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S-asymptotically w-periodic mild solutions to some
fractional integro-differential equations with infinite
delay
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Abstract: Under appropriate conditions and using the Krasnosel’skii’s
fixed point theorem, we prove that the semilinear fractional integro-
differential equation in a Banach space X u/(t) = ﬁ fg(t—s)a_2Au(s)ds+
F(t,u;), t >0, and uy = ¢, possesses S-asymptotically w-periodic mild
solutions where 1 < a < 2, ¢ € B an abstract space, A: D(A) C X — X

a closed (not necessarily bounded) linear operator and F': RT x B — X

a continuous function, u; : (—o00,0] — X with w(0) = u(t + 6) is an
associated history function to the function v : R — X.
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1 Introduction

This paper is devoted to the study of the existence of S-asymptotically w-periodic
mild solutions of the following semilinear fractional integro-differential equation in
a Banach space X

u'(t) = ! /t(t —5)2 2 Au(s)ds + F(t,u), t>0, ug=¢ (1.1)
) Jo

MNa-—1
where 1 < a < 2, ¢ € B an abstract space to be defined later, A: D(A) C X — X a
closed (not necessarily bounded) linear operator and F : R* x X — X a continuous
function.

For any function v : R — X, we define the associated history function ¢ — u; for
t>0as u: (—00,0] = X with w(0) = u(t + 0).
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The concept of S-asymptotically w-periodic functions is relatively new. It was
introduced in the literature by Henriquez et al. ([5, 6]) and turns out to include the
class of asymptotically periodic functions in the sense of M. Fréchet. Qualitative
properties of such functions were discussed in [14]. Several papers dealing with the
existence of S-asymptotically w-periodic solutions to fractional differential equations
and evolution equations with or without delay have been published recently (cf. for
instance [1, 3, 5, 8, 13, 14, 16]).

The paper is organized as follows. In Section 1, we introduce the problem and
recall some preliminary facts in Section 2. Section 3 is devoted to information about
S-asymptotically w-periodic functions. The main result is Theorem 4.4 which we
present in Section 4.

2 Preliminaries

In this paper (X, || -||) will denote a complex Banach space, L(X) the space of all
bounded linear operators X — X, BC((—o0,0], X), (resp. BUC((—0o0,0], X)) the
space of all bounded continuous (resp. bounded uniformly continuous) functions
(—00,0] — X, and Cy(I, X) the space of all continuous functions h : I — X such
that limy—,oo [|A(¢)]| = 0 where I = R*, or R.

Definition 2.1. A closed linear operator A : D(A) C X — X with a dense domain
D(A) is called a sectorial operator of type w and angle 6 if there exists constants
M >0, @ and an angle 6 €0, 5[ such that its resolvent is outside the sector

E—I—Z ={A+w:AeC, |arg(—\)| <0}
0

and

M
A=A <= Agw+
m M
Definition 2.2. ([10]) Let & > 0 and A be a closed linear operator densely defined
in X with resolvent p(A). A will be called the generator of a solution operator if
there exists w € R and a strongly continuous function E, : R — L(X) such that
{A*: ReX >w} C p(A) and

X — 47t = / e ME,(t)zdt, Red>w, z € X.
0

In this case E, is called a solution operator generated by A and FE,(0) = I.
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Let’s assume that A is a sectorial operator with 0 < 0 < 7(1— §), then A is the
generator of a solution operator given by

Ey(t) = /Fe”Aa—l(Xl — A7, t>0

with I' a suitable path lying outside the sectorial @ + ).

Lemma 2.3. Let 1 < a <2 and A: D(A) C X — X be a sectorial operator with
M>0,w<0and0<0<7(l-75).
Then there exists a constant C(g o) > 0 depending on 6 and «, such that
C(gﬂ)M
[Ea(t)] < T+ @ t>0. (2.1)
From the above, it is easy to verify that F, is integrable. In the border cases
a = 1,2, the family F,(t) corresponds respectively to a Cp-semigroup and a cosine
family.
In what follows, (B, | - ||z) will denote a linear seminormed space of functions
(—00, 0] — X satisfying the fundamental axioms of Kato and Hale below:
(Ap) If the function z :] — 0o, T] — X is continuous on I = [0,7T] and z¢ € B, then
for every t € I, the following conditions hold:
(1) 2z, € B
(i) lo(t)]| < Hllz]s
(iii) [lz¢]|s < C1(t) supg<s< [l2(s) || + Ca(t) 2ol
where H is a constant H > 0, C; : [0,00) — [0,00) is a continuous fucntion and
Cy : [0,00) = [0,00) is a locally bounded function, H, Cy, Co are independent of z(-)
(A1) For the function zp in (Ag), 2+ is a B-valued continuous function on I.
(A2) The space B is complete.
Let’s recall some examples of phase spaces.

Example 2.4. BUC((—o0,0], X) the Banach space of all bounded and uniformly
continuous functions v : (—oo,0] — X equipped with the supnorm is a phase space.

Example 2.5. Cy((—o0,0], X) the Banach space of all bounded and continuous
functions v : (—o00,0] — X such that v(s) — 0 as s — —oo equipped with the norm
V| := supg<q [|v(s)]| is also a phase space.

3 S-asymptotically w-periodic functions

Definition 3.1. (M. Fréchet) A function f € BC(R*;X) is said to be asymptotically
w-periodic for some w > 0 if there exists g € P, (R;X) and h € Cy(R™;X) such that

f(t) =g(t) +h(t), tcRT,
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The space of all asymptotically w-periodic f : RT — X will be denoted AP, (X).

Definition 3.2. ([5]) A function f € BC(R";X) is said to be S-asymptotically
w-periodic for some w > 0 if

T (f(t + ) — (1) = 0.
In this case, w will be called an asymptotic period of f. It is clear that if w is an
asymptotic period for f, then every kw, k = n = 1,2,... is also an asymptotic
period for f.

We denote by SAF, (X) the space of such functions. It is known that SAP, (X)
is a Banach space under the supnorm and that the inclusion AP, (X) C SAP,(X) is
strict.

Example 3.3. ([5]). Let ¢o be space of all sequences x = (z,,), where z,, € R and
limy, 00 Zr, = 0 equipped with the norm ||z|| = sup,cy |2n|, and define f: Rt — X
by 2nt
n
f(t) = (m)w
Then for every u > 0, f is S-asymptotically w-periodic, but not asymptotically
w-periodic.

Note that other examples of S-asymptotically w-periodic functions are given in
our previous work [14].

Proposition 3.4. Let f € SAP,(X). Then we have

(i) fa(t) :== f(t+a) is in SAP,(X) for any a > 0.

(it) h(t) := 73 is SAPy(X) if nf,cr+ | f(8)]] > 0.

(iii), If f € SAP,(X) and A : X — X is a bounded linear operator, then Af(t) €
SAP,(X).

Proof. (i) and (ii) are proved in ([14]).
(iii) is straightforward. O

SAP,(X) turns out to be a Banach space when equipped with the norm || - ||co.

Lemma 3.5. ([14]) Let f be S-asymptotically w-periodic f : Rt — X then there
exists T' > 0 such that ||f(t +w) — f(t)|| < &, for allt > T . Then the function Fy(t)

defined by
t+a

F,(t) := t f(s)ds (3.1)

belongs to SAP,,(X) for a >0 fized.



Fractional integro-differential equations with infinite delay 115

Theorem 3.6. ([1]) Let X,Y be two Banach spaces and ¢ : X — Y a function
which is uniformly continuous on bounded sets of X and such that ¢ maps bounded
sets of X into bounded sets of Y. Then for all f € SAP,(X), the composition
bof i= [t = B(f(£))] is in SAPL(Y)

Corollary 3.7. Let the map ¢ : X — Y be such that there exists L > 0 such that
lo(u) — p(v)|| < Ll|ju —v|| for any u,v in a bounded set of X, then if f € SAP,,(X),
the composition ¢of := [t — ¢(f(t))] is in SAP,(Y).

Proof. Uniform continuity of ¢ is obvious. Now let K be a bounded set in X and
u € K. Then we have

()]l = ll¢(u) = $(0) + ¢(0)[| < Lfull + [[#(0)]] < o0

Which means ¢(K) is bounded.
The result follows from the theorem above.
O

Definition 3.8. ([5]) A continuous function f : [0,00) x X — X is said to be
uniformly S-asymptotically w-periodic on bounded sets if for every bounded set
K C X, the set {f(t,z) :t € [0,00),z € K} is bounded and

lim (f(t +w,z) — f(t,z)) =0

t—o00

uniformly in z € K.

Definition 3.9. A continuous function f : [0,00) x X — X is said to be asymptot-
ically uniformly continuous on bounded sets if for every ¢ > 0 and every bounded
set K C X, there exists L g > 0 and d, g > 0 such that

1f(tz) = fty)ll <€ Vg€ K |lz -yl <dek.

Theorem 3.10. (/5]) Let f : [0,00) x X — X be a function which is uniformly S-
asymptotically w-periodic on bounded sets and asymptotically uniformly continuous
on bounded sets. Let u : [0,00) — X be S-asymptotically w-periodic. The Nemytskii
operator

s S-asymptotically w-periodic.

Corollary 3.11. Let f :[0,00) x X — X be a function with the property that there
exists L > 0 such that
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for any bounded set K C X. Suppose also that [ is uniformly S-asymptotically
w-periodic on bounded sets and u : [0,00) — X is a S-asymptotically w-periodic
function. Then

s S-asymptotically w-periodic.

Proof. Consider K = R(u), where R(u) is the range of u. Since R(u) of u(-) is
a bounded set, it follows that ¢ is a bounded function. Moreover, by assumption,
there exists L such that

Vi>L || f(t+w,u(t+w)) — f(t,ult+w))| <

N

and from Theorem 3.10,
Ve > 0, 36k > 0, Le g > 0 such that Vt > Le g, || f(t,u(t +w)) — f(t,u(t))] <
and [Ju(t + w) — u(t)]| < 0.

N

Therefore Vt > max { L i, L}
1 (4w, u(t +w)) = f&u)]] < [[f(E+w,ult +w)) = fEult +w))l+

1f (8 u(t +w)) = f(E u@)]

The proof is now completes.

4 fractional integro-differential equation
From now on, we denote by M, the following space of admissible functions:
M:={feBCR,X): flg+ € SAP,(X)}.

This is a Banach space under the sup norm

[1fllm := sup || f(¢)
teR

Let’s consider the semilinear fractional integro-differential equation (SFIDE)
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u'(t) = ﬁ fg(t —8)22Au(s)ds + F(t,u), t>0,
u = ¢
where 1 < a < 2, ¢ € B a phase space, A : D(A) C X — X a sectorial operator

which is the generator of a solution operator E,(t), and F' : [0,00) x B — X a
continuous function.

Definition 4.1. ([11]) A bounded continuous function v : R — X is said to be a
mild solution to (SFIDE) if it satisfies the following

{ u(t) = (t)$(0) + [ Eq VF(s,us)ds, t>0,
u(t) = ¢(t), t<0

Lemma 4.2. ([1}]) Let f € SAP,(X). Then the function defined by

= /t E,(t—s)f(s)ds
0

Theorem 4.3. Consider equation (SFIDE) and suppose
(H1) The function F : [0,00) x B — X is a continuous function and there ezists
L > 0 such that

is also in SAP,(X).

IF(t,u) — F(t,0)|| < Llju— ||z, ¥t>0, Yu,ve K

for any bounded set K C B.
(H2) F is uniformly S-asymptotically w-periodic on bounded sets
(H3) C* := sup;>q C1(t) < oo.

Then equation (SFIDE) has a unique solution in M provided L <

asin(g)

_2r
C*MC(g,a)|w|_§ﬂ'

Proof. Let u € M; then it is easy to see that us € M. Then by (H2) F(s,us) €
SAP,(X). So in view of the lemma above,

/t Eo(t — s)F(s,us)ds € SAP,(X).
0

Consequently Eq( )+ fo VF(s,us)ds € SAP,,(X). Which means that
the operator €2 : /\/l —> ./\/l such that

(Qu)(t) := Eq(t)9(0) + /0 E.(t — s)F(s,us)ds
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is well-defined.
Now let u,v € M be solutions to (SFIDE). Then we have

J()) — (@00 = [ Falt =~ )F(s,10) ~ Flss )]
<1 [ Ealt = 9l — vlsds
<1 [ 1B Cis) s (o) (o) s
0 0<0o<s

t
< Lju= vl [ Ca(s)]Ealt = 5)]ds
0

L Gl M
§LC*||u—v||oo/ _ S
o 1+ [w[(t—s)*
L Gy M
SLC*Hu—vHOO/ B (B
o 1+ w]|(s)*

—1

= LC*C M& _
(0,) OzSin(g)Hu V| oo
Therefore .
@] =
Now we use the Banach’s fixed point principle to complete the proof. O

Now we will use the Krasnosel’skii fixed point theorem to prove our second result.

Theorem 4.4. (Krasnosel’skii) Let M be a closed convex and non-empty subset of
a Banach space and P,Q) are two operators such that

(i) Pu+ Qu € M, whenever u,v € M

(ii) P is compact and continuous

(iii) Q is a contraction mapping

Then there exists z € M such that z = Pz + Qz

Now we make the following assumptions
(T1) F': [0,00) x B — X is a function which is uniformly S-asymptotically w-periodic
and asymptotically uniformly continuous on bounded sets.
(T2) There exists Cr > 0 such that
|F(t,z)|| < Cp(1+ ||x||g), for all t > 0, z € B.
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(T3) There exists L, > 0 such that for all u,v € BC([0,00),X) — X,
lg(w) = (vl < Lyl — vllos
We assume Cg )M Ly < 1.

Now we state and prove our second result.

Theorem 4.5. Assume (T1)-(T2)-(T3). Then Eq(1) has at least one mild solution
u(t) € M if we assume that E,(t) is compact for any t > 0.

Proof. Note that(T3) implies that there exists a constant Cy > 0 such that ||g(u)|| <
Cy(1 + |Ju||), for any v € BC([0, ), X).
We consider the same operator {2 as in the proof of Theorem 4.3 and use several

steps to achieve our conclusion.
Step 1: Let B, be defined by

By :={u e M :||ul|oc <7}, where vy > max {W,O}
Now define the operators
PQ: M—=M
by
(Pv)(t) := Ea(t)vo = Ea(t)¢(0)
and

Using (T2) we get

I(P) (@) + (Qu)(®)]] < [[Ea(®)[[[¢O0)] +/0 [Ea(t = 8)F(s,us)]|ds

< Goa) F(s,us)|d
< Lo 1o+ [ 1Rl

CGa)

< Tijmie {Il¢0)]| + Cp(1 + [[ull)t}
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Co,a) M

< —0 1
S Ty e {v+ Cr(1+ )t}

< C(G,a)M {")/ + CF(l + ’)’)}

<7

We conclude that for all u,v € B,, Pu+ Qv € B,.
Step 2 : Show that the operator P is contractive.
Indeed , let u,v € SAP,(X)

Then we have

[(Pu) () + (Po)(O) < [Ea®)]llg(u) = g(v)]]

Clo,myM
AL _
~ 1+ |wfte gllu = vllec

Thus we obtain

Cio.ay M
|Pu— Pvlloo < (0,0)

< WLQHU — Yl

< C,0)MLgllu — v||eo

We conclude in using the assumption C(y ML, < 1. Finally P is contractive.
Step 3: Show that the operator () is continuous on B,.

Let (uyn) C By such that u, — w in B,. Then in view of Definition 3.9 F'(s, uy,(s)) —
F(s,u(s)) as n — oo for all s € [0, 00).

Now we have

(Qun)(t) = (Qu)B)]| = H/O Eq(t = s)[F(s,un(s)) — F(s,u(s))]ds]|
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tM S,Unl\S)) — S, U(S S
< [ R P (s) = Fls. o)

1+ (@] (t — s)°
t C M
(0,a)
< 2Cr(1 d
i ”)/0 T+ @t —s)p "
k3
ZZCF(l—i-’Y)C(g,a)M ot I < 0

asin(Z)

Therefore Qu,, = Qu as n — oo by the Lebesgues’s Dominated convergence theo-
rem.

Step 4: The set (Qu,) where (Quy) C B, is uniformly bounded.
Indeed for all n, we have

(Qun) )]l = I/0 Ea(t = 8)F (s, un(s))ds|

< " CoaM F d
_/0 m” (s,un(s))[lds

t CoaM
(0,2)
< 1 n
< /0 11 ‘w’(t — S)O‘CF( + ||u (s)||)ds

C(g7a)M

B U0
1+ [@|(t s

SCF(1+’Y)/Ot

-1
Wl

= Cr(1+7)Cp,a)M

asin(Z)
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This shows that (Quy,) is uniformly bounded.

Step 5: @ is compact.
First, let’s show that the set {(Qu)(t) : u(t) € By} is relatively compact in X for
each t > 0.
To this end fixed ¢t > 0 and ¢g such that 0 < g < t. We have
{(QEO ft O EL(t—eo— s)F(s,u(s))ds} is uniformly bounded for u € B,.
This with the assumption that E,(eg) is compact yield the set { E(0)(Qsou)(t) : u € By}
is relatively compact.

Since from Definition 2.2, E,(0) = I and E,(t)z is continuous for any = € X, we
obtain

Eo(£0)(Qeou)(t) = Ea(eo)/o - Eu(t —eg— s)F(s,u(s))ds
which shows that

lim B (20)(Qzou)(t) = (Qu)(?)

eo—0

We conclude that {(Qu)(t) : u(t) € B,} is relatively compact in X.

Finally, () is compact as claimed.

From all of the above, we conclude that Eq(1) has at least one mild solution u(t) €
M, using the Krasnosel’ski’s fixed point theorem. O

Remark 4.6. These results are new even in the context of asymptotically w-periodic
functions.
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