — (5 + B1) OW(TF(), W)z, (7.10)

Integrating (7.10) over (0,t) and taking the absolute value, we get
(040 - O Wial < W [ 104 G)eads + W s [ PG cads

t
+ O+ o) VW s / VT (s)|7; Lds

(ke +18]) / / T* (5)]23 | W e dads.
Then using Holder’s inequality and Lemma 12, we obtain
(O (1) = U Wizl < VO W et + \F<s>|Lz<o,t;Lzm (W2 22
+ O+ lal) (pC) T (VW er t7 + (k 4+ 1B]) (¢C1) T W t1. (7.11)

Letting k = k], with n — 0o, we obtain |(U(t) — Uy, W)12| < C min {t%,t%} for
sufficiently small ¢ > 0, which implies that U(t) — Uy in D'(Q). Since C>*(Q) C
L2(9) is dense, we find that U(t) — Uy weakly in L?(€2).

Then, in order to derive (7.9), it suffices to show that |U(t)[?, — |[Up|?2. By the
same argument as for (5.2) with the aid of (2.11), we have for k > [

t
Oy < e W+ [P h e 0.7
0
Then by virtue of (6.14), we let k¥ — 0o to obtain
U@l 2y = [T Ola)~ e (7.12)

t
< ey +1)t {|U0|12L2 +/ |F(s)|]2L2ds} vt € [0,T].
0
It is clear that {|[U(t,2)|qa,]™|}ien forms a pointwise monotonically increasing se-

quence. Hence (7.12) and Beppo Levi’s theorem yields that [U(t, z)|q,]™ converges
to U(t,z) in L2(Q) for all t € [0,T] and that U satisfies

t
U ()2, < v+ 1)t {|U0\i2 +/ |F(s)\i2ds} vt € [0,T7.
0
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Here letting ¢ | 0, we have limy o|U(t)[?, < |Up|?,. On the other hand, by virtue of
the lower semicontinuity of the norm with respect to the weak convergence U (t) —
Uy, we get |Up|2, < limy o|U(¢)[?>. Thus we can conclude that |U(t)[2, — |U|Z..

A Amalgam Spaces

In this section we investigate amalgam spaces defined in §2. Here we recall the
notation of X,(Q):

X,(Q) = {u e L2(Q); Vu ¢ (LP(Q))N}

with norm

[l + [Vull,]? for p>2,

|ulx, = [ / /]l/p’

[ulf s + [Vulf, for max {1, } <p<2

2
N +2

for all v € X,(R2) and (p,p’) are Holder conjugate exponents such that

The aim of this appendix is to show that X,(€2) is uniformly convex. For this,
we prepare Clarkson’s inequalities for vector valued functions.

A.1 Clarkson’s Inequalities for Vector Valued Functions
We prove here the following two lemmas.

Lemma 14 Clarkson’s first inequality.
Let 2 <p < oo and let N € N. Then

1

P p p—1

Vf,g € (LP(Q)N.
(A1)

f+g
2

f—g
2

1 ’ 1 /
< (311 + 390

_|_
LP(Q) LP(Q)

Lemma 15 Clarkson’s second inequality.

Let1§p<2,%+%:1andletN€N. Then

1

1 1 p—1
< (31 + 3oty ¥ha € 2@,
(A.2)

p/

2 +

LP(Q)

Hf+g 2

P Hf—g

L (Q)
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Proof. First we claim that the following local Clarkson inequality holds, namely

py 1/p 1 , 1 , 1/p
{ b < {Glar 4 g} (A3)

for all a,b € RN andp22with%—|—z%:1.
To show (A.3), it suffices to set

P la—b

2

a+b
2

p
+

a—>blP

2

a+b
2

1, ., 1.
< {§\a|:” + 516l } Va,b € RY, (A.4)

If ab = 0, then (A.4) is obvious. Let a = 2y, b = 2z and divide (A.4) by |y
assuming 0 < |z| < |y| and let x := ﬁ Then without loss of generality, we can
rewrite (A.4) in the form

r ozl + | =2’ = (14 |e? + 2(r - 2))"% + (1 + |2 = 2(r - )P

/ / A..5
< 2(1+ [V, )

where r,z € RY satisfies [r| = 1 and 0 < |z| < 1 and (r - 2) is the innerproduct in
RYN. In view of the fact that |(r-z)| < |z|, we introduce the following function f(-):

F0) =1+ |z +2z|0)P% + (1 + |=)® — 2/=|9)P? 0<6<1. (A.6)
Since
D10 = pu (1 2P + 20202~ (1l ~ 20 20, (A7)
we get
F(6) < f(1) for all 6 € [0,1]. (A.8)

For the case (r-z) > 0, apply (A.8) with # = (r - z) and for the case (r-z) <0,
apply (A.8) with # = —(r - z). Then we have

(L ol 4+ 2(r - @) 4+ (1 + [af? = 2(r - @)
< (L+ |z +202))P2 + (1 + [f* — 2[2])*/? (A.9)
= 1+ |z))P + (1 — |z])*.

Combining (A.5) with (A.9), we find that to verify (A.4), it suffices to show
(L J2])? + (1= )P < 2(1 + [« )PP, (A.10)

which is nothing but the inequality (1)” in [6] for 1 dimension.
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The lest part is much the same as in [6] due to Minkowski’s integral inequality
but we give the proof for the sake of completeness. We recall extended Minkowski’s
integral inequality for measurable function f : S; x S3 — R on two o-finite measure

space (S1, 1), (S2,v):
l%dy)} < {/Ql Addy)} :

{/92
(A.11)
If one takes S; = {1,2} and p to be counting measure, one obtains

=

@, y)Pu(ds)|”

Sa

/ (@ y)p(da)|”
St

where 0 < g < p.

1

{[ un+ nwr u(dw}l < {1+ 1l ) @ <)

We take LP(Q2)-norm of (A.3) with a = f(z),b = g(x) to obtain

{Herg ZP(Q)}% - {/Q{%|f(x)|p' + %|Q(1’)\pl}p dx}%.

Since p > 2 < p’ < p, we combine (A.13) with (A.12) (¢ = p/, So = Q, f1 =

21—}}),]", fo= 21%g) to obtain (A.1).
If one takes S = {1,2} and v to be counting measure, one obtains

2

L (Q)

1

(A1) + 1520 as,) pé{ /S {\fl(y)\”+\f2(y)|p}%V(dy)}q (¢ <p).

We in turn take L? (Q)-norm of (A.3) with a = f(z),b = g(z) to obtain

s regsanfal
< (3191 + 3161 )

Since p > 2 < p' < p, we combine (A.15) with (A.14) (¢ = p/, S1 = Q, f1 =
%,fg = %) to obtain

<Hf+g

p

f(z) —g(x)
2

l

Y e

1 1
f=glff ’ <1 / o
+ <11 g —Hgllp - (A16)

L7 (Q)



Initial-boundary value problems for complex Ginzburg-Landau equations 101

For the case where 1 < p < 2, since p’ > 2 we can apply (A.16) by interchanging
the roles of p and p’ to obtain (A.2). O

A.2 Uniform Convexity of X,(Q)

We show that the Banach space X,(€2) is uniformly convex.
Before proving this, we prepare two inequalities for r» > 1:

(a=b)"<a" —0" fora > b >0, (A.17)
(a+b)" <21 (a" +b") for a,b > 0. (A.18)

In fact, if @ = 0, then (A.17) and (A.18) are obvious. For the case where a > 0,
dividing both sides of (A.17) and (A.18) by a > 0, we find that it suffices to show
the following:

(1-2)"<1-—2a" for 0 <z <1, (A.19)
(14z)" <271 (1 +2") for > 0. (A.20)
Put (1+ 2y
x
9£(7) =
then the differentiation of g gives

(L)t

o) = " oy [E0 ).

Hence g_(z) decreases monotonically for 0 < x < 1 together with g_(0) = 1, which
means (A.19). On the other hand gy (z) takes its maximum at 1 with value 271,
that is (A.20).

First we treat the case where p > 2. By the Clarkson’s first inequality (A.1), we
have

u+ol u—vl|? 1, 9
L2 L2
Vu+ Vo [P Vu—Vul|P 1
——— |+ |— < z(Vull, +|Vulf,). (A.22)
2 Lp 2 e 2

Inequalities (A.21), (A.17) and (A.18) lead

D
u+vl|? 1 u—uvl? |2
- §{5<|u|iz+|v|iz>— - }
L2 o (A.23)
P
uU—v
< —(|lufp P —|— .
— 2(|u‘]]_,2 + ‘U‘Lz) 2 L2




102 T. Kuroda and M. Otani

We combine (A.22) with (A.23) to obtain

utovl? Vu+ Vv 1
5 ‘72 5(|u\ + |Vulf, + [vlfs + [VolT,)
]L2
u—uvlP Vu—Vul?
2 | 2 |

whence follows the uniform convexity of X,(€2) for p > 2.
As for the case where 1 < p < 2, instead of (A.22), we can derive by (A.2) the
following Clarkson’s second inequality:

1

V'LL — V’U 4 1 P
< <§(\Vu|]€p + |Vv|fip)> . (A.24)
Le

‘Vu—i—va +‘
2 | 2

Combining (A.24) with (A.18) with » = p/, we obtain

Vu+ Vol |Vu— Vol 2
\M Vu— Vv (ValZ + VoY) (A25)

2 LPJF‘ 2

Lp

Hl\’)|H

5 (IVull, + [ Vlf)).

Moreover (A.23) holds true with p replaced by p’, since p’ > 2, i.e.,

/
utol? P

2

U—v
2

1 /
< S(ulf + [olf?) - (4.26)

]L2

Now combining (A.25) with (A.26), we get

u+uvlP Vu+ Vv 1 / , ,
5 + 'T §(|u\ + [Vaull, +[vffs + [Vol7,)
]LQ
u—uvlP Vu—Vul?
2 12 2 ]Lp’

which means X,,(Q2) is also uniformly convex for 1 < p < 2.
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