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Convergence Criteria for Operator Equations
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Abstract: In this paper we deal with two nonlinear equations in real
Hilbert spaces. The first one is of the form Au = f in which A is a
strongly monotone Lipschitz continuous operator and the second one
is of the form Au + Su = f in which § is a history-dependent oper-
ator. The unique solvability of these equations represents well known
results. Here, our interest is in providing necessary and sufficient con-
ditions which guarantee the convergence of an arbitrary sequence to the
solution. Our main results are gathered in Theorems 3.1, 3.2, 5.1 and 5.2.
They represents useful tools which allows us to deduce continuous de-
pendence results of the solution with respect to the data. They also can
be employed to prove that the solution of these equations represents the
limit of the solution of some elliptic and history-dependent variational
inequalities, respectively. We illustrate our abstract results with exam-
ples from Solid and Contact Mechanics and provide the corresponding
mechanical interpretations.

Keywords: Strongly monotone operator, history-dependent operator,
convergence criterion, convergence result, elastic constitutive law, vis-
coelastic constitutive law, frictional contact model.

MSC2010: 49J45, 49J40, 47G10, 49J27, 74G22, 74M15, 74M10

1 Introduction

Equations involving nonlinear operators abound in Functional Analysis, Solid Me-
chanics and Engineering Sciences. A first elementary example is provided by the
constitutive law of an elastic material, that is

o= Fe. (1.1)
Here and below d € {1,2,3}, S¢ denotes the set of second order tensors on R,

o € S represents the stress tensor, € € S% denotes the linearized strain tensor and
F : S — S is the elasticity constitutive operator, assumed to be nonlinear. A
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particular example of elastic constitutive law of the form (1.1) is provided by
o = Ae + a (e — Pke), (1.2)

where A is a linear or nonlinear operator, « is a positive elasticity coefficient, K
is a given nonempty closed convex subset of S and Px : S¢ — K denotes the
projection operator. Various examples of such convex sets can be found in [7, 22]
and the references therein. Moreover, static displacement-tractions problems for
elastic materials of the form (1.1) or (1.2) lead to operator equations of the form

Au = f. (1.3)

Here u € V represents the displacement field, A : V' — V is a nonlinear operator and
f € V is a given element describing the applied body forces and surface tractions, V'
being the space of admissible displacements fields. References in the field, including
existence and uniqueness results, can be found in [12, 17, 20, 21], for instance.

Besides the elastic constitutive laws, a popular constitutive law used in the lit-
erature is the so-called viscoelastic constitutive law with long memory,

o(t) = Ae(t) + /Ot B(t — s)e(s)ds Vtel[0,T]. (1.4)

Here A is the elasticity operator, B represents the relaxation tensor and [0,7] de-
notes the time interval of interest Examples and mechanical interpretations in the
study of viscoelastic materials of the form (1.4) can be found in [3, 6, 7, 8, 18],
for instance. Using this constitutive law in the study of equilibrium displacement-
tractions problems give rise to time-dependent equations of the form

Au(t) + Su(t) = £(t)  Vte[0,T], (1.5)

in which the operator § is determined by the relaxation tensor 5. For more details
on this topic we send the reader to [20, 21].

Equations (1.1)-(1.3), on one hand, as well as equations (1.4)-(1.5), on the other
hand, motivate us to consider the following nonlinear problems.

Problem P. Given A: X — X and f € X, find u € X such thal

Au = f. (1.6)

Problem Q. Given A: X — X, § € C([0,T]; X) = C([0,T]; X) and f : [0,T] —
X, find u:[0,T] - X such that

Au(t) + Sut) = f(t)  Vte[0,T). (1.7)
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Here and everywhere below X will represent a real Hilbert space endowed with
the inner product (-,-)y and the associated norm || - | x, T > 0 and C([0,T]; X)
denotes the space of continuous functions defined on the time interval [0,7] with
values in X, endowed with the norm of the uniform convergence, that is

ulleqorx) = ax, lu(®)lx  Vue C([0,T]; X). (1.8)

Results of existence and uniqueness in the study of Problems P and Q have been
obtained in the literature by using various functional methods, including fixed point
arguments. We shall recall such results in the next section of the manuscript.

Besides the unique solvability, convergence results represent an important topic
in the study of nonlinear problems. References in the field include [1, 2, 3, 4, 5, 10,
15, 16, 19], where convergences results are proved for various classes of equations,
inequalities, minimization and fixed point problems. Nevertheless, in most of these
references, only sufficient conditions which guarantee the corresponding convergence
results have been considered. The problem of establishing convergence criteria, i.e.,
necessary and sufficient conditions for convergence, is an important topic which, at
the best of our knowledge, is widely open.

Our aim in this paper is to fill this gap and is three fold. The first one is to state
and prove convergence criteria in the study of nonlinear equations (1.6) and (1.7).
The second one is to show how these criteria can be used to prove the continuous
dependence of the solution with respect to the data. And, finally, our third aim is
to illustrate the use of these abstract results in Solid and Contact Mechanics.

The rest of the manuscript is structured as follows. In Section 2 we recall ex-
istence and uniqueness results in the study of Problems P and Q, then we provide
some preliminary material. In Section 3 we state and prove convergence criteria
for the nonlinear equation (1.6). These criteria are formulated in terms of various
equivalent inequalities. Section 4 is devoted to applications of these abstract results
in the study of the elastic equations (1.1)-(1.3). In Section 5 we state and prove
convergence criteria for the nonlinear equation (1.7) which, again, are expressed in
terms of inequalities. We apply these results in Section 6, in the study of the vis-
coelastic equations (1.4) and (1.5). We end this paper with Section 7 in which we
present some concluding remarks and problems for furthcoming research.

2 Preliminary results

In the study of Problems P and Q we consider the following assumptions.
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(A is a Lipschitz continuous strongly monotone operator, i.e.:

(a) There exists M4 > 0 such that
|Au — Av||x < Mallu —v||lx VYu,v e X. (2.1)

(b) There exists m 4 > 0 such that
{ (Au— Av,u—v)x > mallu —v|% Vu,v € X.

(S is a history-dependent operator, i.e.,

there exists Lgs > 0 such that

t (2.2)
1Su(t) — Sv(t)llx < Ls/o [u(s) = v(s)llxds
L Yu, v e C([0,T); X), ¢t €[0,T].
feC(o,T);X). (2.3)
feXx. (2.4)

We recall the following existence and uniqueness results.

Theorem 2.1. Assume (2.1) and (2.4). Then, Problem P has a unique solution
ueX.

Theorem 2.2. Assume (2.1), (2.2) and (2.3). Then, Problem Q has a unique
solution. Moreover, the solution has the regularity u € C([0,T]; X).

The proof of Theorem 2.1 can be found in [20, p.22], based on the Banach fixed
point argument. The proof of Theorem 2.2 can be found in [20, p.65], based on a
fixed point property for history-dependent operators.

Remark 2.3. It follows from Theorem 2.1 that, under condition (2.1), the operator
A is invertible. Moreover, as proved in [20, p.23], its inverse A7': X — X is a
Lipschitz continuous operator, with Lipschitz constant mLA . Therefore,

1
A — A ly||x < m—AHu—UHX Vu,veX. (2.5)

We now proceed with the following elementary result which will be useful in
Sections 3 and 5 of this manuscript.
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Lemma 2.4. Letu € X and 6 > 0. Then, the following hold:

(u,v)x +0|v]|lx >0 VveX <= |u|x<8. (2.6)

(u,0)x +0(jv[x +1) >0 VoeX = |ullx <0+V0. (2.7)

Proof. Assume that (u,v)x + 6||v]|x > 0 for any v € X. We take v = —u in this
inequality to deduce that ||ul|3 < 6]|u||x, which implies that |ju||x < @. Conversely,
if [Jullx < @ then (u,v)x > —||lu|lx||v|[x > —0|lv||x for any v € X, which implies
that (u,v)x +0||v]|x > 0, for any v € X. This concludes the proof of the equivalence
(2.6).

Assume now that (u,v)x + 0(||v]|x +1) > 0 for any v € X. We take v = —u in
this inequality to see that ||ul% < 0||u||x + 6 and, using the elementary inequality

?<ar+b = mga—i—\/I; Y, a,b>0,

we deduce that ||ul|x < #++/0. This concludes the proof of the implication (2.7). [

In the next sections we shall underline the link of problems P and @ with some
variational inequalities. To this end, we consider a normed space (Y, || - ||y) and two
functions j: X - R, ¢ : Y x X — R, assumed to satisfy the following conditions.

j: X — R is convex and lower semicontinuous. (2.8)

[ (a) ¢(y,"): X = R is convex and lower semicontinuous on X,

Yy €Y.
(b) There exists «, > 0 such that (2.9)

QO(yl,’UQ) - (10(:1/17,01) + QO(yl,’Ul) - (,O(yQ,’UQ)
{ Sapllyr —2lly lon —vellx Vyi,y2 €Y, v, v € X

We also denote by C([0,7T];Y) the space of continuous functions defined on [0, T']
with values in Y and let 7 : C([0,T]; X) — C([0,T];Y) be a history-dependent
operator, that is,

There exists Ly > 0 such that
¢
[Tu(t) = To@)lly < LT/ lu(s) = v(s)|xds (2.10)
0
Vu, ve C(0,T]; X), t €0,T].

We now recall the following existence and uniqueness results.
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Theorem 2.5. Assume (2.1), (2.4) and (2.8). Then, there exists a unique element
u € X such that

(Au,v —u)x +j(v) —j(u) > (f,v —u)x Vo e X. (2.11)

Theorem 2.6. Assume (2.1), (2.3), (2.9) and (2.10). Then, there exists a unque
function u € C([0,T); X) such that

(Au(t),v —u(t))x + o(Tu(t),v) — o(Tu(t),u(t)) (2.12)
> (f(t),0 —u(t))y VveX, telo,T).

Theorem 2.5 represents a standard result for elliptic variational inequalities. Its
proof can be found in [20, p.40], for instance. We also note that Theorem 2.1 is a
particular of Theorem 2.5, obtained when j vanishes. We refer to inequalities of the
form (2.12) as history-dependent variational inequalities. A proof of Theorem 2.6
can be found in [21, p.62], based on a fixed point argument for history-dependent
operators. Moreover, it is easy to see that Theorem 2.2 represents a particular case of
Theorem 2.6, obtained when Y = X, 7 = S and ¢(u,v) = (u,v)x, for all u, v € V.
Additional results on variational inequalities can be found in [9, 11, 13, 17], for
instance.

3 Elliptic equations

In this section we state and prove convergence criteria for Problem 7. To this end,
we assume in what follows that (2.1) and (2.4) hold, even if we do not mention it
explicitely, and we denote by w the solution of Problem P provided by Theorem
2.1. Moreover, we consider an arbitrary sequence {u,} C X and for any sequence
{60} C Ry which converges to zero we use the short hand notation 0 < 6, — 0.
Here and below all the limits are considered as n — oo and, in addition, Ox will
represent the zero element of the space X.

Our first result in this section is the following.

Theorem 3.1. Assume (2.1) and (2.4). Then, the following statements are equiv-
alent.

up, > u in X. (3.1)

There exists a sequence 0 < 8, = 0 such that (3.2)
|Aup, — fllx <6, VneN.
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There exists a sequence 0 < 6, — 0 such that (3.3)
[Aun — fllx < Op(llunllx +1) Vn €N

There exists a sequence 0 < 0], — 0 such that (3.4)
(Aup,v)x + 0L )vllx > (f,v)x VveX, neN.

There ezists a sequence 0 < 8 — 0 such that (3.5)
(Aup,v)x + 00 (|lvllx +1) > (f,v)x YveX, neN.

Proof. The proof is structured in several steps, as follows.

(3.1) = (3.2). Assume (3.1) and let n € N. We use condition (2.1) (a) and equality
Au = f to see that

[Aun = fllx = [[Aun — Aullx < Mallug — ullx
and, therefore, (3.2) holds, with 6, = M4|ju, — ul|x — 0.
(3.2) = (3.3). This implication is obvious.

(3.3) = (3.4). Assume (3.3) and let n € N. We use the equivalence (2.6) with
u = Aup, — f and 0 = 6,(||un||x + 1) to see that

(Aup, — f,0)x + On(llunllx + D|lv|lx >0 YveX (3.6)
and, taking v = —u, we deduce that
(Aun — A0x, un)x < On([[unllx +Dlluallx + (f = AOx, un)x.
This inequality combined with assumption (2.1)(b) yields
(ma = 0n)llunllx < 0n+|If — AOx|lx

and, since 6,, — 0, we deduce that there exists M > 0 which depends on A and f
but does not depend on n, such that

[unllx < M. (3.7)

We now combine inequalities (3.6) and (3.7) to see that (3.4) holds with 6/, =
On(M +1).

(3.4) = (3.5). This implication is obvious.

(3.5) = (3.1). Assume (3.5) and let n € N. We use the implication (2.7) with
u= Au— f and 6 = 0] to see that

| A, — fllx < 01+ /6 — 0,
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which shows that Au, — Au in X. Therefore, using the continuity of the operator
A~ guaranteed by Remark 2.3, we deduce that (3.1) holds, which concludes the
proof. O

We now use Theorem 3.1 to study the dependence of the solution with respect
to the data. To this end, for each n € N we consider a Lipschitz continuous strongly
monotone operator A, : X — X as well as an element f,, € X. Then, using Theorem
2.1 it follows that there exists a unique element w, € X such that A,u, = f,. In
addition, we denote by m,, the strong monotonicity constant of the operator A,, and
we consider the folowing assumptions.

There exists 0 < a,, — 0 such that (3.8)
|Anv — Av|lx < an(v]lx +1) VveX, neN. '
There exists mg > 0 such that m,, > mg Vn € N. (3.9)

fn—f in X. (3.10)

Our second result in the section is the following.
Theorem 3.2. Assume (2.1), (2.4) and (3.8)(3.10). Then, up, — u in X.

Proof. We start by proving that the sequence {uy} is bounded in X. To this end,
we fix n € N and note that equality Apu, = f, implies that

(Anun - AnOXaU'n)X = (fmun)X - (AnOXaun)X < (anHX + ||An0X||X)||Un||X

Therefore, the strong monotonicity of A, combined with assumptions (3.9) and (3.8)
implies that

mollunllx < Ifellx + 1 4n0xllx < [fallx +11420x — AOx|Ix + [|AOx || x
< anHX +an + HAOXHX

Using now the convergences (3.10) and a,, = 0 we deduce that there exists M > 0
which does not depend on n such that

lenllx < M. (3.11)

We now use the equality A,u, = f,, assumptions (3.8) and the bound (3.11) to
write

| Aun — fllx = |Aun — Apun|lx + || fo — fllx < an(M + 1)+ || fu — fllx-
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This inequality shows that condition (3.2) is satisfied with
Op =an(M +1)+|fn— fllx = 0.
We now use Theorem 3.1 to conclude the proof. O

Remark 3.3. Note that Theorem 3.2 provides a continuous dependence result of
the solution of Problem P with respect the operator A and the element f.

4 Applications to elasticity

We now illustrate the use of Theorems 2.1 and 3.2 in the study of some nonlinear
problems arising in elasticity. To this end, we recall that the canonical inner products
and the corresponding norms on the spaces R? and S¢ are given by

w-v=uw;, |o=(-v)"? Vu=(u), v=(v)€eR

1/2

o-1=0yTij, |7 =(1T-7) Vo = (o), T = (1) € S,

respectively. Moreover, for simplicity, we denote by O the zero element of these
spaces. Consider now an operator F and a subset K such that

F : S% — S? is strongly monotone and Lipschitz continuous. (4.1)

K is a closed convex subset of S? such that 0 € K. (4.2)

We have the following existence, uniqueness and convergence result.

Theorem 4.1. Assume (4.1) and (4.2). Then, for any stress tensor o € S¢ there
exists a unique strain tensor € € S such that (1.1) holds. Moreover, for any stress
tensor o, € S% and any elasticity coefficient a,, > 0 there exists a unique strain
tensor €, € S* such that

on = Fen + ap (e — Pren). (4.3)
In addition, if o, — o in S and o, — 0, then €, — € in S%.

Proof. The unique solvability of equation (1.1) is a direct consequence of assumption
(4.1) which allows us to apply Theorem 2.1 in the space X = S? with A = F and

f=o.
Denote by G : S¢ — S¢ the operator defined by

Ge =¢ — Pge VeeSt (4.4)
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Let €1, €2 € S%. Then, the nonexpansivity of the projection operator implies that
[Pre1 — Prea| < ller — &2 (4.5)

and, therefore,
[Ger — Gesa|| < 2|ler — ez,

(Ge1 — Gey) - (e1 —€2) = |le1 — 82“2 — (Pxe1 — Pkes) - (g1 — €2)
> |ler — €2 — | Per — Pezl|[ler — e2]| > 0.
These inequalities show that
G :S? — S% is a Lipschitz continuous monotone operator. (4.6)
Let n € N, o, > 0 and let F,, : S¢ — S? be the operator defined by
Fne =Fe+ay, (e — Pge) Ve eS? (4.7)

We use assumption (4.1) and the properties (4.6) to see that F, is a Lipschitz
continuous strongly monotone operator on the space S¢, with constant m F, = MF,
myx being the constant of strong monotonicity of F. The unique solvability of
equation (4.3) is now a direct consequence on Theorem 2.1, applied with X = S¢,
A=F,and f = oy,.

Let w € S? and note that assumption (4.2) implies that Px0 = 0. Therefore,
using (4.7) and (4.5) with e; = w and €2 = 0 we deduce that

[Fnw = Fwl|| = anllw — Prwl| < an([lw]| + | Prwl]) < 2an[lw].

We conclude from here that the operators A, = F,, and A = F satisfy condition
(3.8) with X = S and a,, = a;,. Moreover, condition (3.9) is satisfied, too, with
mg = myr. The convergence part in Theorem 4.1 is now a direct consequence of
Theorem 3.2. O

Remark 4.2. In addition to the mathematical interest in the convergence result
in Theorem 4.1, it is important from the mechanical point of view, since it shows
that for a small elasticity coefficient «, a small perturbation on the stress applied to
materials of the form (1.2) give rise to a strain close to that strain obtained when
the corresponding stress is applied to materials of the form (1.1).

We now present an aplication of our abstract results in the study of a contact
problem with elastic materials and, to this, end, we need additional notation. We
assume in what follows that 2 is a bounded domain in R? (d = 1,2,3) with smooth
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boundary T' composed of three sets I'y, and T's, I's with the mutually disjoint rela-
tively open sets I'y, I'y, I'3, such that meas (I'y) > 0. We denote by Q = QUT the
closure of Q in R4, Moreover, we use boldface letters for vectors and tensors, such
as the outward unit normal on I', denoted by v. A typical point in R is denoted by
x = (z;). The indices 1, j, k, [ run between 1 and d and, unless stated otherwise, the
summation convention over repeated indices is used. Also, the index that follows a
comma indicates a partial derivative with respect to the corresponding component
of the spatial variable .

Everywhere below we use standard notation for Lebesgue and Sobolev spaces of
real-valued functions defined on © and T'. For a function v € H'(Q)? we still write v
for the trace of v to I' and v, for the normal trace to I, that is v, = v-v. Moreover,
we use v, for the tangential trace of v, i.e., v; = v — v, as well as the notation

e(v) = (g45(v)), eij(u) = : (vij +vj0) Yo =(v;) € H Q)"

2
Next, we introduce the spaces
V={veH(Q)? | v=0 ae onTy, v,=0 ae. only}, (4.8)
Q={1=(r) | mj=mi € L*(Q), 1 <i,j<d}, (4.9)

which are real Hilbert spaces with the canonical inner products

(u,0)y = /Q e(u) - £(v) da,

(O’,T)Q:/O'Z'jTijdﬂf:/O'-Td.’L‘.
Q Q

The associated norms on these spaces will be denoted by |||y and [|-]|g, respectively.
This implies that

luly =lle(w)lle VYueV (4.10)

which, in particular, shows that the deformation operator €: V — @ is continuous.
Moreover, recall that the trace operator is a linear continuous operator from V with
values in L?(I")¢. Therefore, there exists co > 0 such that

HUHLQ(Fg)d <collully YueV. (4.11)

Consider now the data F, f,, f» and g which satisfy the following conditions.
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((F: QxS%— S%is such that
(a) there exists Lr > 0 such that
|F (2, e1) = F(z,€2)|| < Lrller — e
for all 1,69 € S%, ae. x € Q,
(b) there exists mxr > 0 such that (4.12)
(F(z,€1) — Flx,€2)) - (€1 — €2) 2 mr [ler — €2
for all 1,62 € SY, ae. @ €,
(c) F(-,€) is measurable on © for all € € S¢,
L (d) F(x,0) =0 a.e. x €l

fo € LX), fy€ LX), (4.13)
g€ IL*(T3), g(x)>0 ae xcls. (4.14)

We now introduce the operator A : V' — V, the element f € V and the function
Jg defined as follows:

(Au,v)y = /Q]-"e(u) -e(v) dz, (4.15)

(f,U)V:/fO-Ud£E+ fo-vdl, (4.16)
0 Ty

jsto) = [ glv.lar. (4.17)

for all u, v € V. With these notation we consider the following variational problems.

Problem V. Find a displacement field uw € V such that Au = f or, equivalantly,

(AuaU)V = (faU)V VveV.

Problem V,. Find a displacement field uy € V such that

(Aug, v —ug)v + jg(v) — jg(ug) = (f,v —ug)v Vo eV (4.18)

Note that Problem V represents the variational formulation of a mathematical
model which describes the equilibrium of an elastic body in contact with an obsta-
cle, the so-called foundation. The main ingredients of the physical setting are the
following: an elastic body occupies in the reference configuration the domain {2, is
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fixed on the part I'; of its boundary, is submitted to body forces of density f, and
surface tractions of density f, which act on in Q and ['s, respectively, and is contact
with a foundation of the part I's of its boundary. The process is static, the contact
is bilateral, i.e., there is no separation between the body’s surface and the founda-
tion, and it is frictionless. Moreover, the material’s behaviour is described with the
constitutive law (1.1). Problem V, has a similar interpretation. The difference is
that now the contact is frictional and it is described with the Tresca friction law in
which the friction bound is the given function g. More details on the statement of
contact problems with elastic materials can be found in [3, 12, 13, 14, 17, 20], for
instance.

In the study of Problems V and V, we have the following existence, uniqueness
and convergence results.

Theorem 4.3. Assume (4.12)—(4.14). Then, Problem V has a unique solution u
and Problem V, has a unique solution uy. Moreover,

ug—u in V oas ¢g—0 in L*Dy). (4.19)
Proof. Using assumption (4.12) it is easy to see that
|Au — Av|ly < Lr|lu—v|v, (Au—Av,u—v)y > mr|u— |} (4.20)

for all u, v € V, which shows that A : V — V is a strongly monotone Lipschitz
continuous operator. The unique solvability of Problem V follows now from Theorem
2.1 with X =V and A, f defined by (4.15), (4.16), respectively.

Next, using assumption (4.14) and definition (4.17) it follows that j, : V — Ry
is a continuous seminorm, hence it is convex and lower semicontinuous. Therefore,
the unique solvability of Problem V, follows from Theorem 2.5.

Assume now that {g, } represents a sequence of functions which satisfies condition
(4.14) and, for simplicity, denote ug, = uy, jg, = jn - Then, using (4.18) we find
that

(Atp, v — up)y + jn(v) — jn(un) > (fov —up)y YveV. (4.21)

We now use definition (4.17) and assumption (4.14) to see that

inlw) —slua) = [

I's

gn(l[02]] = l[tne ) dT < / on

I's

[o7 ]l = llwnr ||| dT

< /F gnllvr — un-||dl < /F gnllv — up | dl’ < HgnHLz(Fg)HU - unHLZ(F)d
3 3
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for all v € V. Therefore, using the trace inequality (4.11) we find that

Jn(v) = jn(un) < collgnll 2y llv = unlly Vo eV (4.22)
We now combine the inequalities (4.21) and (4.22) to obtain that

(Aun, v)v + collgnll 2oy llvllv > (f,v)vy Vv eV (4.23)

Then, since ||gn||72(r,) — 0 we are in a position to use the equivalence between the
statements (3.1) and (3.4) in Theorem 3.2 to conclude the proof. O

Remark 4.4. In addition of the mathematical interest in the convergence result in
Theorem 4.3, it is important from the mechanical point of view, since it shows that
the solution of the frictionless contact problem V can be approached by the solution
of the frictional contact problem V, for a small friction bound.

5 History-dependent equations

In this section we state and prove convergence criteria for Problem Q. To this end
we assume in what follows that (2.1), (2.2) and (2.3) hold, even if we do not mention
it explicitely. We denote by u € C([0,T]; X) the solution of Problem Q provided
by Theorem 2.2 and consider an arbitrary sequence {u,} C C([0,T]; X). Our first
result in this section is the following.

Theorem 5.1. Assume (2.1), (2.2) and (2.3). Then, the following statements are
equivalent.

up, = u in C([0,T]; X). (5.1)

There exists a sequence 0 < 0, — 0 such that (5.2)
[Aun(t) + Sun(t) = f(O)lx < VEE[0,T], n€N.

There exists a sequence 0 < 0, — 0 such that (5.3)
[Aun(t) + Sun(t) = f()llx < On(fun@)lx +1) VE€[0,T], neN.

There ezists a sequence 0 < 8, — 0 such that (5.4)
(Aun (), v)x + (Sun(t),v)x + O llvllx > (f(£),v)x
Vte[0,T], ve X, neN.

There exists a sequence 0 < 0 — 0 such that (5.5)
(Aun(t),v)x + (Sun(t),v)x + O (Ilvllx +1) > (f(£),v)x
Vte[0,T], ve X, neN.
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Proof. The proof is structured in several steps, as follows.

(5.1) = (5.2). Assume (5.1) and let n € N, ¢t € [0,T]. We use equation (1.7) and
assumptions (2.1) (a), (2.2) to see that

A (8) + Sun(t) = F@)llx = [ Aun(t) + Sun(t) — Au(t) - Su(t)]x
t
< Mallun(t) — u(t)|[x + Ls /0 e (s) = u(s)l|xds.

Therefore, (5.2) holds with 6, = (M4 + LsT)|lun — ullc(o,m;x)-
(5.2) = (5.3). This implication is obvious.
(5.3) = (5.4). Assume (5.3) and let n € N, ¢t € [0,T]. We use (2.6) to see that
(Aup(t) + Sun(t) — f(t),v)x + On(lun(®)]|x + 1)|jv|lx >0 VoeX (5.6)
and, taking v = —uy,(t) we deduce that
(Aun(t) — A0x, un (1)) x < On((lun(®)]x + 1llun()llx
+(S0x (1) = Sun(t), un(t))x + (f(t) = A0x — S0x(#), un(t)) x-

This inequality combined with assumption (2.1)(b) and (2.2) yields

t
(ma = On)|[un(t)|[x < On+ LS/O [un(s)l[xds + [ f () — A0x — SOx ()] x

and, using the convergence 8, — 0 and the continuity of the functions ¢ — f(¢),
t — SO0x (t) we deduce that there exists two constants C7 > 0 and C5 > 0 which do
not depend on n and ¢, such that

t
Jun(#)]lx < C1+ 02/0 [[un(s)[| xds. (5.7)

We now use the Gronwall argument to deduce that there exists M > 0 which does
not depend on n and ¢ such that

[[un ()l x < M. (5.8)

Finally, we combine inequalities (5.6) and (5.8) to see that (5.4) holds with 6, =
O, (M +1) — 0.

(5.4) = (5.5). This implication is obvious.
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(5.5) = (5.1). Assume (5.5) and let n € N, ¢ € [0, T]. We use implication (2.7) to
see that
[ Aun(t) + Sun(t) — f()llx < O + /0]

and, using (1.7) we deduce that
|| Aup (t) + Sun(t) — Au(t) — Su(t)||x < 05 + /0. (5.9)
We now use inequalities (5.9) and (2.2) to find that

[Aun(t) — Au(t)|x < [|Aun(t) + Sun(t) — Au(t) — Su(t)llx
t
+||Su(t) — Sun(t)||x < 01 + /0! + Ls/ lun(s) — u(s)||xds
0
and, since inequality (2.5) implies that

[Aun(t) — Au(t)lx = mallun(t) = u(®)]lx,

we conclude that
t
mallun(t) — u(t)|lx <6 + /0 + Ls/ [[un(s) — u(s)lxds.
0

Finally, we use the Gronwall lemma to see that

L'St

1 Ls
lun () — u(B)llx < (O + VO) e

Therefore, the convergence 6/ — 0 implies (5.1), which concludes the proof. O

We now use Theorem 5.1 to study the dependence of the solution with respect
to the data. To this end, for each n € N we consider a history-dependent operator
S, C([0,T]; X) — C([0,7]; X) and an element f, € C([0,7]; X). Then, using
Theorem 3.1 it follows that there exists a unique element u, € C([0,T]; X) such
that Aup(t) + Spun(t) = fo(t), for all ¢ € [0, T]. In addition, assume that

There exists 0 < s, — 0 such that
t
1800 = Sullx < sa( [ Io(s)lx ds +1) (5.10)
0
Vte[0,T], veC(0,T]; X).

fo—f in C(0,T];X). (5.11)

Our second result in the section is the following.
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Theorem 5.2. Assume (2.1)—(2.3), (5.10) and (5.11). Then, u, — u in C([0,T]; X).

Proof. We start by proving that the sequence {u,} is uniformely bounded. To this
end, we fix n € N and ¢t € [0,7]. We use equality Auy,(t) + Spun(t) = fr(t) to write

(Aup(t) — AO0x, un(t))x
= (Sun(t) = Snun(t), un(t)) x + (fa(t) — (1), un(t)) x
+(f(#) = A0x = S0x (), un (1)) x + (S0x(8) = Sun(?), un(t)) x

Therefore, using assumptions (2.1) (b) and (2.2) and (5.10) we find that
t
mallun(®llx < sa / Jun(s)llx ds + 1) + 11 fa() = FB)lLx

t
+IIf(t) = A0x — SOx (t)[lx + Ls/o l|wn (s)||xds.

Next, using the convergence s, — 0, (5.11) and the continuity of the functions
t— f(t), t — SO0x(t), we deduce that there exists two constants C; > 0 and Cy > 0
which do not depend on n and ¢, such that (5.7) holds. This inequality implies the
bound (5.8) with some M > 0 which does not depend on n and ¢.

We now use use equality Auy(t) + Spun(t) = fa(t), again, to see that

[ Aun (t) + Sun(t) — f(8)]lx
= [[Aun(t) + Sun(t) = (1) + fult) — Aun(t) = Snua(t)llx
< [|Sun(t) = Snun (@l x + 1/n(8) = f(D)]x

and, using assumption (5.10), we find that

[ dun(®) + Sun(t) — F(B)x
< su [ Il + 1) + 1ule) = £O) -

We now combine this inequality with the bound (5.8) to see that (5.2) holds with
On = sy (MT 4+ 1) + || fr = fllc(o/m;x) — 0. Finally, we use Theorem 5.1 to conclude
the proof. O

Remark 5.3. Note that Theorem 3.2 provides a continuous dependence result for
the solution of Problem Q with respect the operator & and the element f.
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6 Applications in viscoelasticity

Theorems 2.2 and 5.2 can be used in the study of viscoelastic constitutive laws
of the form (1.4). Theorem 2.2 provides the unique solvability of this equation and
Theorems 5.1, 5.2 are useful to deduce convergence results which could represent the
continuous dependence of the solution € with respect to the relaxation tensor and
the stress function. The arguments are similar to those presented in Section 4, in the
study of elastic constitutive laws and, therefore, we skip the details. Nevertheless,
below, we illustrate the use of Theorems 2.2 and 5.2 in the variational analysis of a
viscoelastic contact problem.

To this end, we use the notation introduced in Section 4 and we consider a time
interval [0, 7] with T > 0 given. In addition, besides the spaces (4.8) and (4.9), we
need the space of symmetric fourth order tensors defined by

Qoo = {€ = (eijrr) | €ijit = €jirt = ey € L(Q), 1 <4,5,k,1<d}. (6.1)
It is well-known that Q, is a real Banach space with the norm

1€]lQe. = o max €ijill 200 ()-

In addition, the inequality below holds:

1€7llo < dlI€llqullTle V€ € Qo T€Q. (6.2)

Consider now an elasticity operator F which satisfy condition (4.12) and, more-
over, consider the data B, f,, f5 and u which satisfy the following conditions.

B e C([0,T]; Qoo)- (6.3)
fo € C(0O,THLAH(Q)Y),  fi € C(0,T); LP(T2)?). (6.4)
we L*®(T3), wplx)>0 ae xels. (6.5)

Next, besides the operator (4.15) we need the operators S : C([0,T];V) —
c([0,T);V), R : C([0,T);V) — C([0,T]; L3(T3)), the function f : [0,7] — V and
the function j, : L?(I's) x V — R defined as follows:



96 Mircea Sofonea

(Su(t), v)y :/Q(/OtB(t—s)s(u(s))ds)  e(v) da (6.6)

YueC(0, TV), veV,

¢
Ru(t) = /0 lvr(s)] ds Vue C(0, T;V), vev, (6.7)
(0.0 = [ o) -vis+ [ S0 vd0 Ve, veV, ©63)
Q Ty

jul€v) =/F péllo AT VE € IA(Ty), ve V. (6.9)

With these notation we consider the following variational problems.

Problem W. Find a displacement field w : [0,T] — V such that Au(t) + Su(t) =
f(¢t) for all ¢ € [0, T] or, equivalantly,

(Au(t),v)v + (Su(t),v)v = (f(t),v)v VveV, tel0,T]

Problem W,,. Find o displacement field w, : [0,T] — V such that

(Auy(t),v —uy(t))v + (Suu(t),v —uu(t))v (6.10)
+iu(Ru(t),v) — ju(Ru(t),u(t)) > (f(t),v —uu(t))y Vv eV, tel0,T]

Note that Problem W represents the variational formulation of a mathematical
model which describes the equilibrium of a viscoelastic body in contact with an
obstacle, the so-called foundation. The model is based on ingredients similar to
those in Section 4, the difference arising from the fact that now the body is assumed
to be viscoelastic and the body forces and surface tractions are time-dependent.
The material’s behavior is described with the constitutive law (1.4), the contact
is bilateral and is frictionless. In contrast, the model in Problem W, is frictional.
There, the friction is described with a total-slip version of Coulomb’s law of dry
friction in which p represents the coefficient of friction. More details on the statement
of contact problems with viscoelastic materials can be found in [3, 8, 20, 21], for
instance.

In the study of Problems VW and W,, we have the following existence, uniqueness
and convergence results.



Convergence Criteria for Operator Equations 97

Theorem 6.1. Assume (4.12) and (6.3)-(6.5). Then, Problem W has a unique
solution w € C([0,T]; V) and Problem W, has a unique solution u, € C([0,T];V).
Moreover,

u, =~ u inV as p—0 in L%(Ts). (6.11)

Proof. The proof is structured in three steps, as follows.

Step 1). Unique solvability of Problem W. We use Theorem 2.2 with X =V and A,
S, f defined by (4.15), (6.6), (6.8), respectively. Note that condition (2.1) follows
from inequalities (4.20). Assume now that u, v € C([0,T]; V), t € [0,T] and w € V.
We use definition (6.6), assumption (6.3) and inequality (6.2) to see that

(Su(t) — Sv(t), w)y :/Q(/OtB(t—s)e(u(s)) —e(v(s))ds-(e(w))d:z

< d e 180l ( [ lleu(s) = (o) llgds) le(w)llg

€[0,17]
¢
= d|Bllc(o,1;:Q00) |u(s) —v(s)llvds }l|wlv,
0

which implies that

t
[Su(t) = Sv(t)llv < dIIBIIC([o,T};QOO)/O lu(s) —v(s)[lvds.

We conclude from here that condition (2.2) is satisfied with Ls = d || Bl ¢(jo,11;,qo0)-
Next, it is easy to see that assumptions (6.4) and definition (6.8) imply that f €
C([0,T]; V) and, therefore, condition (2.4) is satisfied, too. The unique solvability
of Problem W follows now from Theorem 2.2.

Step ii). Unique solvability of Problem W,,. First, we introduce the Hilbert space
Y =V x L?(T'3) endowed with the inner product

(ya Z)Y = (U,’U)V + (577])L2(F3) Vy = (u7£)7 z= (077]) €Y.

Next, we consider the function ¢ : ¥ x V' — R and the operator 7 : C([0,T]; V) —
C([0,T];Y) defined by

w(y,v) = (uav)V +j,u(£av) Vy= ('Uz,f) eY, veV, (6'12)
Tu(t) = (Su(t), Ru(t)) YueC(0,T):V), t (0,T].  (6.13)
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Using (4.11) we have

Ju(€1,v2) — 361, v1) + (62, v1) — Ju(61,v2)

- / (& — &)([v2r] — Jos- )T

I's
< /r plér = &lllvr — valldl < collpll oo ra) €1 — E2llz2(ry) V1 — v2|lv
3

for any &1, & € L?(I'3) and vy, vy € V. This implies that the function ¢ satisfies
condition (2.9) with X = V. Moreover, it is easy to see that and the operator T
satisfy condition (2.10) on the spaces Y = V x L?(I';) and X = V. Therefore, we
are in a position to use Theorem 2.6 in order to obtain that there exists a unique
function uw, € C([0,T]; V') such that

(Auy(t),v — uu(t))v + @(Tup(t), v) — o(Tuu(t), uu(t)) (6.14)
> (1), v —uu(t)y YveV, telo,T).

We now substitute the equalities (6.12) and (6.13) in (6.14) to see that w, is the
unique solution of Problem W,,, which concludes the proof of this step.

Step iii). Proof of the convergence (6.11). Assume now that {u,} represents a
sequence of functions which satisfies condition (6.5) and, for simplicity, denote w,, =
Up, Ju, = jn- Let v € V and t € [0,T]. Then, using (6.10) we find that

(Aun(t),v — up(t))v + (Sun(t), v — up(t))v (6.15)
+in(Run(t),v) — jn(Run(t), un) > (£(t),v — un(t))v.
We now use the definitions (6.9), (6.7) to see that
Jn(Ruun(t), v) — jn(Run(t), un(t))

= [ ([ Tt ol = s )

< [l [ o)
< [l [ honlas)o ~ wato ar

t
< ol ([ Tonlnagege ) o = wa @z

dr’

[or ]| = [eens ||
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Therefore, using the trace inequality (4.11) we find that

Jn(Run(t),v) — jn(Run(t), un(t)) (6.16)
t
< il [ (o)l ) o = 0]

We now combine the inequalities (6.15) and (6.16) and denote w = v — uy,(¢) to see
that

(Aun(t), w)y + (Sun(t), w)y (6.17)
slnally ([ Tunly ds) ol > (0w Ywev.

On the other hand, taking v = Oy in (6.15) and using inequality j,(Run (), uy (1))
0 we obtain that

(Aun(t)a un(t))X < (Sun(t)vun(t))X + (f(t)a un(t))X~

Next, since A0y = 0y, SOy (t) = Oy, using the properties of the operators A and S
we deduce that

t
m|un(8)]lv < LS/O [un(s)llv ds + [ £(#)llv

and, after using the Gronwall argument, we obtain that there exists a constant
M > 0 which does not depend on n and ¢ such that

[un(®)]v < M. (6.18)
We now combine inequalities (6.17) and (6.18) to see that
(Auy,(t), w)y + (Su,(t), w)yv
+GMT ||pn | ooy lwllv = (F (), w)v Vw eV,

Then, since ||pin || Lo (r,) — 0 we are in a position to use the equivalence between the
statements (5.1) and (5.4) in Theorem 5.1 to conclude the proof. O

Remark 6.2. In addition of the mathematical interest in the convergence result in
Theorem 6.1 it is important from the mechanical point of view, since it shows that
the solution of the frictionless contact problem W can be approached by the solution
of the frictional contact problem W, for a small coefficient of friction.

>
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7 Conclusions

In this paper we obtained convergence criteria to the solution of two nonlinear equa-
tions in a real Hilbert spaces X. Our main results are Theorems 3.1 and 5.1 which
characterize the convergence of a sequence to the unique solution of the correspond-
ing equations, in the spaces X and C([0,T]; X), respectively. We exploited this the-
orem to deduce various convergence results. Then, we provided some applications in
Solid and Contact Mechanics. These applications show the continuous dependence
of the solution with respect to the data and, in addition, they show the link between
problems with a different mathematical structure and a different physical meaning.
For instance, we proved that the solution of frictional contact problem (which is in
a form of a variational inequality) converges to the solution of a frictionless contact
problem (which is in a form of a nonlinear equation) as the friction bound vanishes.

The research presented in this manuscript can be developped in further direction.
The first one would be to obtain convergence criteria to the solution by relaxing the
assumptions (2.1) and (2.2) on the operators A and S, respectively. For instance,
it should be interesting to consider the case when A is a pseudomonotone coercive
operator and S is an almost history-dependent operator. Another direction would be
to extend Theorems 3.1 and 5.1 to evolutionary equations. The corresponding results
could be applied in the sensitivity analysis of various mathematical models which
describe the evolution of the mechanical state of an elastic, viscoelastic or viscoplastic
body in contact with a foundation. For such models the history-dependent operator
appears either in the constitutive law and/or in the boundary conditions, as we
already shown in the exemples in Section 6. In this way various convergence results
can be obtained and the link between various mathematical models of contact could
be established. Finally, it would be interesting to provide computer simulations
which validate the corresponding convergence results.
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