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1 Introduction

There are many books on ring theory, but we need here only some well known
definitions. Note that a ring is a set endowed with two binary operations, a sum
and a product, usually denoted by + and -, and verifying, among other proprieties,
that + is commutative and - is not commutative. Thus, the ring is only ‘partially’
a non-commutative algebra (is a particular case of non-commutative algebra), in
which only the product - is not commutative.

The notion of pseudo-ring is old in the literature. From Wikipedia, the free
encyclopedia, “in mathematics, and more specifically in abstract algebra, a pseudo-
ring is one of the following variants of a ring:

- A rng (Rng (algebra) or non-unital ring or pseudoring), i.e. a structure satisfying
all the axioms of a ring except for the existence of a multiplicative identity. [1]

- A set R with two binary operations + and - such that (R,+) is an abelian group
with identity 0, and a- (b+¢)+a-0=a-b+a-cand (b+c¢)-a+0-a=b-a+c-a
for all a,b,c € R. [6]

- An abelian group (A, +) equipped with a subgroup B and a multiplication

B x A — A making B a ring and A a B-module. [7]

None of these definitions are equivalent, so it is best to avoid the term ”pseudo-
ring” or to clarify which meaning is intended.”

But note that, since the above algebras are variants of a ring, then, from gra-
matically point of view, their name should be ‘pseudo ring’ (i.e. a particular case of
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ring , named ‘pseudo’) and not pseudo-ring.

Therefore, we shall freely use the name pseudo-ring in this paper with a different
meaning, namely for a non-commutative generalization of a ring (i.e. the addition
+ is no more commutative), just as the non-commutative generalization of an MV
algebra was named pseudo-MV algebra 2], [3], the non-commutative generalization of
a BCK algebra was named pseudo-BCK algebra etc. (see [4]). Thus, the pseudo-ring
will be a ‘full’ non-commutative algebra, in which both 4+ and - are not commutative.

Also note that, in the monograph [4], many non-commutative algebras of logic
are studied, including the pseudo-BCK algebras, and, in parallel, many analogous
non-commutative algebras are introduced and studied, including the m-pseduo-BCK
algebras (‘m’ coming from ‘magma’). There exist connections between these two
parallel non-commutative frameworks, in the involutive case. We have discovered
in [4] the ‘secret’ of these non-commutative algebras, the ‘principle’ that governs
them, that we have called ‘transposition’ principle (‘m-transposition’ principle, for
magmas) - name borrowed from matrix theory.

This paper, like our previous works, would not be written in so little time and
with so many examples without the help of the wonderful instrument which is
PROVER9-MACE4, developed by William W. McCune (1953-2011) [5]. By PROVER9,
we try to find a proof and, by MACE4, we try to find an example or a list of ex-
amples. Note that PROVER9-MACE4 can simultaneously try to find a proof, by
PROVERY, and try to find a counterexample, by MACE4 - if we start both PROVER9
and MACE4.

The paper is organized in three sections. In Section 2, we recall the definition
of a ring with finite examples and the ‘m-transposition’ principle. In Section 3, we
introduce the notion of pseudo-ring, as a non-commutative generalization of a ring,
and we present many finite examples and some results.

2 Preliminaries

2.1 The ring. Definition and examples

Recall the definition of a ring, in order to fix the notations:

Definition 2.1. (Initial definition)
A ring is an algebra A= (A, +, -, —,0) of type (2,2,1,0) such that:
(1) (A,+,—,0) is a commutative group,
(2) (A, -) is a semigroup,
(8) the operation - is distributive versus the oparation +,
i.e. A verifies the following axioms: for all z,y,z € A,
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(SU) O+z=2x (0 is the zero of sum),
(Scomm) z+y=y+x (commutativity of sum),
(Sass) r+y+z2)=(@x+y) +=2 (associativity of sum),
(Re) z+ (—z) =0,

(Pass) x-(y-2z)=(x-y) -z (associativity of product),

(Pdis) — z-(z+y)=(z-2)+(z - y),
(x+y)-z=(r-2)+ W 2 (distributivity).

A ring is unitary if there exists an element 1 € A such that:
(pPU) 1 -z =z, - 1= (1is the unit of product),
i.e. if (4, -,1) is a monoid. A wunitary ring is denoted A = (A, +, -,—,0,1).

A ring is - -commutative, or commutative for short, if for all z,y, (Pcomm)
(x - y =y - x) holds. Note that, in mathematics, a noncommutative ring is a ring
whose multiplication is not commutative; that is, there exist a and b in the ring
such that a - b and b - a are different. Equivalently, a noncommutative ring is a ring
that is not a commutative ring.

Here are some examples of finite rings found by MACE4.

Example 2.2. Finite rings
¢ Example 1: non-unitary ring
The ring (Ag = {0,1,2,3,4,5,6,7},4, -, —,0) with the following tables of operations:

Co
<

QLD G W~ T
LA W DD
AP QY N D W |~
R N N S T N S S
P D~

WM N DD IR
WD W DB 3 G ;
~ WU DWW I D
S S N S
L R WS D
PO D DD
WW WD~
W WD D
T D D Ww
T DT D D DI~
W W WD D ;
WWWLDDDDI™
O DT

ZE‘O 1
—x‘ 2

2 3 4 5 6 7
1 3 4 6 5 7°

Note 1l -4 #£4 -1, hence - is not commutative and 1 is not a unit for -

e Example 2: unitary ring
The ring (A = {0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15},+, -, —,0,1) with the
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following tables of operations:

+lo 1 2 s 4 5 6 7 8 9 10 11 12 18 1} 15
ol 0 1 2 3 4 5 6 7 8§ 9 10 11 12 13 14 15
118 0 2 5 7 4 6 9 11 8§ 10 13 15 12 1
21 2 0o 8 1 6 4 7 5 10 8§ 11 9 1} 12 15 13
3l s 2 1 o0 v 6 5 4 11 10 9 8 15 14 13 12
Jl 4 5 6 7 o0 1 2 8 12 18 14 15 8 9 10 11
5\ 5 7 4 6 1 % o0 2 18 15 12 14 9 11 8 10
6| 6 4 7 5 2 0 3 1 1) 12 15 13 10 8 11 9
W7 6 5 4 3 2 1 0 15 14 13 12 11 10 9 8§,
8| 8 9 10 11 12 13 1, 15 0 1 2 3 4 5 6 7
9| 9 11 8§ 10 18 15 12 14 1 3 0 2 5 7 4 6
10010 8 11 9 14 12 15 13 2 0 8 1 6 4 7 5
1111 10 9 8 15 14 18 12 8 2 1 0 7 6 5 /4
12|12 13 14 15 8§ 9 10 11 4 5 6 7 0 1 2 3
1313 15 12 14 9 11 8 10 5 7 4 6 1 3 0 2
114 12 15 13 10 8§ 11 9 6 4 7 5 2 0 8 1
15015 14 18 12 11 10 9 8 7 6 5 4 8 2 1 0
lo 1 2 38 4 5 6 7 8 9 10 11 12 18 1} 15
00 0 0 00 0 000 0 0 0 0 0 0 0
1o 1 238 4 5 6 78 9 10 11 12 13 1) 15
210 2 1 8 4 6 5 7 8 10 9 11 12 1} 13 15
30 8 500 5 300 3 8 0 0 3 38 0
410 4 4 0 0 4 4 00 4 4 0 0 4 4 0
510 5 6 8 4 1 2 7 8 13 1} 11 12 9 10 15
6lo 6 5 8 4 2 1 7 8 14 13 11 12 10 9 15
o v 700 7 v oo v 7 0 0 7T 7T 0,
Slo 8 s o0 8 11 11 3 0 8 8§ 0 8§ 11 11 3
9o 9 10 3 7 14 13 4 8§ 1 2 11 15 6 5 12
1000 10 9 8 7 18 14 4 8§ 2 1 11 15 5 6 12
1100 11 11 0 3 8§ 8 8 0 11 11 0 8 8 8§ 3
1200 12 12 0 3 15 15 3 0 12 12 0 8 15 15 3
130 13 14 8 7 10 9 4 8§ 5 6 11 15 2 1 12
lo 14 15 8 7 9 10 4 8§ 6 5 11 15 1 2 12
1500 15 15 0 8 12 12 3 0 15 15 0 § 12 12 3
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x‘O

1 9 10 11 12 18 14 15
—x‘ 2

10 9 11 12 14 13 15°

2 3 4 5 6 7 8
1 3 4 6 5 7 8

Note 4 -8 # 8 -4, hence - is not commutative and 1 is a unit for -.

e Example 3: commutative non-unitary ring

The ring (A¢ = {0,1,2,3,4,5},+, -, —,0) with the following tables of operations:

+10 1 2 8 4 5 10 1 2 8 4 5

o0 1 2 &8 4 5 o100 0 0 0 0 0

111 2 0 4 5 & 110 2 1 0 2 1

212 0 1 5 8 4, 210 1 2 0 1 2,

318 4 5 0 1 2 310 0 0 0 0 0

414 65 8 1 2 0 410 2 1 0 2 1

516 8 4 2 0 1 510 1 2 0 1 2

z|0 1 2 8 4 5

—z |0 2 1 3 5 4

Note that 1 - 2 =1 2, hence (pPU) does not hold.

e Example 4: commutative unitary ring

The ring (A7 = {0,1,2,3,4,5,6},+, -, —,0, 1) with the following tables of operations:
+10 1 2 8 4 5 6 0 1 2 8 4 5 6
o0 1 2 &8 4 5 6 oy0 0 0 0 0 0 0
111 8 0 &6 2 6 4 110 1 2 838 4 5 6
212 0 4 1 6 8 5 210 2 1 4 8 6 5
318 5 1 6 0 4 27 310 8 4 6 &5 2 17
414 2 6 0 5 1 3 410 4 8 &5 6 1 2
516 6 &8 4 1 2 0 510 &6 6 2 1 &8 4
616 4 5 2 3 0 1 610 6 5 1 2 4 3

z|0 1 2 38 4 5 6
—z | 2 1 4 838 6 5°

Note that the examples generated (found) by MACE4 (following the program
written by us) are sets of the form {0,1}, or {0,1,2}, or {0, 1,2,3} etc. (of size 2,
3, 4 etc.) together with tables of operations on these sets and other informations.
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2.2 The ‘m-transposition’ principle

Consider an algebra A = (A4, -,7,~, 1) of type (2,1,1,0).
We say that A is:
- commutative, if for all z,y € A, (Pcomm) (x - y =y - x) holds,
- strong, if x= =a"~, for all x € A,
- strong commutative, if it is commutative and strong.

Recall the ‘m-transposition’ principle for non-commutative algebras, principle
that was introduced in the monograph [4] (see page 297).

Definition 2.3. (See [/])
T def

(1) The basic operations -, -T (where x -7 y "=y -2), =, ~ and 1 are called
elementary operations. Any other operation o, defined by using the elementary op-
erations, shall be called a complex operation

(1°) We shall say that the pairs (-, -T) and (=, ™) are pairs of ‘m-transposed’
elementary operations, or that the ‘m-transpose’ of the elementary operation - is -~
and that the ‘m-transpose’ of the elementary operation ~ is ~, and vice-versa. We
shall say that 1 is a ‘m-symmetric’ elementary operation.

(17) Let o and w be two complex operations. We shall say that the ‘m-transpose’
of 0 is w and vice-versa if, by interchanging the corresponding ‘m-transposed’ ele-
mentary operations in o, we obtain w, and vice-versa. A complex operation o whose
‘m-transpose’ equals o, will be called ‘m-symmetric’.

(17°) We shall say that a pair of complex operations (ol, 02) is a pair of ‘m-
transposed’ complex operations, if the ‘m-transpose’ of ol is 02, and vice-versa.

(2) Let (P) and (Q) be two properties. We shall say that the ‘m-transpose’ of
the property (P) is (Q) (and we write (P)T =(Q)), and vice-versa (i.e. (Q)F =(P))
if, by interchanging the ‘m-transposed’ elementary operations - and - and also ~
and ~ in (P), we obtain (Q), and vice-versa. A property (P) whose ‘m-transpose’
equals (P) will be called ‘m-symmetric’.

(2°) We shall say that a pair of properties (P) = ((P1), (P2)) is a pair of ‘m-
transposed’ properties, if the ‘m-transpose’ of the property (P1) is (P2), and vice-
versa.

(27) Any property is either a ‘m-symmetric’ one or belongs to (is an element of)
a pair of ‘m-transposed’ properties.

(8) Any binary relation is defined either by a ‘m-symmetric’ property or by a
property belonging to a pair of ‘m-transposed’ properties.
(8°) Let r1 be a binary relation defined by the property (P1) and r9 be a binary
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relation defined by the property (P2).

(i) If ((P1), (P2)) is a pair of ‘m-transposed’ properties, then (r1, r2) is called to
be a pair of ‘m-transposed’ binary relations and r def r1 N\ r2 is a ‘m-symmetric’
binary relation.

(ii) If ((P1), (P2)) is a pair of ‘m-transposed’ properties and (P1) (P2) (hence,
r1 o), then we write: r def- ry ry.

(4) The ‘m-transposed’ proof of the property (Q), or the ‘m-transpose’ of the
proof of (Q), is that proof of (Q)T obtained from the proof of (Q) by interchanging
the corresponding ‘m-transposed’ operations (elementary or complex), ‘m-transposed’
properties and ‘m-transposed’ relations.

Following these definitions, note that the given definition of the ring must be
rewritten in order to comply with them, namely we must replace (SU), (Re), (Pdis)
by (pSU), (pRe), (pPdis), respectively, since we have:

(SU) = (pSU) + (Scomm),

(Re) = (pRe) + (Scomm),

(Pdis) = (pPdis) + (Scomm),

where:

(pSU) 0+ 2z =z, z+0 =z,

(pRe) z + (—z) =0, (—x) +x =0,

(pPdis) z - (z+y)=(z - )+ (2 - y), (y+2) - 2=(y - 2) + (z - 2).

Thus, we obtain the following equivalent definition of rings, which complies with
the ‘m-transposition’ principle:

Definition 2.4. (Second, equivalent definition)
A ring is an algebra A= (A, +, -, —,0) of type (2,2,1,0) such that:
(1) (A,+,—,0) is a commutative group,
(2) (A, -) is a semigroup,
(3) the operation - is distributive versus the oparation +,
i.e. A verifies the following axioms: for all z,y,z € A,

(pSU) O+x=x,2+0=ux,

(Scomm) z+y=y+zx (commutativity of sum),
(Sass) r+y+z)=(@x+y) +=z2 (associativity of sum),
(pRe) z+(—2)=0, (—z)+2 =0,
(Pass) x-(y-2z)=(x-y) -z (associativity of product),
(pPdis) — z - (z+y)=(z-2)+(z - y),

(y+zx)-z2=W-2)+(x- 2 (pseudo-distributivity).
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Note that now, all the properties of a ring (which is a strong algebra) are ‘m-
symmetric’ properties or pairs of ‘m-transposed’ properties, namely:
- (Scomm), (Sass), (Pass) are ‘m-symmetric’ properties,

- (pSU), (pRe), (pPdis) are pairs of ‘m-transposed’ properties.

Note also [4] that, when proving a pair of ‘m-transposed’ properties ((P1), (P2)),
it is sufficient to prove (P1) (or (P2)), because the proof of (P2) (or of (P1), respec-
tively) will be the ‘m-transposed’ proof of (P1) (or of (P2)). But, in this paper,
we shall prove both (P1) and (P2).

Remark 2.5. [4] In the strong commutative case, the ‘m-transposition’ principle is
no longer visible.

Remark 2.6. Not all non-commutative algebras obey to the ‘m-transposition’ prin-
ciple. Take the following example:
A near-ring (see Giinter Pilz, Near-Rings, North-Holland, 1983) is a set R equipped
with a group structure (R, 4+, —,0), a monoid structure (R, -, 1) and such that for
any ,y, 2z € R, we have only the right-distributivity:
(pPdis2) (z +y) - z2=(z - 2) +(y - 2).

Note that the property (pPdis2) is neither a ‘m-symmetric’ property nor a pair
of ‘m-transposed’ properties.

Near-rings are important generalizations of rings that appear naturally when
studying functions on groups, like all functions from a group to itself.

3 The pseudo-ring
We introduce the following definition.

Definition 3.1.
A pseudo-ring is an algebra A = (A, +, -, —,0) of type (2,2,1,0) such that:
(1) (A,+,—,0) is a group,
(2) (A, -) is a semigroup,
(3) the operation - is pseudo-distributive versus the oparation +,
i.e. A verifies the following axioms: for all z,y,z € A,

(pSU) O+z=z,z+0==x (0 is the zero of sum),
(Sass) v+ (y+z2)=(r+y)+= (associativity of sum),
(pRe) x4+ (—x)=0, (—z)+2=0,

(Pass) x-(y-z)=(x-y) -z (associativity of product),

(pPdis) z - (x+y)=(z-z)+
(y+x)-z2=W-2)+(x -2 (pseudo-distributivity).
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Note that all the properties of a pseudo-ring are ‘m-symmetric’ properties or
pairs of ‘m-transposed’ properties, namely:
- (Sass), (Pass) are ‘m-symmetric’ properties,
- (pSU), (pRe), (pPdis) are pairs of ‘m-transposed’ properties.
If the pseudo-ring is +-commutative, i.e. if the operation + is commutative (for
all z,y, (Scomm) holds), then the pseudo-ring is a ring (see Definition 2.4).
We shall say that a pseudo-ring is proper, if it is not a ring.
A pseudo-ring is unitary, if there exists an element 1 € A such that:
(pPU) 1 -z =z, - 1=z (1is the unit of product),
i.e. if (4, -,1) is a monoid. A wunitary pseudo-ring is denoted A = (A, +, -, —,0,1).
Note that (pPU) is a pair of ‘m-transposed’ properties.

We present some properties.
Proposition 3.2. Let A= (A, +, -,—,0) be a pseudo-ring. We have:
(pr1) —0 =0,
(pr2) z+ ((—2)+y) =y, (y+ (—2)) +z =y,
(pr3) (—z) + (@ +y) =y, (y+2)+(—2) =y,

(pr4) —(—z) ==,
(pr5)0 -z =0,z -0=0.
Proof. (prl): In (pRe) (z + (—z) = 0), take z := 0, to obtain: 0+ (—0) = 0, hence
—0 =0, by (pSU).
Sass e S
(p12); @+ ((—0) + ) "= @+ (~a) +y = 04y P2y and
Sass e S
-+ (o) +2 "2yt ((-o) +2) Py 0 P2y
(i3): —a+ (0 +y) =7 (a) +2) +3 "2 045 2y and
Sass e S
+a) + (2) =yt @+ (2) Py 40 P2y,

(prd): In (pr2) (z + ((—z) +y) = y), take y := —(—x), to obtain: = + ((—x) +
(=(—=z))) = —(—=), which becomes 4+ 0 = —(—=z), by (pRe), hence = —(—x), by
(pSU).

(pr5): Firstly, we prove: 0 - = 0. Indeed,
in (pPdis) (z+y) - z=(x - 2) 4+ (y - 2)), take y := 0, to obtain:
(x+0)-z2=(x-2)+(0- 2),
which, by (pSU), becomes:

(a)z - z=(x-2)+(0- 2);

then, in (pr3) ((—z) 4+ (x +y) =vy), take X := 2z - y, Y :=0 - y, to obtain:

(= -y)+(z - y)+(0-y)=0-y,

which, by (a), becomes:

(=@ -y)+(x-y)=0-y,
which, by (pRe), becomes: 0 =0 - y.
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Now, we prove (but it is not compulsory, by the ‘m-transposition’ principle):
z - 0 =z. Indeed,
in (pPdis) (z - (y+ ) =(z - y)+ (2 - )), take y := 0, to obtain:
z-(0+2)=(2-0)+(z - x),
which, by (pSU), becomes:
@)z -z=(z-0)+(z- x);
then, in (pr3) ((y +z) + (—x) = y), take X :=y - x, Y :=y - 0, to obtain:
((y-0)+(y-x)+(=(y-z)=y-0,
which, by (a’), becomes:
(y-2)+(=(y-=z)=y-0,
which, by (pRe), becomes: 0 =y - 0. O

Proposition 3.3. Let A = (A, +, -, —,0,1) be a unitary pseudo-ring. Then, (Scomm)
holds, i.e. A is a unitary ring.

Proof. (Based on a proof by PROVERY, Length of proof was 26, in 0.01 seconds).
Firstly, we prove:
(- (=y)) +(z-y) =0 (3.1)
Indeed, in (pPdis) (z - (x+y) = (2 - )+ (2 - y)), take X := —y, to obtain:
2 ((=y)+y) =G (=) +(z-y),
which, by (pRe) on left side, becomes:
z-0=(z- (=) +(z - )
which, by (pr5), becomes:
0= (2" (—y))+(z - y), ie. (3.1) holds.

Now, we prove:

(y - (D)) +((z- (=) +[y+2]) =0 (3-2)

Indeed, in (3.1), take y := 1, to obtain:

(z - (=1)+(z - 1) =0,

which, by (pPU), becomes:

(a) (z - (1)) +2=0;

then, in (Sass) ((z+y) +2z =2+ (y+ 2)), take X := (y+ 2z) - (—1), to obtain:
(y+2) - (=DI+y)+z=y+2) - (=D]+u+2),

which, by (a), becomes:

((y+2) - (=D]+y)+2=0,

which, by (pPdis), becomes:

((y - (=) + (- (=)]+y) +2=0,
which, by (Sass), becomes:
)

(v - (=) + [z - (=1) +y]) +2=0,
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which, by (Sass) again, becomes:

(v - (“1)+([(z - (=) +9]+2) =0,

which, by (Sass) again, becomes:

(y- (1) +((z-(-1))+[y+=z]) =0,ie. (3.2) holds.
Now, we prove:

z - (~y)=—(z - y).

Indeed, in (pr3) ((—z) + (x +y) =y), take X :==z - (—y), Y :=x -

M+ (- (=y)+(x-y)==z-y,

(—(z - (-y

which, by (3.1) , becomes:
(=@ (=9)+0==z -y,
which, by (pS , becomes:
—(z - (=y)) =z -y,

which 1mpheb.

(= - (=y) = =(z - y),
which, by (pr4), becomes:

z - (—y)=—(z - y), ie. (3.3) holds.

Now, we prove:
(=) + (=2l + [y +2]) = 0.

Indeed, from (3.2), by (3.3), we obtain:

(= - ))+ (=G DI+y+2z]) =0,

which, by (pPU) twice, becomes:

(—y) + ([=2] + [y + 2]) = 0, i.e. (3.4) holds.
Now, we prove:

(—=y) + (z+y) ==

61

(3.3)

Y, to obtain:

(3.5)

Indeed, in (pr2) (z + ((—x) +y) = y), take Y := (—y) + (x + y), to obtain:

4 ((=2) +[(—y) + (@ +y)]) = (=y) + (= +v),
which, by (3.4), becomes:
z+0=(-y)+ (= +y),

which, by (pSU), becomes:

x=(—y)+ (z+y), e (3.5) holds.

Finally, in (pr2) (z + ((—z) + y) = y), take Y := y + x, to obtain:

4 ((-2)+(y+z) =y +=z,
which, by (3.5), becomes:
x+y=y+uaz, ie (Scomm) holds.

We present now some examples of finite proper pseudo-rings.

Example 3.4. Finite proper pseudo-rings
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e Example 1: the first proper pseudo-ring (of size 8) from a list of
10000 models (examples) found by MACE4
The pseudo-ring (As = {0,1,2,3,4,5,6,7},4+, -,—,0) with the following tables of
operations:

R NI T S
QLD G A o D
D 2 o o Ty B D |
QI QDR D W |
W D D Uy AR
O W D Dy 3 e |
O N N S IR N N
N O N e i N
SO S S N S
SN NNND S~
SO SN E S
SoONNNND oW
SO NN NN D O
ST TTOTSIO S S| w™
SN NNND O
S O I S R I

PG D 9D e
QLD G oo D

x‘O
—:):‘

1 2 8 4 5 6 7
1 2 4 3 5 6 7°
e Example 2. (nr. 768, the last of size 8 from 10000 models )
The pseudo-ring (As = {0,1,2,3,4,5,6,7},4+, -,—,0) with the following tables of

operations:

QLD e o~ | T
SR N SN S
G D QO D W |~
DN TR LW
SISV MRS IS NN R
W~ W DI D3 W
DS WV R IS
W AD~NV OGN
T
W DO W W D~
W DO W W D
T D W
SO WD W W DI
SO W WD W WL D,
W WD DI™
W WD DN

PG~ D e

QLD G o D

w‘O 1
—x‘ 2

2 8 4 &5 6 7
18 5 4 7 6
e Example 3. (nr.769, the first of size 12 from 10000 models)
The pseudo-ring (A12 = {0,1,2,3,4,5,6,7,8,9,10,11},+, -, —,0) with the following

tables of operations:
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9 10 11
9 10 11

8
8

10

11

11
10

10
11

11
10

10
11

~ ©

1

9 10 11 0

8

~ ™M

L

~

11

10
11

10

11
10

8

11

2 38 4 5 6 7 8 9 10 11

1

0

0

o 0 0 0 0 0 0 0 0 0

0

6 7 7 6
6 7 7 6
6 7 7T 6
6 7 7 6
6 7 7 6
6 7 7 6

1
1
1

0 0
0 0
0 0

1
1
1
1
1
1

0 1
0 1
1
1
1
0 1

0
0

6
6
)
)
)

0 0 1

0 0 1
0 0 1

7

45

10| 10
11

o0 0 0 0 0 0 0 0 0 0

1

2,0 0 0 0 0 0 0 0 0 0
g0 0 0 0 0 0 0 0 0 0
410 0 0 0 0 0 0 0 0 0
510 0 0 0 0 0 0 0 0 0

10| 0
11

9 10 11

z|0 1 2 38 4 5 6 7 8

11

9

-z |0 1 2 4 3 5 6 7 8 10

{0,1,2,3,4,5,6,7,8,9,10, 11}, +, -, —, 0) with the following

e Example 4. (nr. 6600, the last of size 12 from 10000 models)

The pseudo-ring (A12

tables of operations:
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NN DN NN D
~ Y~ o~
SO N O AN N DN
~ [~ ~
QDN DO WV TN DS~ ~HOI-I-IDII DD
~ ~ ~
LTI T TTIIDIDD
886M7H913052/4. N NN =3 SN
QAT T T T IIIIIIS D
7796H8w204153 S S SN
QO™ 0 DN~ NN S SRS S =T =T S SR SN S
~
N IS SN S I I S S I S SN G
DO M AN DN DD X N0
- N I O e S S O N e S ST S
~ Y~ ~ ™~ ~ o~
TN TN NN O X
- VO VVLSOB SIS
>~
3351402M8H69 OO T T TITIIIDIDID
NN~ NN O~ 0D NI T
~ ~
NDHH IV DD IS
NN N DO N T OIS D
~ ~
el S o o R S R S R Vo S Vo I S T = o TS
SN NN O O >0 D
~— LTI TTTTTIIIDIDID
1_107.2345670090] S N NN D O >N0D D
~ o~ ~ o~

z|0 1 2 38 4 5 6 7 8 9 10 11
—x |0 2 1 4 8 5 6 7 8 9 10 11°

e Example 5. (nr. 6601, the first of size 16, in 257 seconds, from 10000 mod-

els)

{0,1,2,3,4,5,6,7,8,9,10,11,12, 13,14, 15}, +, -, —, 0) with

o
S
S
e
=
~
g,
IS
©
o
Is
=)
S
.Zt
T >
S &
S 3
N
[SERR-S
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MO TN NN DIV O MM NN D
N~ N N N N~
NI T D H N D DT NI D~
N~ N N N N~
N[ NI DO~ DI O D M N -
A — DO DWWV ODDIDID N X
~
NNV MH DO DN IO IS0 N™M
A A A T T T I I T T TTITITIIDIDI D
~
~N D D 0T NN O D~
T T T — N T T T ITTITITITIIIIDIID
~
DD~ WD IO NN NN D~ ORI
~— |~ ~ YN YN YN NSRS ™N N ™ H DA NN DI N ™~
~
DO NP D D D N M~
TN YN YN Y Y ~HQO AN TN TN N OO NN NI N
~
VI DO N NN O D HANANM O O~
T T T ST T T T T T T TITTTIIIDIDODD
~
NN O I TN NN DI DN —ND D D
T T e AT T T D
VIO DR TSN 2 H2DDRNRD B[S NN NDDDD B N
B N C NS H APV B TR =S SOOI
~ Y~~~ ~
OO DN N N N DO —NDDODDD ~
O TN DT O NN D 0O D
~ ~ YN Y~ ™~
T S I I R TR S T S R O S I I S )
~
RIS X ST T T T I I T TTIIDTIIDIDI D
N[N D DS~ O™ DD D I N ™ N[O T T IITITITIIDIIIDIDI D
~ ~ o~ N
NSOV N X
NN D O A NSO DN DN
N N YN~
~HQQA TN TN TN T DD DD NN
SO NN ®H IO O™~ 0D NN ™M
NG Y ST T T T T TT T ITDIDIDIDD
+0123456789012345 A N AN T OV W
— YN Y Y Y~ A e

x‘0123456789101112131415

—x‘0124356789101211
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e Example 6. (nr. 10000, of size 16, in 270 seconds, from 10000 models)



66 Afrodita Iorgulescu

The pseudo-ring (A6 = {0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15}, +, -, —,0) with
the following tables of operations:

+1 0 1 2 38 4 5 6 7 8§ 9 10 11 12 13 14 15
o0 1 2 8 4 S5 6 7T 8§ 9 10 11 12 18 14 15
11 0 & 2 5 4 7T 6 10 11 8§ 9 18 12 15 14
21 2 4 0 6 1 7 3 5 12 15 14 18 8§ 11 10 9
g8 5 1 7T 0 6 2 4 13 14 15 12 10 9 8§ 11
41 4 2 6 0 T 1 5 8 14 18 12 15 11 & 9 10
S5 6 8 v 1 6 0 4 2 15 12 18 14 9 10 11 &
6| 6 7 4 S5 2 8 0 1 11 10 9 8 14 15 12 18
Ty 6 5 4 &8 2 1 0 9 8§ 11 10 15 14 18 12,
s 8§ 10 15 14 18 12 11 9 7 O 6 1 2 &8 4 &
91 9 11 12 18 14 15 10 & O 7 1 6 S5 4 8 2
0110 8 14 15 12 13 9 11 6 1 7T 0 8 2 5 4
1111 9 18 12 15 14 &8 10 1 6 0 7 4 5 2 3
12112 14 9 10 11 8§ 18 15 65 2 8 4 0 6 1 7
18118 15 11 & 9 10 12 14 4 8 2 &5 1 7 0 6
14114 12 10 9 8§ 11 15 18 8 4 &6 2 6 0 7 1
15115 18 & 11 10 9 14 12 2 &6 4 8 7 1 6 0
101 2 8 4 6 6 7 8 9 10 11 12 18 14 15

oo 0 0o 0 0o 0 0 0 0 0 0 0 0 0 0 0

1o 0o 0o 0o 0 0 0 0 00 0 0 0 0 0 0

20 7 7 0 0 7 7T 0 0 0 7T T 7T 0 0 7

(0 v 7 0 0 7T 7 0 0 0 7T T 7T 0 0 7

410 7 7v 0 0 7T 7 0 0 0 T 7T 7T 0 0 7

S0 7T v 0 0 7T 7T 0 0 0 7T T 7T 0 0 7

60 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

70 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0,

s(o 7 0 7 7 0 7T 0 7T 7T 0 0 7T 0 0 7

910 7 o0 T 7T 0 7T 0 7T 7T 0 0 T 0 0 7
wyo 7 0 7v 70 70 7T 7T 0 0 7T 0 0 7
mwyo v o0 v v 0 7T 0 7T 7T 0 0 T 0 0 7
2yo 0o v v v 7T 0 0 7T 7T 7T 7T 0 0 0 0
syo o v v 7 70 0 7T 7T 7T T 0 0 0 0
“uyiro0 0 v 77 7T 0 0 7T 7T 7T 7T 0 0 0 0
wyo o v v 7 7T 0 0 7T 7T 7T T 0 0 0 0
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z |

10 11 12 13 14 15
11 10 12 14 13 15°

0
0

SRS
Qo | v~
SN
DD
<

s 9
9 8

| o

*

If the operation - is commutative, i.e. for all z,y, (Pcomm) (z - y = y - ) holds,
then we say that the pseudo-ring is - -commutative.
We present now some examples of finite --commutative proper pseudo-rings.

Example 3.5. Finite --commutative proper pseudo-rings

¢ Example 1.
The pseudo-ring (As = {0,1,2,3,4,5},4+, -, —,0) with the following tables of opera-
tions:

GrAe G o ~ ot
N SN B
N Y =
Lo Gr A D do| e
O~ D e | e
~ D W TR
S M ~ A Lo W ™
S S E
S oo
S N I
SO S S o ol
Lol S O
N S R~ NG
Lol S S|

x‘O 1
—:):‘ 2

2 8 4 5
1 3 4 5°
e Example 2.
The pseudo-ring (As = {0,1,2,3,4,5,6,7},4+, -,—,0) with the following tables of
operations:

QLD G W~ T
LY AN WO DD
N A N S N Y
DINN G |
WA N DI GRR
~ L DO DA G W
VD WRR TN OS
SR WD NN
DA IO
S LW LD WD~
S LW LD W L e
TSI O w

LXL OGN WO N D

DN D~ L

PR DLDL DD DO R
AR D W D>,
PLQUIN D W LD
N N N N SR S B
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z|0 1 2 38 4 5 6 7
—x |0 2 1 3 4 5 6 7

¢ Example 3.
The pseudo-ring (A12

{0,1,2,3,4,5,6,7,8,9,10, 11}, +, -, —, 0) with the following

tables of operations:

9 10 11
9 10 11

8
8
6 10 11

9
10

8

7

11

11

10
11

1

9 10 11 0

8
6 10 11

9

8

7

11

9

11

7 8 9 10 11

6
0
5
0
0
5
5

2 8 4 45

1

0

o 0 0 0 0 0

11 11

)
11

11

11

6

11

11
11

5}
6
11
11

11

11
11

6 6 11
11

6
6

0o 5 0 0 6 5

10| 10
11

oo 0 0 0 0 0

1

210 0 0 0 0 0
310 0 0 0 0 0
410 0 0 0 0 0
510 0 0 0 0 0

610 5 0 0 6 5 11

710 &5 0 0 5 4

8§10 5 0 0 &6 5 11
910 5 0 0 5 5 11

1010 65 0 0 5 4

11

z|o 1 2 38 4 5 6 7 8 9 10 11
-z |0 1 3 2 4 5 6 7 9 8 10 11°

--commutative proper pseudo-

We present now some special examples of finite
rings, found by MACE4 with the following program:
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0 + x=x.
x + 0=x.
x+ (y+z)=x+y) +z
x + (-x)=0.
-x + x=0.

x *(y *z2)=(x

69

Example 3.6. Special finite --commutative proper pseudo-rings

e Example 1. (the first example (of size 6) from a list of 1500 models (exam-

ples) found by MACE4)

The pseudo-ring Ag = (Ag = {0,1,2,3,4,5},+, -, —,0) with the following tables of

operations:

GrAe o o~ ot
GrAe o |
Lo WA D |~
I G~ o Ao e
~ S A O de ol e
RO o D My BB
S = o W e W™
N Y E
S oo
ST O~

{L“O
—x‘

12 8 4 5
1 2 4 3 5°

DD D I

ST DO Ow

S O

LD D™

e Example 2. (nr. 13, the first of size 8, from 1500 models)
The pseudo-ring As = (As = {0,1,2,3,4,5,6,7},+, -, —,0) with the following tables

of operations:
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2 3 4 5 6 7

1

0

o 0 0 0 0 0 0 0

2 3 4 5 6 7

1
1

0
0
1

oo 0 0 0 0 0 0 0

2 3 4 5 6 7
0 8 2 5 4 7 6

1

210 0 0 0 0 0 0 0

7 3 46

7 0 6 2 4,

310 0 0 0 0 0 0 0,
410 0 0 0 0 0 0 0
510 0 0 0 0 0 0 0

5 8

6 0 4 2

610 0 0 0 0 0 0 0
710 0 0 0 0 0 0 0

0

+

0
1

212 4 0 6 1

318 o 1

Jl4 2 6 0 7 1

516 &8 7 1

6|6 7 4 5 2 58 0 1

7TVT 6 5 4 8 2 1

z|0 1 2 8 4 5 67
-z |0 1 2 4 3 5 6 7°

e Example 3. (nr. 117, the first of size 10, from 1500 models)

(A10=1{0,1,2,3,4,5,6,7,8,9},+, -, —,0) with the following

The pseudo-ring Ao

tables of operations:

2 38 4 5 6 7T 8 9

1

0

o 0 0 0 0 0 0 0 0 0

2 38 4 5 6 7T 8 9

1
1

0
0
1

oo 0 0o 0 0 0 0 0 0 0

2 38 4 5 6 7T 8 9
0o 8 2 65 4 7 6 9 8

1

20 0 0 0 0 0 0 0 0 0
310 0 0 0 0 0 0 0 0 0
410 0 0 0 0 0 0 0 0 0,

§ 8 9 & 7

7 0 9 2 8 4 6

9 &8 7 45,

9 0 8 2 6 J

510 0 0 0 0 0 0 0 0 0
6|0 0 0 0 0 0 0 0 0 0
710 0 0 0 0 0 0 0 0 0
(0 0 0 0 0 0 0 0 0 0
910 0 0 0 0 0 0 0 0 0

3

J 0 2

0

2

1

+

0
1

212 4 0 6 1

313 5 1

Jl4 2 6 0 8 1

516 &8 7 1

6|16 8§ 4 9 2 7 0 5 1

7V7T 9 5 8 8 6 1

8§18 6 9 4 7 2 5 0 38 1

919 7 8§ 5 6 3 4

z|o 1 2 38 4 5 6 7 8 9
—z |0 1 2 4 3 5 6 8 7 9

e Example 4. (nr. 135, the first of size 12, from 1500 models)

{0,1,2,3,4,5,6,7,8,9,10,11}, +, -, —,0) with the

(Ar2

following tables of operations:

The pseudo-ring Ao
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9 10 11
9 10 11

8
8

10

11

11
10

10
11

11
10

10
11

~ ©

1

9 10 11 0

8

~ ™M

L

~

11

10
11

10

11
10

8

11

2 38 4 5 6 7 8 9 10 11

1

0

0

o 0 0 0 0 0 0 0 0 0

0

0

0

o 0 0 0 0 0 0 0 0 0

45

10| 10
11

o0 0 0 0 0 0 0 0 0 0

1

2,0 0 0 0 0 0 0 0 0 0
g0 0 0 0 0 0 0 0 0 0
410 0 0 0 0 0 0 0 0 0
510 0 0 0 0 0 0 0 0 0
610 0 0 0 0 0 0 0 0 0

70 0 0 0 0 0 0 0 0 0
10 0 0 0 0 0 0 0 0 0
910 0 0 0 0 0 0 0 0 0
wio o0 0 0 0 0 0 0 0 0

11

9 10 11

z|0 1 2 38 4 5 6 7 8

11

9

-z |0 1 2 4 3 5 6 7 8 10

e Example 5. (nr. 1137, the first of size 14, from 1500 models)

(A1g = {0,1,2,3,4,5,6,7,8,9,10,11,12,13}, +, -, —,0) with

the following tables of operations:

The pseudo-ring Aq4
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12 18
12 13

9 10 11
9 10 11
10 13 12

8
12
18

8
8

11

11

13
12

10
11

10

10

11

18
12

12
13

10
11

~ 0

12 13 11
12

18

10
11

10

12 13 11
12

13

10
11

10

183 6 11
12

8
9

8

10

13

11

11
10

12 10 138

12

2 38 4 5 6 7 8§ 9 10 11 12 13

1

0

0
0
0
0
0
0
0
0
0
0
0
0
0
0

o 0 0 0 0 0 0 0 0 0

o 0 0 0 0 0 0 0 0 0

~ ©

10| 10 12

11

12

13| 18 11

o0 0 0 0 0 0 0 0 0 0

1

210 0 0 0 0 0 0 0 0 0
310 0 0 0 0 0 0 0 0 0
410 0 0 0 0 0 0 0 0 0
510 0 0 0 0 0 0 0 0 0
6|0 0 0 0 0 0 0 0 0 0

710 0 0 0 0 0 0 0 0 0
10 0 0 0 0 0 0 0 0 0
910 0 0 0 0 0 0 0 0 0
wjio 0 0 0 0 0 0 0 0 0

11

2/10 0 0 0 0 0 0 0 0 0
310 0 0 0 0 0 0 0 0 0

12 13

z|o 1 2 8 4 5 6 7 8 9 10 11
—x |0 1 2 4 3 5 6 8 7 9 10 12 11

13

{0,1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15}, +, -, —, 0)

with the following tables of operations:

(Alﬁ =

e Example 6. (nr. 1161, the first of size 16, from 1500 models)

The pseudo-ring A
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MO TN NN DIV O MM NN D
NN YN Y~ N N~
O N D PH N DD DN NI D
NN N YN N~ ™~
NN N DX N DI D~ D ;N -
A — OO T TTTTTTTITDIDIDIDD
~
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Al A A T T T T T T T TTIDTIIDIDD
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~~ D N0 0 Y H N N DD A~
e e — NOC T T TTTTTTTTITDIDIDD
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DD VDI FONN NN DN O >
T o N T T T T T TTTITTIIIDD
~
QDO NN D D D D N PO
T T T —_ T T T T T T T T T T OITIIODD
~
VI DO N NN O D HANANM O O~
T T T ST T T T T T TTTITOIIDIDD
~
N O PN N A DD TN AN~ D X
T T e AT T T T TTTTTTITDIDIDD
DEEDHRD TSN 2T R0S O T T T T TTTIOIDIDDD
B N B NS H NN NBD TR =S S OTOITIOIIOIIOIIOIIOIDOD
~N o~ Y~ ~ o~
C T T T T T T T TTTIIDIDD
O T DTS-I O AN NNDY DY D
- T T S O S S S
~
RIS X ST 4T O T T T T T T T TITIID D
N[N P DS~ O™~ 0D DN ™ N O T T T T T TTITTTITIIDIDD
~ o~ ~ o~~~
NCT T T T T T T T TSI TIIDIDD
NN QOO AN O DY ANNN DN WY
~ YN T~ T~ T~ ™~
R O O e O e O e
SIS WD D O DD N D
T o~ S SIS o O e e
+0123456789012345 SN AN OV
N Y~ Y Y~ ™~ YN Y~ Y Y~ ™~

x‘0123456789101112131415

—x‘0124356789101211
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