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S-asymptotically ω-periodic mild solutions to some
fractional integro-differential equations with infinite

delay
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Abstract: Under appropriate conditions and using the Krasnosel’skii’s
fixed point theorem, we prove that the semilinear fractional integro-
differential equation in a Banach spaceX u′(t) = 1

Γ(α−1)

∫ t
0 (t−s)α−2Au(s)ds+

F (t, ut), t ≥ 0, and u0 = φ, possesses S-asymptotically ω-periodic mild
solutions where 1 < α < 2, φ ∈ B an abstract space, A : D(A) ⊂ X → X
a closed (not necessarily bounded) linear operator and F : R+ ×B → X
a continuous function, ut : (−∞, 0] → X with ut(θ) = u(t + θ) is an
associated history function to the function u : R→ X.
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1 Introduction

This paper is devoted to the study of the existence of S-asymptotically ω-periodic
mild solutions of the following semilinear fractional integro-differential equation in
a Banach space X

u′(t) =
1

Γ(α− 1)

∫ t

0
(t− s)α−2Au(s)ds+ F (t, ut), t ≥ 0, u0 = φ (1.1)

where 1 < α < 2, φ ∈ B an abstract space to be defined later, A : D(A) ⊂ X → X a
closed (not necessarily bounded) linear operator and F : R+×X → X a continuous
function.
For any function u : R → X, we define the associated history function t → ut for
t ≥ 0 as ut : (−∞, 0]→ X with ut(θ) = u(t+ θ).
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The concept of S-asymptotically ω-periodic functions is relatively new. It was
introduced in the literature by Henriquez et al. ([5, 6]) and turns out to include the
class of asymptotically periodic functions in the sense of M. Fréchet. Qualitative
properties of such functions were discussed in [14]. Several papers dealing with the
existence of S-asymptotically ω-periodic solutions to fractional differential equations
and evolution equations with or without delay have been published recently (cf. for
instance [1, 3, 5, 8, 13, 14, 16]).

The paper is organized as follows. In Section 1, we introduce the problem and
recall some preliminary facts in Section 2. Section 3 is devoted to information about
S-asymptotically ω-periodic functions. The main result is Theorem 4.4 which we
present in Section 4.

2 Preliminaries

In this paper (X, ‖ · ‖) will denote a complex Banach space, L(X) the space of all
bounded linear operators X → X, BC((−∞, 0], X), (resp. BUC((−∞, 0], X)) the
space of all bounded continuous (resp. bounded uniformly continuous) functions
(−∞, 0] → X, and C0(I,X) the space of all continuous functions h : I → X such
that limt→∞ ‖h(t)‖ = 0 where I = R+, or R.

Definition 2.1. A closed linear operator A : D(A) ⊂ X → X with a dense domain
D(A) is called a sectorial operator of type ω and angle θ if there exists constants
M > 0, ω and an angle θ ∈]0, π2 [ such that its resolvent is outside the sector

ω +
∑
θ

:= {λ+ ω : λ ∈ C, |arg(−λ)| < θ}

and

‖(λ−A)−1‖ ≤ M

|λ− ω|
λ 6∈ ω +

∑
θ

Definition 2.2. ([10]) Let α > 0 and A be a closed linear operator densely defined
in X with resolvent ρ(A). A will be called the generator of a solution operator if
there exists ω ∈ R and a strongly continuous function Eα : R+ → L(X) such that
{λα : Reλ > ω} ⊂ ρ(A) and

λα−1(λα −A)−1 =

∫ ∞
0

e−λtEα(t)xdt, Reλ > ω, x ∈ X.

In this case Eα is called a solution operator generated by A and Eα(0) = I.
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Let’s assume that A is a sectorial operator with 0 ≤ θ ≤ π(1− α
2 ), then A is the

generator of a solution operator given by

Eα(t) =

∫
Γ
eλtλα−1(λα −A)−1dt, t ≥ 0

with Γ a suitable path lying outside the sectorial ω +
∑

θ.

Lemma 2.3. Let 1 < α < 2 and A : D(A) ⊂ X → X be a sectorial operator with
M > 0, ω < 0 and 0 ≤ θ ≤ π(1− α

2 ).
Then there exists a constant C(θ,α) > 0 depending on θ and α, such that

‖Eα(t)‖ ≤
C(θ,α)M

1 + |ω|tα
, t ≥ 0. (2.1)

From the above, it is easy to verify that Eα is integrable. In the border cases
α = 1, 2, the family Eα(t) corresponds respectively to a C0-semigroup and a cosine
family.

In what follows, (B, ‖ · ‖B) will denote a linear seminormed space of functions
(−∞, 0]→ X satisfying the fundamental axioms of Kato and Hale below:
(A0) If the function x :]−∞, T ] → X is continuous on I = [0, T ] and x0 ∈ B, then
for every t ∈ I, the following conditions hold:
(1) xt ∈ B
(ii) ‖x(t)‖ ≤ H‖xt‖B
(iii) ‖xt‖B ≤ C1(t) sup0≤s≤t ‖x(s)‖+ C2(t)‖x0‖B
where H is a constant H ≥ 0, C1 : [0,∞) → [0,∞) is a continuous fucntion and
C2 : [0,∞)→ [0,∞) is a locally bounded function, H,C1, C2 are independent of x(·)
(A1) For the function x0 in (A0), xt is a B-valued continuous function on I.
(A2) The space B is complete.

Let’s recall some examples of phase spaces.

Example 2.4. BUC((−∞, 0], X) the Banach space of all bounded and uniformly
continuous functions ν : (−∞, 0]→ X equipped with the supnorm is a phase space.

Example 2.5. C0((−∞, 0], X) the Banach space of all bounded and continuous
functions ν : (−∞, 0]→ X such that ν(s)→ 0 as s→ −∞ equipped with the norm
|ν| := sups≤0 ‖ν(s)‖ is also a phase space.

3 S-asymptotically ω-periodic functions

Definition 3.1. (M. Fréchet) A function f ∈ BC(R+;X) is said to be asymptotically
ω-periodic for some ω > 0 if there exists g ∈ Pω(R;X) and h ∈ C0(R+;X) such that

f(t) = g(t) + h(t), t ∈ R+.
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The space of all asymptotically ω-periodic f : R+ → X will be denoted APω(X).

Definition 3.2. ([5]) A function f ∈ BC(R+;X) is said to be S-asymptotically
ω-periodic for some ω > 0 if

lim
t→∞

(f(t+ ω)− f(t)) = 0.

In this case, ω will be called an asymptotic period of f . It is clear that if ω is an
asymptotic period for f , then every kω, k = n = 1, 2, ... is also an asymptotic
period for f .

We denote by SAPω(X) the space of such functions. It is known that SAPω(X)
is a Banach space under the supnorm and that the inclusion APω(X) ⊂ SAPω(X) is
strict.

Example 3.3. ([5]). Let c0 be space of all sequences x = (xn)n where xn ∈ R and
limn→∞ xn = 0 equipped with the norm ‖x‖ = supn∈N |xn|, and define f : R+ → X
by

f(t) = (
2nt

t2 + n2
)n.

Then for every µ > 0, f is S-asymptotically ω-periodic, but not asymptotically
ω-periodic.

Note that other examples of S-asymptotically ω-periodic functions are given in
our previous work [14].

Proposition 3.4. Let f ∈ SAPω(X). Then we have
(i) fa(t) := f(t+ a) is in SAPω(X) for any a > 0.
(ii) h(t) := 1

f(t) is SAPω(X) if inft∈R+ ‖f(t)‖ > 0.

(iii), If f ∈ SAPω(X) and A : X → X is a bounded linear operator, then Af(t) ∈
SAPω(X).

Proof. (i) and (ii) are proved in ([14]).
(iii) is straightforward.

SAPω(X) turns out to be a Banach space when equipped with the norm ‖ · ‖∞.

Lemma 3.5. ([14]) Let f be S-asymptotically ω-periodic f : R+ → X then there
exists T > 0 such that ‖f(t+ω)−f(t)‖ < ε

a , for all t > T . Then the function Fa(t)
defined by

Fa(t) :=

∫ t+a

t
f(s)ds (3.1)

belongs to SAPω(X) for a > 0 fixed.
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Theorem 3.6. ([1]) Let X,Y be two Banach spaces and φ : X → Y a function
which is uniformly continuous on bounded sets of X and such that φ maps bounded
sets of X into bounded sets of Y. Then for all f ∈ SAPω(X), the composition
φof := [t→ φ(f(t))] is in SAPω(Y)

Corollary 3.7. Let the map φ : X → Y be such that there exists L > 0 such that
‖φ(u)− φ(v)‖ < L‖u− v‖ for any u, v in a bounded set of X, then if f ∈ SAPω(X),
the composition φof := [t→ φ(f(t))] is in SAPω(Y).

Proof. Uniform continuity of φ is obvious. Now let K be a bounded set in X and
u ∈ K. Then we have

‖φ(u)‖ = ‖φ(u)− φ(0) + φ(0)‖ ≤ L‖u‖+ ‖φ(0)‖ <∞.

Which means φ(K) is bounded.
The result follows from the theorem above.

Definition 3.8. ([5]) A continuous function f : [0,∞) × X → X is said to be
uniformly S-asymptotically ω-periodic on bounded sets if for every bounded set
K ⊂ X, the set {f(t, x) : t ∈ [0,∞), x ∈ K} is bounded and

lim
t→∞

(f(t+ ω, x)− f(t, x)) = 0

uniformly in x ∈ K.

Definition 3.9. A continuous function f : [0,∞)× X→ X is said to be asymptot-
ically uniformly continuous on bounded sets if for every ε > 0 and every bounded
set K ⊂ X, there exists Lε,K > 0 and δε,K > 0 such that

‖f(t, x)− f(t, y)‖ < ε, ∀x, y ∈ K, ‖x− y‖ < δε,K .

Theorem 3.10. ([5]) Let f : [0,∞) × X → X be a function which is uniformly S-
asymptotically ω-periodic on bounded sets and asymptotically uniformly continuous
on bounded sets. Let u : [0,∞)→ X be S-asymptotically ω-periodic. The Nemytskii
operator

φ(·) := f(·, u(·))

is S-asymptotically ω-periodic.

Corollary 3.11. Let f : [0,∞)× X→ X be a function with the property that there
exists L > 0 such that

‖f(t, x)− f(t, y)‖ ≤ L‖x− y‖, ∀t ≥ 0, ∀x, y ∈ K
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for any bounded set K ⊂ X. Suppose also that f is uniformly S-asymptotically
ω-periodic on bounded sets and u : [0,∞) → X is a S-asymptotically ω-periodic
function. Then

φ(·) := f(·, u(·))

is S-asymptotically ω-periodic.

Proof. Consider K = R(u), where R(u) is the range of u. Since R(u) of u(·) is
a bounded set, it follows that φ is a bounded function. Moreover, by assumption,
there exists L such that

∀t > L ‖f(t+ ω, u(t+ ω))− f(t, u(t+ ω))‖ ≤ ε

2

and from Theorem 3.10,
∀ε > 0, ∃δε,K > 0, Lε,K > 0 such that ∀t > Lε,K , ‖f(t, u(t + ω)) − f(t, u(t))‖ ≤ ε

2
and ‖u(t+ ω)− u(t)‖ < δ.

Therefore ∀t > max {Lε,K , L}
‖f(t+ ω, u(t+ ω))− f(t, u(t))‖ ≤ ‖f(t+ ω, u(t+ ω))− f(t, u(t+ ω))‖+

‖f(t, u(t+ ω))− f(t, u(t))‖

≤ ε

2
+
ε

2
= ε

.
The proof is now completes.

4 fractional integro-differential equation

From now on, we denote by M, the following space of admissible functions:

M := {f ∈ BC(R, X) : f |R+ ∈ SAPω(X)}.

This is a Banach space under the sup norm

‖f‖M := sup
t∈R
‖f(t)‖.

Let’s consider the semilinear fractional integro-differential equation (SFIDE)
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{
u′(t) = 1

Γ(α−1)

∫ t
0 (t− s)α−2Au(s)ds+ F (t, ut), t ≥ 0,

u0 = φ

where 1 < α < 2, φ ∈ B a phase space, A : D(A) ⊂ X → X a sectorial operator
which is the generator of a solution operator Eα(t), and F : [0,∞) × B → X a
continuous function.

Definition 4.1. ([11]) A bounded continuous function u : R → X is said to be a
mild solution to (SFIDE) if it satisfies the following{

u(t) = Eα(t)φ(0) +
∫ t

0 Eα(t− s)F (s, us)ds, t > 0,
u(t) = φ(t), t ≤ 0

Lemma 4.2. ([14]) Let f ∈ SAPω(X). Then the function defined by

G(t) =

∫ t

0
Eα(t− s)f(s)ds

is also in SAPω(X).

Theorem 4.3. Consider equation (SFIDE) and suppose
(H1) The function F : [0,∞) × B → X is a continuous function and there exists
L > 0 such that

‖F (t, u)− F (t, v)‖ ≤ L‖u− v‖B, ∀t ≥ 0, ∀u, v ∈ K

for any bounded set K ⊂ B.
(H2) F is uniformly S-asymptotically ω-periodic on bounded sets
(H3) C? := supt≥0C1(t) <∞.

Then equation (SFIDE) has a unique solution in M provided L <
αsin(π

2
)

C?MC(θ,α)|ω|−
1
2 π

Proof. Let u ∈ M; then it is easy to see that us ∈ M. Then by (H2) F (s, us) ∈
SAPω(X). So in view of the lemma above,∫ t

0
Eα(t− s)F (s, us)ds ∈ SAPω(X).

Consequently Eα(t)φ(0) +
∫ t

0 Eα(t − s)F (s, us)ds ∈ SAPω(X). Which means that
the operator Ω :M→M such that

(Ωu)(t) := Eα(t)φ(0) +

∫ t

0
Eα(t− s)F (s, us)ds
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is well-defined.
Now let u, v ∈M be solutions to (SFIDE). Then we have

‖(Ωu)(t)− (Ωv)(t)‖ = ‖
∫ t

0
Eα(t− s)[F (s, us)− F (s, vs)]ds‖

≤ L
∫ t

0
‖Eα(t− s)‖‖us − vs‖Bds

≤ L
∫ t

0
‖Eα(t− s)‖C1(s) sup

0≤σ≤s
‖u(σ)− v(σ)‖ds

≤ L‖u− v‖∞
∫ t

0
C1(s)‖Eα(t− s)‖ds

≤ LC?‖u− v‖∞
∫ t

0

C(θ,α)M

1 + |ω|(t− s)α
ds

≤ LC?‖u− v‖∞
∫ t

0

C(θ,α)M

1 + |ω|(s)α
ds

= LC?C(θ,α)M
|ω|

−1
π

αsin(πα)
‖u− v‖∞

Therefore

‖(Ωu)− (Ωv)‖∞ ≤ LC?C(θ,α)M
|ω|

−1
π

αsin(πα)
‖u− v‖∞

Now we use the Banach’s fixed point principle to complete the proof.

Now we will use the Krasnosel’skii fixed point theorem to prove our second result.

Theorem 4.4. (Krasnosel’skii) Let M be a closed convex and non-empty subset of
a Banach space and P ,Q are two operators such that
(i) Pu+Qv ∈M , whenever u, v ∈M
(ii) P is compact and continuous
(iii) Q is a contraction mapping
Then there exists z ∈M such that z = Pz +Qz

Now we make the following assumptions
(T1) F : [0,∞)×B → X is a function which is uniformly S-asymptotically ω-periodic
and asymptotically uniformly continuous on bounded sets.
(T2) There exists CF > 0 such that
‖F (t, x)‖ < CF (1 + ‖x‖B), for all t ≥ 0, x ∈ B.
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(T3) There exists Lg > 0 such that for all u, v ∈ BC([0,∞),X)→ X,
‖g(u)− g(v)‖ < Lg‖u− v‖∞
We assume C(θ,α)MLg < 1.

Now we state and prove our second result.

Theorem 4.5. Assume (T1)-(T2)-(T3). Then Eq(1) has at least one mild solution
u(t) ∈M if we assume that Eα(t) is compact for any t > 0.

Proof. Note that(T3) implies that there exists a constant Cg > 0 such that ‖g(u)‖ ≤
Cg(1 + ‖u‖), for any u ∈ BC([0,∞),X).
We consider the same operator Ω as in the proof of Theorem 4.3 and use several
steps to achieve our conclusion.
Step 1: Let Bγ be defined by

Bγ := {u ∈M : ‖u‖∞ ≤ γ}, where γ > max
{

CF
1−(MC(θ,α)+CF ) , 0

}
Now define the operators

P,Q :M→M

by

(Pv)(t) := Eα(t)v0 = Eα(t)φ(0)

and

(Qu)(t) :=

∫ t

0
Eα(t− s)F (s, us)ds

Using (T2) we get

‖(Pv)(t) + (Qu)(t)‖ ≤ ‖Eα(t)‖‖φ(0)‖+

∫ t

0
‖Eα(t− s)F (s, us)‖ds

≤
C(θ,α)M

1 + |ω|tα

{
‖φ(0)‖+

∫ t

0
‖F (s, us)‖ds

}

≤
C(θ,α)M

1 + |ω|tα
{‖φ(0)‖+ CF (1 + ‖u‖)t}
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≤
C(θ,α)M

1 + |ω|tα
{γ + CF (1 + γ)t}

≤ C(θ,α)M {γ + CF (1 + γ)}

≤ γ

We conclude that for all u, v ∈ Bγ , Pu+Qv ∈ Bγ .
Step 2 : Show that the operator P is contractive.
Indeed , let u, v ∈ SAPω(X)
Then we have

‖(Pu)(t) + (Pv)(t)‖ ≤ ‖Eα(t)‖‖g(u)− g(v)‖

≤
C(θ,α)M

1 + |ω|tα
Lg‖u− v‖∞

Thus we obtain

‖Pu− Pv‖∞ ≤
C(θ,α)M

1 + |ω|tα
Lg‖u− v‖∞

≤ C(θ,α)MLg‖u− v‖∞

We conclude in using the assumption C(θ,α)MLg < 1. Finally P is contractive.
Step 3: Show that the operator Q is continuous on Bγ .
Let (un) ⊂ Bγ such that un → u in Bγ . Then in view of Definition 3.9 F (s, un(s))→
F (s, u(s)) as n→∞ for all s ∈ [0,∞).
Now we have

‖(Qun)(t)− (Qu)(t)‖ = ‖
∫ t

0
Eα(t− s)[F (s, un(s))− F (s, u(s))]ds‖
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≤
∫ t

0

C(θ,α)M

1 + |ω|(t− s)α
‖F (s, un(s))− F (s, u(s))‖ds

≤
∫ t

0

C(θ,α)M

1 + |ω|(t− s)α
CF (2 + ‖un(s)‖+ ‖u(s)‖)ds

≤ 2CF (1 + γ)

∫ t

0

C(θ,α)M

1 + |ω|(t− s)α
ds

= 2CF (1 + γ)C(θ,α)M
|ω|

−1
π

αsin(πα)
<∞

Therefore Qun → Qu as n → ∞ by the Lebesgues’s Dominated convergence theo-
rem.

Step 4: The set (Qun) where (Qun) ⊂ Bγ is uniformly bounded.
Indeed for all n, we have

‖(Qun)(t)‖ = ‖
∫ t

0
Eα(t− s)F (s, un(s))ds‖

≤
∫ t

0

C(θ,α)M

1 + |ω|(t− s)α
‖F (s, un(s))‖ds

≤
∫ t

0

C(θ,α)M

1 + |ω|(t− s)α
CF (1 + ‖un(s)‖)ds

≤ CF (1 + γ)

∫ t

0

C(θ,α)M

1 + |ω|(t− s)α
ds

= CF (1 + γ)C(θ,α)M
|ω|

−1
π

αsin(πα)
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This shows that (Qun) is uniformly bounded.

Step 5: Q is compact.
First, let’s show that the set {(Qu)(t) : u(t) ∈ Bγ} is relatively compact in X for
each t > 0.
To this end, fixed t > 0 and ε0 such that 0 < ε0 < t. We have{

(Qε0u)(t) :=
∫ t−ε0

0 Eα(t− ε0 − s)F (s, u(s))ds
}

is uniformly bounded for u ∈ Bγ .

This with the assumption that Eα(ε0) is compact yield the set {Eα(ε0)(Qε0u)(t) : u ∈ Bγ}
is relatively compact.
Since from Definition 2.2, Eα(0) = I and Eα(t)x is continuous for any x ∈ X, we
obtain

Eα(ε0)(Qε0u)(t) = Eα(ε0)

∫ t−ε0

0
Eα(t− ε0 − s)F (s, u(s))ds

which shows that

lim
ε0→0

Eα(ε0)(Qε0u)(t) = (Qu)(t)

We conclude that {(Qu)(t) : u(t) ∈ Bγ} is relatively compact in X.
Finally, Q is compact as claimed.
From all of the above, we conclude that Eq(1) has at least one mild solution u(t) ∈
M, using the Krasnosel’ski’s fixed point theorem.

Remark 4.6. These results are new even in the context of asymptotically ω-periodic
functions.
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