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Convergence Criteria for Operator Equations
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Abstract: In this paper we deal with two nonlinear equations in real
Hilbert spaces. The �rst one is of the form Au = f in which A is a
strongly monotone Lipschitz continuous operator and the second one
is of the form Au + Su = f in which S is a history-dependent oper-
ator. The unique solvability of these equations represents well known
results. Here, our interest is in providing necessary and su�cient con-
ditions which guarantee the convergence of an arbitrary sequence to the
solution. Our main results are gathered in Theorems 3.1, 3.2, 5.1 and 5.2.
They represents useful tools which allows us to deduce continuous de-
pendence results of the solution with respect to the data. They also can
be employed to prove that the solution of these equations represents the
limit of the solution of some elliptic and history-dependent variational
inequalities, respectively. We illustrate our abstract results with exam-
ples from Solid and Contact Mechanics and provide the corresponding
mechanical interpretations.
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1 Introduction

Equations involving nonlinear operators abound in Functional Analysis, Solid Me-
chanics and Engineering Sciences. A �rst elementary example is provided by the
constitutive law of an elastic material, that is

� = F": (1.1)

Here and below d 2 f1; 2; 3g, Sd denotes the set of second order tensors on Rd,
� 2 Sd represents the stress tensor, " 2 Sd denotes the linearized strain tensor and
F : Sd ! Sd is the elasticity constitutive operator, assumed to be nonlinear. A
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particular example of elastic constitutive law of the form (1.1) is provided by

� = A"+ � ("� PK"); (1.2)

where A is a linear or nonlinear operator, � is a positive elasticity coe�cient, K
is a given nonempty closed convex subset of Sd and PK : Sd ! K denotes the
projection operator. Various examples of such convex sets can be found in [7, 22]
and the references therein. Moreover, static displacement-tractions problems for
elastic materials of the form (1.1) or (1.2) lead to operator equations of the form

Au = f : (1.3)

Here u 2 V represents the displacement �eld, A : V ! V is a nonlinear operator and
f 2 V is a given element describing the applied body forces and surface tractions, V
being the space of admissible displacements �elds. References in the �eld, including
existence and uniqueness results, can be found in [12, 17, 20, 21], for instance.

Besides the elastic constitutive laws, a popular constitutive law used in the lit-
erature is the so-called viscoelastic constitutive law with long memory,

�(t) = A"(t) +
Z t

0
B(t� s)"(s) ds 8 t 2 [0; T ]: (1.4)

Here A is the elasticity operator, B represents the relaxation tensor and [0; T ] de-
notes the time interval of interest Examples and mechanical interpretations in the
study of viscoelastic materials of the form (1.4) can be found in [3, 6, 7, 8, 18],
for instance. Using this constitutive law in the study of equilibrium displacement-
tractions problems give rise to time-dependent equations of the form

Au(t) + Su(t) = f(t) 8 t 2 [0; T ]; (1.5)

in which the operator S is determined by the relaxation tensor B. For more details
on this topic we send the reader to [20, 21].

Equations (1.1){(1.3), on one hand, as well as equations (1.4){(1.5), on the other
hand, motivate us to consider the following nonlinear problems.

Problem P. Given A : X ! X and f 2 X, �nd u 2 X such that

Au = f: (1.6)

Problem Q. Given A : X ! X, S 2 C([0; T ];X) ! C([0; T ];X) and f : [0; T ] !
X, �nd u : [0; T ]! X such that

Au(t) + Su(t) = f(t) 8 t 2 [0; T ]: (1.7)
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Here and everywhere below X will represent a real Hilbert space endowed with
the inner product (�; �)X and the associated norm k � kX , T > 0 and C([0; T ];X)
denotes the space of continuous functions de�ned on the time interval [0; T ] with
values in X, endowed with the norm of the uniform convergence, that is

kukC([0;T ];X) = max
t2[0;T ]

ku(t)kX 8u 2 C([0; T ];X): (1.8)

Results of existence and uniqueness in the study of Problems P and Q have been
obtained in the literature by using various functional methods, including �xed point
arguments. We shall recall such results in the next section of the manuscript.

Besides the unique solvability, convergence results represent an important topic
in the study of nonlinear problems. References in the �eld include [1, 2, 3, 4, 5, 10,
15, 16, 19], where convergences results are proved for various classes of equations,
inequalities, minimization and �xed point problems. Nevertheless, in most of these
references, only su�cient conditions which guarantee the corresponding convergence
results have been considered. The problem of establishing convergence criteria, i.e.,
necessary and su�cient conditions for convergence, is an important topic which, at
the best of our knowledge, is widely open.

Our aim in this paper is to �ll this gap and is three fold. The �rst one is to state
and prove convergence criteria in the study of nonlinear equations (1.6) and (1.7).
The second one is to show how these criteria can be used to prove the continuous
dependence of the solution with respect to the data. And, �nally, our third aim is
to illustrate the use of these abstract results in Solid and Contact Mechanics.

The rest of the manuscript is structured as follows. In Section 2 we recall ex-
istence and uniqueness results in the study of Problems P and Q, then we provide
some preliminary material. In Section 3 we state and prove convergence criteria
for the nonlinear equation (1.6). These criteria are formulated in terms of various
equivalent inequalities. Section 4 is devoted to applications of these abstract results
in the study of the elastic equations (1.1){(1.3). In Section 5 we state and prove
convergence criteria for the nonlinear equation (1.7) which, again, are expressed in
terms of inequalities. We apply these results in Section 6, in the study of the vis-
coelastic equations (1.4) and (1.5). We end this paper with Section 7 in which we
present some concluding remarks and problems for furthcoming research.

2 Preliminary results

In the study of Problems P and Q we consider the following assumptions.
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8>>>>>>><
>>>>>>>:

A is a Lipschitz continuous strongly monotone operator, i.e.:

(a) There exists MA > 0 such that
kAu�AvkX �MAku� vkX 8u; v 2 X:

(b) There exists mA > 0 such that
(Au�Av; u� v)X � mAku� vk2X 8u; v 2 X:

(2.1)

8>>>>>><
>>>>>>:

S is a history-dependent operator, i.e.,

there exists LS > 0 such that

kSu(t)� Sv(t)kX � LS

Z t

0
ku(s)� v(s)kXds

8u; v 2 C([0; T ];X); t 2 [0; T ]:

(2.2)

f 2 C([0; T ];X): (2.3)

f 2 X: (2.4)

We recall the following existence and uniqueness results.

Theorem 2.1. Assume (2.1) and (2.4). Then, Problem P has a unique solution

u 2 X.

Theorem 2.2. Assume (2.1), (2.2) and (2.3). Then, Problem Q has a unique

solution. Moreover, the solution has the regularity u 2 C([0; T ];X).

The proof of Theorem 2.1 can be found in [20, p.22], based on the Banach �xed
point argument. The proof of Theorem 2.2 can be found in [20, p.65], based on a
�xed point property for history-dependent operators.

Remark 2.3. It follows from Theorem 2:1 that, under condition (2.1), the operator
A is invertible. Moreover, as proved in [20, p.23], its inverse A�1 : X ! X is a
Lipschitz continuous operator, with Lipschitz constant 1

mA
. Therefore,

kA�1u�A�1vkX � 1

mA
ku� vkX 8u; v 2 X: (2.5)

We now proceed with the following elementary result which will be useful in
Sections 3 and 5 of this manuscript.
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Lemma 2.4. Let u 2 X and � > 0. Then, the following hold:

(u; v)X + �kvkX � 0 8 v 2 X () kukX � �: (2.6)

(u; v)X + �(kvkX + 1) � 0 8 v 2 X =) kukX � � +
p
�: (2.7)

Proof. Assume that (u; v)X + �kvkX � 0 for any v 2 X. We take v = �u in this
inequality to deduce that kuk2X � �kukX , which implies that kukX � �. Conversely,
if kukX � � then (u; v)X � �kukXkvkX � ��kvkX for any v 2 X, which implies
that (u; v)X+�kvkX � 0, for any v 2 X. This concludes the proof of the equivalence
(2.6).

Assume now that (u; v)X + �(kvkX + 1) � 0 for any v 2 X. We take v = �u in
this inequality to see that kuk2X � �kukX + � and, using the elementary inequality

x2 � ax+ b =) x � a+
p
b 8x; a; b � 0;

we deduce that kukX � �+
p
�. This concludes the proof of the implication (2.7).

In the next sections we shall underline the link of problems P and Q with some
variational inequalities. To this end, we consider a normed space (Y; k � kY ) and two
functions j : X ! R, ' : Y �X ! R, assumed to satisfy the following conditions.

j : X ! R is convex and lower semicontinuous: (2.8)

8>>>>>>>><
>>>>>>>>:

(a) '(y; �) : X ! R is convex and lower semicontinuous on X;

8 y 2 Y:

(b) There exists �' � 0 such that

'(y1; v2)� '(y1; v1) + '(y1; v1)� '(y2; v2)

� �'ky1 � y2kY kv1 � v2kX 8 y1; y2 2 Y; v1; v2 2 X:

(2.9)

We also denote by C([0; T ];Y ) the space of continuous functions de�ned on [0; T ]
with values in Y and let T : C([0; T ];X) ! C([0; T ];Y ) be a history-dependent
operator, that is,8>>><

>>>:

There exists LT > 0 such that

kT u(t)� T v(t)kY � LT

Z t

0
ku(s)� v(s)kXds

8u; v 2 C([0; T ];X); t 2 [0; T ]:

(2.10)

We now recall the following existence and uniqueness results.
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Theorem 2.5. Assume (2.1), (2.4) and (2.8). Then, there exists a unique element

u 2 X such that

(Au; v � u)X + j(v)� j(u) � (f; v � u)X 8 v 2 X: (2.11)

Theorem 2.6. Assume (2.1), (2.3), (2.9) and (2.10). Then, there exists a unque

function u 2 C([0; T ];X) such that

(Au(t); v � u(t))X + '(T u(t); v)� '(T u(t); u(t)) (2.12)

� (f(t); v � u(t))X 8 v 2 X; t 2 [0; T ]:

Theorem 2.5 represents a standard result for elliptic variational inequalities. Its
proof can be found in [20, p.40], for instance. We also note that Theorem 2.1 is a
particular of Theorem 2.5, obtained when j vanishes. We refer to inequalities of the
form (2.12) as history-dependent variational inequalities. A proof of Theorem 2.6
can be found in [21, p.62], based on a �xed point argument for history-dependent
operators. Moreover, it is easy to see that Theorem 2.2 represents a particular case of
Theorem 2.6, obtained when Y = X, T = S and '(u; v) = (u; v)X , for all u; v 2 V .
Additional results on variational inequalities can be found in [9, 11, 13, 17], for
instance.

3 Elliptic equations

In this section we state and prove convergence criteria for Problem P. To this end,
we assume in what follows that (2.1) and (2.4) hold, even if we do not mention it
explicitely, and we denote by u the solution of Problem P provided by Theorem
2.1. Moreover, we consider an arbitrary sequence fung � X and for any sequence
f�ng � R+ which converges to zero we use the short hand notation 0 � �n ! 0.
Here and below all the limits are considered as n ! 1 and, in addition, 0X will
represent the zero element of the space X.

Our �rst result in this section is the following.

Theorem 3.1. Assume (2.1) and (2.4). Then, the following statements are equiv-

alent.

un ! u in X: (3.1)

There exists a sequence 0 � �n ! 0 such that (3.2)

kAun � fkX � �n 8n 2 N.
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There exists a sequence 0 � �n ! 0 such that (3.3)

kAun � fkX � �n(kunkX + 1) 8n 2 N:

There exists a sequence 0 � �0n ! 0 such that (3.4)

(Aun; v)X + �0nkvkX � (f; v)X 8 v 2 X; n 2 N.

There exists a sequence 0 � �00n ! 0 such that (3.5)

(Aun; v)X + �00n(kvkX + 1) � (f; v)X 8 v 2 X; n 2 N.
Proof. The proof is structured in several steps, as follows.

(3.1) =) (3.2). Assume (3.1) and let n 2 N. We use condition (2.1) (a) and equality
Au = f to see that

kAun � fkX = kAun �AukX �MAkun � ukX
and, therefore, (3.2) holds, with �n =MAkun � ukX ! 0.

(3.2) =) (3.3). This implication is obvious.

(3.3) =) (3.4). Assume (3.3) and let n 2 N. We use the equivalence (2.6) with
u = Aun � f and � = �n(kunkX + 1) to see that

(Aun � f; v)X + �n(kunkX + 1)kvkX � 0 8 v 2 X (3.6)

and, taking v = �un we deduce that

(Aun �A0X ; un)X � �n(kunkX + 1)kunkX + (f �A0X ; un)X :

This inequality combined with assumption (2.1)(b) yields

(mA � �n)kunkX � �n + kf �A0XkX
and, since �n ! 0, we deduce that there exists M > 0 which depends on A and f

but does not depend on n, such that

kunkX �M: (3.7)

We now combine inequalities (3.6) and (3.7) to see that (3.4) holds with �0n =
�n(M + 1).

(3.4) =) (3.5). This implication is obvious.

(3.5) =) (3.1). Assume (3.5) and let n 2 N. We use the implication (2.7) with
u = Au� f and � = �00n to see that

kAun � fkX � �00n +
p
�00n ! 0;
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which shows that Aun ! Au in X. Therefore, using the continuity of the operator
A�1, guaranteed by Remark 2.3, we deduce that (3.1) holds, which concludes the
proof.

We now use Theorem 3.1 to study the dependence of the solution with respect
to the data. To this end, for each n 2 N we consider a Lipschitz continuous strongly
monotone operator An : X ! X as well as an element fn 2 X. Then, using Theorem
2.1 it follows that there exists a unique element un 2 X such that Anun = fn. In
addition, we denote by mn the strong monotonicity constant of the operator An and
we consider the folowing assumptions.(

There exists 0 � an ! 0 such that

kAnv �AvkX � an(kvkX + 1) 8 v 2 X; n 2 N:
(3.8)

There exists m0 > 0 such that mn � m0 8n 2 N: (3.9)

fn ! f in X: (3.10)

Our second result in the section is the following.

Theorem 3.2. Assume (2.1), (2.4) and (3.8){(3.10). Then, un ! u in X.

Proof. We start by proving that the sequence fung is bounded in X. To this end,
we �x n 2 N and note that equality Anun = fn implies that

(Anun �An0X ; un)X = (fn; un)X � (An0X ; un)X � (kfnkX + kAn0XkX)kunkX :

Therefore, the strong monotonicity of An combined with assumptions (3.9) and (3.8)
implies that

m0kunkX � kfnkX + kAn0XkX � kfnkX + kAn0X �A0XkX + kA0XkX
� kfnkX + an + kA0XkX :

Using now the convergences (3.10) and an ! 0 we deduce that there exists M > 0
which does not depend on n such that

kunkX �M: (3.11)

We now use the equality Anun = fn, assumptions (3.8) and the bound (3.11) to
write

kAun � fkX = kAun �AnunkX + kfn � fkX � an(M + 1) + kfn � fkX :
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This inequality shows that condition (3.2) is satis�ed with

�n = an(M + 1) + kfn � fkX ! 0:

We now use Theorem 3.1 to conclude the proof.

Remark 3.3. Note that Theorem 3.2 provides a continuous dependence result of
the solution of Problem P with respect the operator A and the element f .

4 Applications to elasticity

We now illustrate the use of Theorems 2.1 and 3.2 in the study of some nonlinear
problems arising in elasticity. To this end, we recall that the canonical inner products
and the corresponding norms on the spaces Rd and Sd are given by

u � v = uivi; kvk = (v � v)1=2 8u = (ui); v = (vi) 2 Rd;

� � � = �ij�ij ; k�k = (� � � )1=2 8� = (�ij); � = (�ij) 2 Sd;

respectively. Moreover, for simplicity, we denote by 0 the zero element of these
spaces. Consider now an operator F and a subset K such that

F : Sd ! Sd is strongly monotone and Lipschitz continuous. (4.1)

K is a closed convex subset of Sd such that 0 2 K. (4.2)

We have the following existence, uniqueness and convergence result.

Theorem 4.1. Assume (4.1) and (4.2). Then, for any stress tensor � 2 Sd there

exists a unique strain tensor " 2 Sd such that (1.1) holds. Moreover, for any stress

tensor �n 2 Sd and any elasticity coe�cient �n � 0 there exists a unique strain

tensor "n 2 Sd such that

�n = F"n + �n ("n � PK"n): (4.3)

In addition, if �n ! � in Sd and �n ! 0, then "n ! " in Sd.

Proof. The unique solvability of equation (1.1) is a direct consequence of assumption
(4.1) which allows us to apply Theorem 2.1 in the space X = Sd with A = F and
f = �.

Denote by G : Sd ! Sd the operator de�ned by

G" = "� PK" 8 " 2 Sd: (4.4)
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Let "1, "2 2 Sd. Then, the nonexpansivity of the projection operator implies that

kPK"1 � PK"2k � k"1 � "2k (4.5)

and, therefore,
kG"1 �G"2k � 2k"1 � "2k;

(G"1 �G"2) � ("1 � "2) = k"1 � "2k2 � (PK"1 � PK"2) � ("1 � "2)

� k"1 � "2k2 � kPK"1 � PK"2kk"1 � "2k � 0:

These inequalities show that

G : Sd ! Sd is a Lipschitz continuous monotone operator. (4.6)

Let n 2 N, �n � 0 and let Fn : Sd ! Sd be the operator de�ned by

Fn" = F"+ �n ("� PK") 8 " 2 Sd: (4.7)

We use assumption (4.1) and the properties (4.6) to see that Fn is a Lipschitz
continuous strongly monotone operator on the space Sd, with constant mFn = mF ,
mF being the constant of strong monotonicity of F . The unique solvability of
equation (4.3) is now a direct consequence on Theorem 2.1, applied with X = Sd,
A = Fn and f = �n.

Let w 2 Sd and note that assumption (4.2) implies that PK0 = 0. Therefore,
using (4.7) and (4.5) with "1 = w and "2 = 0 we deduce that

kFnw �Fwk = �nkw � PKwk � �n(kwk+ kPKwk) � 2�nkwk:

We conclude from here that the operators An = Fn and A = F satisfy condition
(3.8) with X = Sd and an = �n. Moreover, condition (3.9) is satis�ed, too, with
m0 = mF . The convergence part in Theorem 4.1 is now a direct consequence of
Theorem 3.2.

Remark 4.2. In addition to the mathematical interest in the convergence result
in Theorem 4:1, it is important from the mechanical point of view, since it shows
that for a small elasticity coe�cient �, a small perturbation on the stress applied to
materials of the form (1.2) give rise to a strain close to that strain obtained when
the corresponding stress is applied to materials of the form (1.1).

We now present an aplication of our abstract results in the study of a contact
problem with elastic materials and, to this, end, we need additional notation. We
assume in what follows that 
 is a bounded domain in Rd (d = 1; 2; 3) with smooth
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boundary � composed of three sets �1, and �2, �3 with the mutually disjoint rela-
tively open sets �1, �2, �3, such that meas (�1) > 0. We denote by 
 = 
 [ � the
closure of 
 in Rd. Moreover, we use boldface letters for vectors and tensors, such
as the outward unit normal on �, denoted by �. A typical point in Rd is denoted by
x = (xi). The indices i, j, k, l run between 1 and d and, unless stated otherwise, the
summation convention over repeated indices is used. Also, the index that follows a
comma indicates a partial derivative with respect to the corresponding component
of the spatial variable x.

Everywhere below we use standard notation for Lebesgue and Sobolev spaces of
real-valued functions de�ned on 
 and �. For a function v 2 H1(
)d we still write v
for the trace of v to � and v� for the normal trace to �, that is v� = v ��. Moreover,
we use v� for the tangential trace of v, i.e., v� = v � v��, as well as the notation

"(v) = ("ij(v)); "ij(u) =
1

2
(vi;j + vj;i) 8v = (vi) 2 H1(
)d:

Next, we introduce the spaces

V =
�
v 2 H1(
)d j v = 0 a.e. on �1; v� = 0 a.e. on �3

	
; (4.8)

Q =
�
� = (�ij) j �ij = �ji 2 L2(
); 1 � i; j � d

	
; (4.9)

which are real Hilbert spaces with the canonical inner products

(u;v)V =

Z


"(u) � "(v) dx;

(�; � )Q =

Z


�ij �ij dx =

Z


� � � dx:

The associated norms on these spaces will be denoted by k�kV and k�kQ, respectively.
This implies that

kukV = k"(u)kQ 8u 2 V (4.10)

which, in particular, shows that the deformation operator " : V ! Q is continuous.
Moreover, recall that the trace operator is a linear continuous operator from V with
values in L2(�)d. Therefore, there exists c0 > 0 such that

kukL2(�2)d � c0kukV 8u 2 V: (4.11)

Consider now the data F , f0, f2 and g which satisfy the following conditions.
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8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

F : 
� Sd ! Sd is such that

(a) there exists LF > 0 such that
kF(x; "1)�F(x; "2)k � LFk"1 � "2k
for all "1; "2 2 Sd; a:e: x 2 
;

(b) there exists mF > 0 such that
(F(x; "1)�F(x; "2)) � ("1 � "2) � mF k"1 � "2k2
for all "1; "2 2 Sd; a:e: x 2 
;

(c) F(�; ") is measurable on 
 for all " 2 Sd;
(d) F(x;0) = 0 a:e: x 2 
:

(4.12)

f0 2 L2(
)d; f2 2 L2(�2)
d: (4.13)

g 2 L2(�3); g(x) � 0 a:e: x 2 �3: (4.14)

We now introduce the operator A : V ! V , the element f 2 V and the function
jg de�ned as follows:

(Au;v)V =

Z


F"(u) � "(v) dx; (4.15)

(f ;v)V =

Z


f0 � v dx+

Z
�2

f2 � v d�; (4.16)

jg(v) =

Z
�3

gkv�k d�; (4.17)

for all u;v 2 V . With these notation we consider the following variational problems.

Problem V. Find a displacement �eld u 2 V such that Au = f or, equivalantly,

(Au;v)V = (f ;v)V 8v 2 V:

Problem Vg. Find a displacement �eld ug 2 V such that

(Aug;v � ug)V + jg(v)� jg(ug) � (f ;v � ug)V 8v 2 V: (4.18)

Note that Problem V represents the variational formulation of a mathematical
model which describes the equilibrium of an elastic body in contact with an obsta-
cle, the so-called foundation. The main ingredients of the physical setting are the
following: an elastic body occupies in the reference con�guration the domain 
, is
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�xed on the part �1 of its boundary, is submitted to body forces of density f0 and
surface tractions of density f2 which act on in 
 and �3, respectively, and is contact
with a foundation of the part �3 of its boundary. The process is static, the contact
is bilateral, i.e., there is no separation between the body's surface and the founda-
tion, and it is frictionless. Moreover, the material's behaviour is described with the
constitutive law (1.1). Problem Vg has a similar interpretation. The di�erence is
that now the contact is frictional and it is described with the Tresca friction law in
which the friction bound is the given function g. More details on the statement of
contact problems with elastic materials can be found in [3, 12, 13, 14, 17, 20], for
instance.

In the study of Problems V and Vg we have the following existence, uniqueness
and convergence results.

Theorem 4.3. Assume (4:12){(4:14). Then, Problem V has a unique solution u

and Problem Vg has a unique solution ug. Moreover,

ug ! u in V as g ! 0 in L2(�2): (4.19)

Proof. Using assumption (4.12) it is easy to see that

kAu�AvkV � LF ku� vkV ; (Au�Av;u� v)V � mF ku� vk2V (4.20)

for all u; v 2 V , which shows that A : V ! V is a strongly monotone Lipschitz
continuous operator. The unique solvability of Problem V follows now from Theorem
2.1 with X = V and A, f de�ned by (4.15), (4.16), respectively.

Next, using assumption (4.14) and de�nition (4.17) it follows that jg : V ! R+

is a continuous seminorm, hence it is convex and lower semicontinuous. Therefore,
the unique solvability of Problem Vg follows from Theorem 2.5.

Assume now that fgng represents a sequence of functions which satis�es condition
(4.14) and, for simplicity, denote ugn = un, jgn = jn . Then, using (4.18) we �nd
that

(Aun;v � un)V + jn(v)� jn(un) � (f ;v � un)V 8v 2 V: (4.21)

We now use de�nition (4.17) and assumption (4.14) to see that

jn(v)� jn(un) =

Z
�3

gn(kv�k � kun�k) d� �
Z
�3

gn

���kv�k � kun�k��� d�
�
Z
�3

gnkv� � un�k d� �
Z
�3

gnkv � unk d� � kgnkL2(�3)kv � unkL2(�)d
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for all v 2 V . Therefore, using the trace inequality (4.11) we �nd that

jn(v)� jn(un) � c0kgnkL2(�3)kv � unkV 8v 2 V: (4.22)

We now combine the inequalities (4.21) and (4.22) to obtain that

(Aun;v)V + c0kgnkL2(�3)kvkV � (f ;v)V 8v 2 V: (4.23)

Then, since kgnkL2(�3) ! 0 we are in a position to use the equivalence between the
statements (3.1) and (3.4) in Theorem 3.2 to conclude the proof.

Remark 4.4. In addition of the mathematical interest in the convergence result in
Theorem 4.3, it is important from the mechanical point of view, since it shows that
the solution of the frictionless contact problem V can be approached by the solution
of the frictional contact problem Vg for a small friction bound.

5 History-dependent equations

In this section we state and prove convergence criteria for Problem Q. To this end
we assume in what follows that (2.1), (2.2) and (2.3) hold, even if we do not mention
it explicitely. We denote by u 2 C([0; T ];X) the solution of Problem Q provided
by Theorem 2.2 and consider an arbitrary sequence fung � C([0; T ];X). Our �rst
result in this section is the following.

Theorem 5.1. Assume (2.1), (2.2) and (2.3). Then, the following statements are

equivalent.

un ! u in C([0; T ];X): (5.1)

There exists a sequence 0 � �n ! 0 such that (5.2)

kAun(t) + Sun(t)� f(t)kX � �n 8 t 2 [0; T ]; n 2 N.

There exists a sequence 0 � �n ! 0 such that (5.3)

kAun(t) + Sun(t)� f(t)kX � �n(kun(t)kX + 1) 8 t 2 [0; T ]; n 2 N.

There exists a sequence 0 � �0n ! 0 such that (5.4)

(Aun(t); v)X + (Sun(t); v)X + �0nkvkX � (f(t); v)X

8 t 2 [0; T ]; v 2 X; n 2 N:

There exists a sequence 0 � �00n ! 0 such that (5.5)

(Aun(t); v)X + (Sun(t); v)X + �00n(kvkX + 1) � (f(t); v)X

8 t 2 [0; T ]; v 2 X; n 2 N:
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Proof. The proof is structured in several steps, as follows.

(5.1) =) (5.2). Assume (5.1) and let n 2 N, t 2 [0; T ]. We use equation (1.7) and
assumptions (2.1) (a), (2.2) to see that

kAun(t) + Sun(t)� f(t)kX = kAun(t) + Sun(t)�Au(t)� Su(t)kX

�MAkun(t)� u(t)kX + LS

Z t

0
kun(s)� u(s)kXds:

Therefore, (5.2) holds with �n = (MA + LST )kun � ukC([0;T ];X).

(5.2) =) (5.3). This implication is obvious.

(5.3) =) (5.4). Assume (5.3) and let n 2 N, t 2 [0; T ]. We use (2.6) to see that

(Aun(t) + Sun(t)� f(t); v)X + �n(kun(t)kX + 1)kvkX � 0 8 v 2 X (5.6)

and, taking v = �un(t) we deduce that

(Aun(t)�A0X ; un(t))X � �n(kun(t)kX + 1)kun(t)kX
+(S0X(t)� Sun(t); un(t))X + (f(t)�A0X � S0X(t); un(t))X :

This inequality combined with assumption (2.1)(b) and (2.2) yields

(mA � �n)kun(t)kX � �n + LS

Z t

0
kun(s)kXds+ kf(t)�A0X � S0X(t)kX

and, using the convergence �n ! 0 and the continuity of the functions t 7! f(t),
t 7! S0X(t) we deduce that there exists two constants C1 > 0 and C2 > 0 which do
not depend on n and t, such that

kun(t)kX � C1 + C2

Z t

0
kun(s)kXds: (5.7)

We now use the Gronwall argument to deduce that there exists M > 0 which does
not depend on n and t such that

kun(t)kX �M: (5.8)

Finally, we combine inequalities (5.6) and (5.8) to see that (5.4) holds with �0n =
�n(M + 1)! 0.

(5.4) =) (5.5). This implication is obvious.
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(5.5) =) (5.1). Assume (5.5) and let n 2 N, t 2 [0; T ]. We use implication (2.7) to
see that

kAun(t) + Sun(t)� f(t)kX � �00n +
p
�00n

and, using (1.7) we deduce that

kAun(t) + Sun(t)�Au(t)� Su(t)kX � �00n +
p
�00n: (5.9)

We now use inequalities (5.9) and (2.2) to �nd that

kAun(t)�Au(t)kX � kAun(t) + Sun(t)�Au(t)� Su(t)kX

+kSu(t)� Sun(t)kX � �00n +
p
�00n + LS

Z t

0
kun(s)� u(s)kXds

and, since inequality (2.5) implies that

kAun(t)�Au(t)kX � mAkun(t)� u(t)kX ;

we conclude that

mAkun(t)� u(t)kX � �00n +
p
�00n + LS

Z t

0
kun(s)� u(s)kXds:

Finally, we use the Gronwall lemma to see that

kun(t)� u(t)kX � 1

mA
(�00n +

p
�00n) e

LS

mA
t
:

Therefore, the convergence �00n ! 0 implies (5.1), which concludes the proof.

We now use Theorem 5.1 to study the dependence of the solution with respect
to the data. To this end, for each n 2 N we consider a history-dependent operator
Sn : C([0; T ];X) ! C([0; T ];X) and an element fn 2 C([0; T ];X). Then, using
Theorem 3.1 it follows that there exists a unique element un 2 C([0; T ];X) such
that Aun(t) + Snun(t) = fn(t), for all t 2 [0; T ]. In addition, assume that8>>>><

>>>>:

There exists 0 � sn ! 0 such that

kSnv � SvkX � sn

�Z t

0
kv(s)kX ds+ 1

�
8 t 2 [0; T ]; v 2 C([0; T ];X):

(5.10)

fn ! f in C([0; T ];X): (5.11)

Our second result in the section is the following.
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Theorem 5.2. Assume (2.1){(2.3), (5.10) and (5.11). Then, un ! u in C([0; T ];X).

Proof. We start by proving that the sequence fung is uniformely bounded. To this
end, we �x n 2 N and t 2 [0; T ]. We use equality Aun(t) + Snun(t) = fn(t) to write

(Aun(t)�A0X ; un(t))X

= (Sun(t)� Snun(t); un(t))X + (fn(t)� f(t); un(t))X

+(f(t)�A0X � S0X(t); un(t))X + (S0X(t)� Sun(t); un(t))X

Therefore, using assumptions (2.1) (b) and (2.2) and (5.10) we �nd that

mAkun(t)kX � sn

�Z t

0
kun(s)kX ds+ 1

�
+ kfn(t)� f(t)kX

+kf(t)�A0X � S0X(t)kX + LS

Z t

0
kun(s)kXds:

Next, using the convergence sn ! 0, (5.11) and the continuity of the functions
t 7! f(t), t 7! S0X(t), we deduce that there exists two constants C1 > 0 and C2 > 0
which do not depend on n and t, such that (5.7) holds. This inequality implies the
bound (5.8) with some M > 0 which does not depend on n and t.

We now use use equality Aun(t) + Snun(t) = fn(t), again, to see that

kAun(t) + Sun(t)� f(t)kX
= kAun(t) + Sun(t)� f(t) + fn(t)�Aun(t)� Snun(t)kX
� kSun(t)� Snun(t)kX + kfn(t)� f(t)kX

and, using assumption (5.10), we �nd that

kAun(t) + Sun(t)� f(t)kX

� sn

�Z t

0
kun(s)kXds+ 1

�
+ kfn(t)� f(t)kX :

We now combine this inequality with the bound (5.8) to see that (5.2) holds with
�n = sn(MT +1)+ kfn� fkC([0;T ];X) ! 0. Finally, we use Theorem 5.1 to conclude
the proof.

Remark 5.3. Note that Theorem 3:2 provides a continuous dependence result for
the solution of Problem Q with respect the operator S and the element f .
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6 Applications in viscoelasticity

Theorems 2.2 and 5.2 can be used in the study of viscoelastic constitutive laws
of the form (1.4). Theorem 2.2 provides the unique solvability of this equation and
Theorems 5.1, 5.2 are useful to deduce convergence results which could represent the
continuous dependence of the solution " with respect to the relaxation tensor and
the stress function. The arguments are similar to those presented in Section 4, in the
study of elastic constitutive laws and, therefore, we skip the details. Nevertheless,
below, we illustrate the use of Theorems 2.2 and 5.2 in the variational analysis of a
viscoelastic contact problem.

To this end, we use the notation introduced in Section 4 and we consider a time
interval [0; T ] with T > 0 given. In addition, besides the spaces (4.8) and (4.9), we
need the space of symmetric fourth order tensors de�ned by

Q1 = f E = (eijkl) j eijkl = ejikl = eklij 2 L1(
); 1 � i; j; k; l � d g : (6.1)

It is well-known that Q1 is a real Banach space with the norm

kEkQ1 = max
0�i;j;k;l�d

keijklkL1(
):

In addition, the inequality below holds:

kE�kQ � d kEkQ1k�kQ 8 E 2 Q1; � 2 Q: (6.2)

Consider now an elasticity operator F which satisfy condition (4.12) and, more-
over, consider the data B, f0, f2 and � which satisfy the following conditions.

B 2 C([0; T ];Q1): (6.3)

f0 2 C([0; T ];L2(
)d); f2 2 C([0; T ];L2(�2)
d): (6.4)

� 2 L1(�3); �(x) � 0 a:e: x 2 �3: (6.5)

Next, besides the operator (4.15) we need the operators S : C([0; T ];V ) !
C([0; T ];V ), R : C([0; T ];V ) ! C([0; T ];L2(�3)), the function f : [0; T ] ! V and
the function j� : L

2(�3)� V ! R de�ned as follows:
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(Su(t);v)V =

Z



�Z t

0
B(t� s)"(u(s)) ds

�
� "(v) dx (6.6)

8u 2 C([0; T ];V ); v 2 V;

Ru(t) =
Z t

0
kv� (s)k ds 8u 2 C([0; T ];V ); v 2 V; (6.7)

(f(t);v)V =

Z


f0(t) � v dx+

Z
�2

f2(t) � v d� 8 t 2 [0; T ]; v 2 V; (6.8)

j�(�;v) =

Z
�3

��kv�kd� 8 � 2 L2(�3); v 2 V: (6.9)

With these notation we consider the following variational problems.

Problem W. Find a displacement �eld u : [0; T ] ! V such that Au(t) + Su(t) =
f(t) for all t 2 [0; T ] or, equivalantly,

(Au(t);v)V + (Su(t);v)V = (f(t);v)V 8v 2 V; t 2 [0; T ]:

Problem W�. Find a displacement �eld u� : [0; T ]! V such that

(Au�(t);v � u�(t))V + (Su�(t);v � u�(t))V (6.10)

+j�(Ru(t);v)� j�(Ru(t);u(t)) � (f(t);v � u�(t))V 8v 2 V; t 2 [0; T ]:

Note that Problem W represents the variational formulation of a mathematical
model which describes the equilibrium of a viscoelastic body in contact with an
obstacle, the so-called foundation. The model is based on ingredients similar to
those in Section 4, the di�erence arising from the fact that now the body is assumed
to be viscoelastic and the body forces and surface tractions are time-dependent.
The material's behavior is described with the constitutive law (1.4), the contact
is bilateral and is frictionless. In contrast, the model in Problem W� is frictional.
There, the friction is described with a total-slip version of Coulomb's law of dry
friction in which � represents the coe�cient of friction. More details on the statement
of contact problems with viscoelastic materials can be found in [3, 8, 20, 21], for
instance.

In the study of ProblemsW andW� we have the following existence, uniqueness
and convergence results.
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Theorem 6.1. Assume (4:12) and (6:3){(6:5). Then, Problem W has a unique

solution u 2 C([0; T ];V ) and Problem W� has a unique solution u� 2 C([0; T ];V ).
Moreover,

u� ! u in V as �! 0 in L1(�3): (6.11)

Proof. The proof is structured in three steps, as follows.

Step i). Unique solvability of Problem W. We use Theorem 2.2 with X = V and A,
S, f de�ned by (4.15), (6.6), (6.8), respectively. Note that condition (2.1) follows
from inequalities (4.20). Assume now that u; v 2 C([0; T ];V ), t 2 [0; T ] and w 2 V .
We use de�nition (6.6), assumption (6.3) and inequality (6.2) to see that

(Su(t)� Sv(t);w)V =

Z



�Z t

0
B(t� s)"(u(s))� "(v(s)

�
ds � ("(w)) dx

� d max
r2[0;T ]

kB(r)kQ1
�Z t

0
k"(u(s))� "(v(s))kQds

�
k"(w)kQ

= d kBkC([0;T ];Q1)

�Z t

0
ku(s)� v(s)kV ds

�
kwkV ;

which implies that

kSu(t)� Sv(t)kV � d kBkC([0;T ];Q1)

Z t

0
ku(s)� v(s)kV ds:

We conclude from here that condition (2.2) is satis�ed with LS = d kBkC([0;T ];Q1).
Next, it is easy to see that assumptions (6.4) and de�nition (6.8) imply that f 2
C([0; T ];V ) and, therefore, condition (2.4) is satis�ed, too. The unique solvability
of Problem W follows now from Theorem 2.2.

Step ii). Unique solvability of Problem W�. First, we introduce the Hilbert space
Y = V � L2(�3) endowed with the inner product

(y; z)Y = (u;v)V + (�; �)L2(�3) 8 y = (u; �); z = (v; �) 2 Y:

Next, we consider the function ' : Y � V ! R and the operator T : C([0; T ];V )!
C([0; T ];Y ) de�ned by

'(y;v) = (u;v)V + j�(�;v) 8 y = (u; �) 2 Y; v 2 V; (6.12)

T u(t) = (Su(t);Ru(t)) 8u 2 C([0; T ];V ); t 2 (0; T ]: (6.13)
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Using (4.11) we have

j�(�1;v2)� j�(�1;v1) + j�(�2;v1)� j�(�1;v2)

=

Z
�3

�(�1 � �2)(kv2�k � kv1�k)d�

�
Z
�3

�j�1 � �2jkv1 � v2kd� � c0k�kL1(�3)k�1 � �2kL2(�3)kv1 � v2kV

for any �1; �2 2 L2(�3) and v1; v2 2 V . This implies that the function ' satis�es
condition (2.9) with X = V . Moreover, it is easy to see that and the operator T
satisfy condition (2.10) on the spaces Y = V � L2(�3) and X = V . Therefore, we
are in a position to use Theorem 2.6 in order to obtain that there exists a unique
function u� 2 C([0; T ];V ) such that

(Au�(t);v � u�(t))V + '(T u�(t);v)� '(T u�(t);u�(t)) (6.14)

� (f(t);v � u�(t))V 8v 2 V; t 2 [0; T ]:

We now substitute the equalities (6.12) and (6.13) in (6.14) to see that u� is the
unique solution of Problem W�, which concludes the proof of this step.

Step iii). Proof of the convergence (6.11). Assume now that f�ng represents a
sequence of functions which satis�es condition (6.5) and, for simplicity, denote u�n =
un, j�n = jn. Let v 2 V and t 2 [0; T ]. Then, using (6.10) we �nd that

(Aun(t);v � un(t))V + (Sun(t);v � un(t))V (6.15)

+jn(Run(t);v)� jn(Run(t);un) � (f(t);v � un(t))V :

We now use the de�nitions (6.9), (6.7) to see that

jn(Run(t);v)� jn(Run(t);un(t))

=

Z
�3

�n

�Z t

0
kun� (s)k ds

�
(kv�k � kun� (t)k) d�

�
Z
�3

�n

�Z t

0
kun� (s)k ds

����kv�k � kun�k��� d�
�
Z
�3

�n

�Z t

0
kun(s)k ds

�
kv � un(t)k d�

� k�nkL1(�3)

�Z t

0
kun(s)kL2(�3)d ds

�
kv � un(t)kL2(�3)d :
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Therefore, using the trace inequality (4.11) we �nd that

jn(Run(t);v)� jn(Run(t);un(t)) (6.16)

� c20k�nkL1(�3)

�Z t

0
kun(s)kV ds

�
kv � un(t)kV :

We now combine the inequalities (6.15) and (6.16) and denote w = v�un(t) to see
that

(Aun(t);w)V + (Sun(t);w)V (6.17)

+c20k�nkL1(�3)

�Z t

0
kun(s)kV ds

�
kwkV � (f(t);w)V 8w 2 V:

On the other hand, taking v = 0V in (6.15) and using inequality jn(Run(t);un(t)) �
0 we obtain that

(Aun(t);un(t))X � (Sun(t);un(t))X + (f(t);un(t))X :

Next, since A0V = 0V , S0V (t) = 0V , using the properties of the operators A and S
we deduce that

mFkun(t)kV � LS

Z t

0
kun(s)kV ds+ kf(t)kV

and, after using the Gronwall argument, we obtain that there exists a constant
M > 0 which does not depend on n and t such that

kun(t)kV �M: (6.18)

We now combine inequalities (6.17) and (6.18) to see that

(Aun(t);w)V + (Sun(t);w)V

+c20MTk�nkL1(�3)kwkV � (f(t);w)V 8w 2 V:

Then, since k�nkL1(�3) ! 0 we are in a position to use the equivalence between the
statements (5.1) and (5.4) in Theorem 5.1 to conclude the proof.

Remark 6.2. In addition of the mathematical interest in the convergence result in
Theorem 6.1 it is important from the mechanical point of view, since it shows that
the solution of the frictionless contact problemW can be approached by the solution
of the frictional contact problem W� for a small coe�cient of friction.
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7 Conclusions

In this paper we obtained convergence criteria to the solution of two nonlinear equa-
tions in a real Hilbert spaces X. Our main results are Theorems 3.1 and 5.1 which
characterize the convergence of a sequence to the unique solution of the correspond-
ing equations, in the spaces X and C([0; T ];X), respectively. We exploited this the-
orem to deduce various convergence results. Then, we provided some applications in
Solid and Contact Mechanics. These applications show the continuous dependence
of the solution with respect to the data and, in addition, they show the link between
problems with a di�erent mathematical structure and a di�erent physical meaning.
For instance, we proved that the solution of frictional contact problem (which is in
a form of a variational inequality) converges to the solution of a frictionless contact
problem (which is in a form of a nonlinear equation) as the friction bound vanishes.

The research presented in this manuscript can be developped in further direction.
The �rst one would be to obtain convergence criteria to the solution by relaxing the
assumptions (2.1) and (2.2) on the operators A and S, respectively. For instance,
it should be interesting to consider the case when A is a pseudomonotone coercive
operator and S is an almost history-dependent operator. Another direction would be
to extend Theorems 3.1 and 5.1 to evolutionary equations. The corresponding results
could be applied in the sensitivity analysis of various mathematical models which
describe the evolution of the mechanical state of an elastic, viscoelastic or viscoplastic
body in contact with a foundation. For such models the history-dependent operator
appears either in the constitutive law and/or in the boundary conditions, as we
already shown in the exemples in Section 6. In this way various convergence results
can be obtained and the link between various mathematical models of contact could
be established. Finally, it would be interesting to provide computer simulations
which validate the corresponding convergence results.
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