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Abstract: We address a basic but recurring functional-analytic issue:
given a continuous linear operator acting between nested scales of spaces,
its dual and the dual of its restriction typically act on non-comparable
abstract dual spaces, so that a naive “restriction” statement is ill-posed.
While one can, if appropriate conditions are met, resolve this difficulty
on a case-by-case basis by introducing concrete identifications, we pro-
pose a global and systematic approach based on embedding dual spaces
into common distribution spaces via anchor spaces. This method is clas-
sical for Lebesgue measure on R", where the Schwartz space anchors
the embedding of many function spaces into the tempered distributions.
Here we extend the same philosophy to a generic Borel measure p on
R™: with S| denoting the restricted Schwartz space on I' = supp(u), we
obtain canonical realizations of dual spaces in (S|r)’ under an appropri-
ate density condition and a mild local finiteness assumption on p. Our
abstract compatibility theorem then applies, in particular, to operators
mapping from the classical scale on R" (anchored by S(R™)) into such a
measure-driven scale on I' (anchored by S|r), showing that realized duals
agree on their common domain. As a concrete application, we consider
the trace operator tr{. for Bessel potential spaces H;(R") on d-sets.
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1 Introduction and Motivation
Let T be a continuous linear operator acting between two nested scales of spaces,

Fl‘—>G1

TlFll lT

FQ‘—>G2

where F} — G and Fy — G and T'|p, : F1 — F3 denotes the restriction of 7' to
F1. Here and throughout, X — Y means that X C Y with continuous inclusion
(i.e. the identity map on X is continuous from X into Y').

A common difficulty arises upon taking duals:

T : G, — GY, (T\p) : Fy — FJ.

These maps have different codomains, and in general it does not even make sense
to state that (T'|p,)" extends 7" or that one can restrict (T|p ) to Gb, because G5
and F} are in general non-comparable abstract spaces.

In concrete situations one can sometimes circumvent this by ad hoc identifica-
tions, e.g. by realizing dual spaces through explicit pairings or by exploiting addi-
tional structure (Hilbert pivots, explicit representation theorems, etc.). However,
such case-by-case arguments tend to obscure the functional-analytic mechanism be-
hind the compatibility and must be repeated for each new choice of spaces.

The purpose of this paper is to propose a systematic alternative: embed all
relevant dual spaces into common ambient distribution spaces via anchor spaces so
that the restriction comparison becomes meaningful and automatic. This strategy
is classical for Lebesgue measure on R™, where the Schwartz space S(R™) provides
an anchor and the tempered distributions S’(R™) provide an ambient space in which
many duals can be realized. Here we show that, under appropriate hypotheses, the
same idea can be carried out for a generic Borel measure p on R™ by using the
restricted Schwartz space S|r on I' = supp(u) as anchor and its continuous dual
(S|r)" as the ambient distribution space on T.

Our abstract compatibility theorem is given in Section 2. The measure-theoretic
construction of the anchor embedding S|r < L, (u) is given in Section 3. In Section 4
we apply the abstract scheme to the trace operator mapping Bessel potential spaces
Hy (R™) into function spaces on a d-set I': there the key insight is that the realized
dual (tr}.)* reduces to the restriction of a single, s-independent operator 7’ : (S|r)" —
S'(R™), making compatibility across different regularity levels trivial. Additional
remarks connecting (S|r)" with the classical identification operator idp of Triebel
are collected in Appendix A.
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2 Abstract Framework via Anchor Spaces and Realiza-
tions

Throughout this paper, for any topological vector space X we write X’ for its contin-
uous dual, i.e. the space of continuous linear functionals from X intoC. If T : X — Y
is a continuous linear operator between topological vector spaces, we denote by

T:Y — X', T'(y) =9 oT,

the induced operator on continuous duals. We refer to 7" as the dual operator (or,
equivalently, the transpose on continuous duals).
We recall the following basic result and proof.

Proposition 2.1. Let X,Y be topological vector spaces and let B : X — Y with
dense range, i.e. E(X) =Y. Then the dual map

E:Y — X', E'W)=yoE,

is injective. Equivalently, one may identify Y' with a linear subspace of X' via
restriction.

Proof. If E'(y') = 0, then ¢y vanishes on E(X). Since ker(y’) is closed in Y and
E(X) is dense, 3 vanishes on Y, hence y' = 0. O

This justifies the following definition and identification:

Definition 2.2. Let ® and X be topological vector spaces and let i : ® — X with
dense range. For ¢ € X', define its realization in ®' by

0 =i(0) =g € D

We denote by X* C @ the image i'(X’) and identify X’ with X*. And we also call
X* the realization of X’ in @’.

A space ® as above will be thought of as the anchor space for a scale of linear
superspaces of it, in the sense that the duals of all those superspaces can be identified
with linear subspaces of @', in accordance with the definition above.

Next we state and prove our abstract compatibility theorem for dual operators
between two scales as above. The proof uses only standard arguments, but it is
useful to have both the statement and the proof for reference.
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Theorem 2.3. Let ©1, Py, Iy, Fy, G1, Go be topological vector spaces and
(1)1‘—>F1‘—>G1, (I)Q‘—>F2‘—>G2.

Assume that ®1 is dense in both I and G1, and that ®9 is dense in both Fy and
Gs.

Let T : Gi — G2 be continuous linear, and assume that its restriction T|p, :
Fy — F5 s also continuous.

Let F},G7 C @) and F5,G5 C @), be the realizations of F{,G) and Fj, G,
respectively, in the sense of Definition 2.2. Define the realized dual operators

T : G5 — 1, (T|p)" : F5 — @}
by
* ok * * (% *
T*(g5) = (T"(92))"s  (TIm)"(f3) = ((T|r)(£2))",
where g5 € G and f5 € Fy are the unique elements whose realizations are g5 and

f5, respectively.
Then the restriction identity holds:

" = (Tlr)*

G3”

Proof. Step 1: G sits inside Fj. Since P9 is dense in Go and ®9 — Fy — Go,
the image of F5 in (G9 contains the dense subset ®9, hence Fy is dense in G5. By
Proposition 2.1 applied to the embedding F5 — G5, the transpose map identifies
GY, with a subspace of F} (by restriction). Passing to realizations in @, this yields
a canonical inclusion

G5 C Fy.

Thus the expression (T'|r, )*|g; is meaningful.

Step 2: Well-definedness of 7% and (T'|r )*. Take g5 € G5. By definition
of realization and the density of ®9 in Gg, there is a unique g5 € G such that g5 =
(g5)*; then T"(g5) € G} and, since ®; is dense in Gy, its realization (77(g5))* € @)
is well-defined. This defines T*(g3).

Similarly, for f5 € Fy there is a unique f} € F} with f3 = (f5)* (by density of
®9 in Fy), then (T|g,)'(f5) € F| and, since ®; is dense in F}, its realization lies in
®). This defines (T'|r )*(f5)-

Step 3: Equality on G5. Let g3 € G5 and let ¢ € G, be the unique element
with g5 = (¢4)*. We show that T*(¢3) = (T|r )*(g5) in @) by comparing their values
on ¢ € ®;.

On the one hand, by definition of realization,

T"(g5)(9) = (T"(92))"(¢) = T"(92) () = ga(Tp),



Dual Compatibility for Measure-Driven Scales 113

where ¢ is viewed in G via ®; < (1. On the other hand,

(T1)*(95)(0) = (T7)'(95) " (0) = (T|1) (93)(©) = g5((T] 1)),

where now ¢ is viewed in F} via ®; < Fj. Since T|p, is the restriction of T'
to F1 and ®; C Fy C Gy, we have (T|p)p = Ty, hence the two expressions
coincide for all ¢ € ®1. Therefore the two realized functionals in @) are equal, i.e.

T*(g5) = (T|r)"(95)- =

Remark 2.4. Theorem 2.3 does not require choosing pivot spaces. In applications
one may introduce pivot dual pairs (e.g. (Ly(p), Ly (1)) for 1 < p < oo, or just the
pivot space La(p) when p = 2 and then consider a corresponding so-called “Gelfand
triple”) to obtain explicit identifications of certain duals and explicit formulae for
their action. This is additional structure that can be useful for interpretation but is
not logically required for the abstract compatibility mechanism.

3 Embeddings Associated with a Uniformly Locally Fi-
nite Measure

Let u be a Borel measure on R™ and let I' = supp(u). We follow Triebel [4, Ch. 1]
regarding conventions in measure theory. In particular, in calling a set function
p: P(R™) — [0, o0] satisfying u(@) = 0, monotonicity, and countable subadditivity
a measure (often called an outer measure in other texts) on R™. And then a Borel
measure stands for a measure for which all Borel sets are p-measurable (in the sense
of Carathéodory).

Let S(R™) denote the Schwartz space and define

Slr = {¢lr: p € SR")}.

We equip S|r with the locally convex topology generated by the seminorms py|r,
N € Ny, with

pnIr(elr) == inf{pn(¥) : ¥ € S(R"), ¥[r = ¢lr}, ¢lr € Sr,

where, as usual,

pn () == sup (1 + |z|)¥ Z 0%y ()], € S(R").

z€R™ la|<N

We shall assume a uniform local finiteness hypothesis on our measure p, so for
ease of reference let us state it as follows:
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Hypothesis 3.1 (uniformly locally finite measure). There exist 79 > 0 and ¢ > 0
such that for all z € T,
w('N B(z,m)) <ec.

Of course, assuming such an hypothesis is equivalent of assuming it with “all
x € R" instead of “all x € I'”, for possible different constants rg or c.

Lemma 3.2. Assume Hypothesis 3.1. Let 1 < p < co. Then we have for any N > %
that

/(1 1) NP dpu(z) < oo,
I

Proof. Step 1: Fix R > 0 and set

o 10
0: \/’ﬁ
Consider the cube @ := [~ R, R|". Each coordinate interval [—R, R] can be covered
by
2R
mp = liJ +1
S0

intervals of length sg, hence ) can be covered by at most Mg := m/; axis-parallel
cubes Q1,...,Qumy, of side length so. Moreover,

9R  \n
MR:mﬁ§<g+1) < Co(1+ R)™,

for a constant Cj depending only on n and ry (since sgp = r9/y/n).
FTNQ; =0, then p(I' N Q;) = 0. Otherwise, choose v; € I' N Q;. For any
x € ; we have

|z — ;| < diam(Q;) = Vnsg = 7o,

so that QQ; C B(v;,r0). Hence, by Hypothesis 3.1,

uw(I'NQ;) < u(I' N B(vyj,m0)) < c
Summing over j and using B(0, R) C Q gives

Mg
pTNBO,R) <puTNQ) <> ulNQ;) < Mre< Ci(l+R)",
j=1

with C1 := ¢ Cy.
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Step 2: Decompose I' into dyadic regions:
o
r=(nBo1) U |/ (F N{2F < |z| < 2k+1}).
k=0
Then

(1 + |z~ du(z).

/(1 + |2)) "M dp(z) < (I N B(0,1)) + Z/
) = ¥ TN{2F << 2k+1}

On the region {2% < |z| < 281} we have (1 + |z|)~VP < (2¥)~NP, hence

/ (14 [ol) N da(w) < 275V7 (T 0 B(0,2"41)).
n{2k<|z|<2k+1}

Using Step 1,
(T N B0,281) < O (1 + 2FH)n < 0y 2k

for a constant Cs depending only on n, rg and c¢. Therefore
oo
[ 412D dua) < u(T 0 BO,1) + €y 3o 2 ),

r k=0
The geometric series converges whenever Np > n, from which we conclude. O
Proposition 3.3. Assume Hypothesis 3.1. Let 1 < p < co. Then S|p < Ly(n).
Proof. Let o|r € S|r, and let ¢ € S(R™) be any extension with ¢|r = ¢|p. Then
[v(z)| < pn(0)(1 4+ |z])~N for all x € R™, hence

oIl = /F ()P du(x) < py ()P /F (1+ [2)) M dp(z), N € No.

n

Choosing the N greater than » and taking p-th roots and the infimum over all
extensions ¢ yields, with the help of Lemma 3.2,

lelrllz,) < CPpwle(plr),  with C = /F(l + [2) P dp(z) < oo,

which proves embedding and continuity. O

Corollary 3.4. Assume Hypothesis 3.1, let 1 < p < oo, and assume also that S|r
is dense in Ly(p). Then (Ly(p)) can be realized within (S|r)’ in the sense explained
in Definition 2.2.
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Proof. By Proposition 3.3, S|r < L,(u). By assumption, S|r is dense in Ly (u).
Therefore we have all that is needed to apply Definition 2.2. O

Remark 3.5. In the setting above, the Borel measure p is assumed to be uniformly
locally finite (Hypothesis 3.1) on R™, therefore also locally finite there. If, in addition,
i is Borel regular in Triebel’s sense, meaning that for every A C R™ there exists a
Borel set B C R™ with

ACB and pn(A) = u(B),

then Triebel’s Proposition 1.4 in [4] yields that u is a Radon measure on R™.

For Radon measures, one has the standard approximation of measurable sets by
compact and open sets. This allows one to repeat the density argument used by
Triebel (see the proof of [4, Theorem 3.8]) to show that D(R™)|r (and hence S|r) is
dense in Ly(p).

That is to say that Corollary 3.4 applies in the case of Borel regular and uniformly
locally finite measures ¢ on R™. This includes, for example, the classical Lebesgue
measure on R™. It also includes, more generally, Borel regular measures p such that
there exist d € [0,n] and ¢z > 0 with

w(T N B(y,7)) < ear, vyel, 0<r <1

Notice that if, in addition, the corresponding lower estimate holds, we recover the
case of measures supported on d-sets in the sense of Triebel [3] (see also [2]). In such
cases those measures are essentially the same as H%|r, see [4, Theorem 3.4].

Remark 3.6 (Integral representation of the realized dual). By Corollary 3.4, every
A € (Lp(u))" gives rise to a continuous linear functional on S|r, namely Ag).. Thus
(Lp(p)) is realized abstractly inside (S|r)’ by restriction.

Writing p’ for the conjugate exponent of p, with the convention p’ = oo when
p = 1, since p is o-finite under the standing assumptions, the classical duality
theorem yields that for each A € (L,(p))’ there exists g € L,y (p) such that

A(f) = /ngdu, f € Ly(p),

this g being uniquely determined as an element of L, (x). In particular, the restric-
tion of A to S|r can be written concretely as

sOH/Fsogdm @ € S|r.

Further connections with the classical identification operator viewpoint in S'(R™)
are collected in Appendix A, part I.
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4 Application: Trace of Bessel Potentials on d-Sets

We now apply the abstract compatibility theorem to trace operators on d-sets, using
trace spaces defined directly via the trace operator following [1].

4.1 d-sets and the trace operator

We recall from [4, Definition 3.1]:

Definition 4.1 (d-set). Let n € N, let I" be a set in R”, and let 0 < d < n. Then
I' is called a d-set if there exists a Borel measure p in R™ with the following two
properties:

(i) supp p =T}

(ii) there exist constants ¢; > 0 and ¢z > 0 such that for all v € I' and all » with
0<r<l,

crr? < p(B(y,r)NT) < eprt.

As noted in Remark 3.5, a d-set measure pu satisfies Hypothesis 3.1 and is Radon,
so that all the conclusions of Section 3 apply.

Throughout this section we fix a d-set I' C R” with 0 < d < n, 1 < p < o0,
and write L,(I") with the same meaning of L,(u), for the corresponding measure .
Moreover, spaces denoted by a letter B or a letter H will stand for Besov spaces
and Bessel-potential spaces, respectively, for the appropriate parameters visible in
each case (cf. [3], where FJ,(R") there coincides, up to equivalence of norms, with
our H;(R") here).

By [1, Proposition 6.2] (based on [4, §18]), the restriction map ¢ — ¢|r on S(R")
extends to a continuous surjective operator

n—d

trr : Bpfl’ (R™) = L,(T), (4.1)
and there exist constants ¢, co > 0 such that

e[l fll,my < inf{\lgHBnTjd(Rn) ttrrg = f} < allfle,a,  f€ L)

p,1

In other words, trr induces a linear and topological isomorphism between the quo-

n—d

tient space B, 7 (R")/ ker(trr) and Ly(T).
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4.2 'Trace spaces on I

n—d n—d

For s > 0 we have H;+T(R") — BZ: (R™) (see [3, 2.3.2]), so trp is well defined

n—d

. s+
and continuous on H, * (R").
Definition 4.2 (Trace space on I'). For s > 0, define

s s+224 on
Hy(T) := trp(H, R")),
endowed with the norm

d

. stos=d
1 fllzsry == inf {]|g]] =t g€ Hy " (RY), trrg= f}.
Hy (R™)

_;,_L*d
inherited from the quotient norm in H; ? (R")/ker(trr| ,,n—a ), to which
H, 7 (R")
H(T') is linearly isomorphic.
This is the space HJ o(I") of [1, Definition 6.3]. With this norm, H}(T') is a
Banach space and the restricted trace

s n=d

pi=trp | Laa  Hy 7 (RT) = H(T)
Hy T (Rn)

is continuous and surjective by construction.

4.3 Embedding chains and density

Fix s’ > s > 0. On the source side,

/4 n—d —d n—d

SR") < Hy ? (R") < H, * (R") = BT (R"),

with S(R™) dense in the other three spaces of this chain (see [3, 2.3.3]).
On the target side,

Slr < H3 (T') < H3(T) < Ly(I). (4.2)

These follow from the corresponding embeddings on R" via the quotient-norm con-

; . ; ST n 5T ny ; ; s’ s .
structions: for instance, H) (R™) — H, (R") implies H (I') < H(I"); and

s+ n—d

S(R™) — H, " (R") implies S|pr — Hgl (T"), since for any ¢|r € S|r,

/4 n—d +n7d

ol < jnt o]
PES(RM)

oy n=d < Cpnlr(elr)
wy T @)
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for an appropriate seminorm py|r of S|r; for the last embedding Hy(T") < L,(I'),

n—d —d

+ n—a
besides H; " (R") = B,7 (R") we have also to use the left estimate stated after
(4.1).
We also easily get from the density properties on the source side and the sur-

jectivity and continuity of trf«/, tr{, and trr that S|r is dense in all the other spaces
n—d

. . s+ .
shown in (4.2): e.g., for any f € HJ(I") there exists g € H, * (R") with try.(g) = f;

n—d

+
approximating g by a sequence (pg)r C S(R™) in H; P (R™) immediately gives
that @r|r — f in H(T).

4.4 Compatibility of duals for the trace

The key observation is that the restriction of tr{ to S(R™) is simply the pointwise
restriction map r : S(R") — S|r, r(¢) = ¢|r, regardless of s > 0. More precisely,
denoting the embedding from (4.2) by j : S|r < H(T'), one has tr{(¢) = j(|r) for
all p € S(R™).

We apply Theorem 2.3 with the choice

gt n=d
O, =F =SSR, G =H ' R,

By = Fy = S|p, Ga = H3(T),

and T = tr{ : G1 = Ga. The restriction T'|f, : S(R™) — S|r coincides with r, which
is continuous since py|r(r(¢)) < pn(p) by definition. All density and embedding
conditions have been verified in the previous subsection. Since ®1 = F; and &5 = F,
the realized dual (T'|f,)* reduces to

r':(S|r) — S'(R™),
and Theorem 2.3 yields:

Corollary 4.3. Let I" be a d-set in R™ with 0 < d < n, let 1 < p < oo, and let
s > 0. Then
sS\x __ ./
()" = 7’| -
where (H3(T'))* C (S|r)" is the realization of (H;(T'))" in the sense of Definition 2.2.

Since 7’ is independent of s, the compatibility between different regularity levels
is immediate:

Corollary 4.4. Under the same hypotheses of the previous corollary, for any s’ >
5> 0,

(03)" = (08" gy oy
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Proof. By (4.2), H3 (T') — H3(T") with S|r dense in both, hencel(Hz(F))* C (H5(I))*
(cf. Step 1 in the proof of Theorem 2.3). Both (tr.)* and (trf.)* equal r’ restricted
to their respective domains by Corollary 4.3, so the restriction identity follows. [

Remark 4.5. Since H)(I") < L, (I") with dense range, Proposition 2.1 gives (Ly(T"))*
(H3(T))*. In Appendix A, Part IT, we show that, restricted to elements of (L,(I"))*,
(tr}.)* coincides with the classical identification operator idr of Triebel (see the Ap-
pendix for the precise formulation).

Appendices

A The dual of the trace and the identification operator

This appendix connects the intrinsic distribution space (S|r)" to the classical iden-
tification operator idr of Triebel (cf. [5, §9.2] and [4, §18, Eqn. (18.6)]), and then
shows how the dual of the trace extends idr in the sense of [1, Remark 6.16].

Part I: Factorization of idr (general setting)

We assume the hypotheses of Corollary 3.4: p is a Borel measure on R” satisfying
Hypothesis 3.1, I' = supp(p), 1 < p < oo, and S|r is dense in L,(p). We write p/
for the conjugate exponent of p (p’ = oo when p = 1).

Consider the two canonical maps:

e The inclusion i : S|r — Lp(p) with dense range (Proposition 3.3 and the
density assumption). Its dual

i (Lp(p)) — (SIr)'
is injective by Proposition 2.1.

e The restriction map r : S(R") — S|, 7(¢) = ¢|r, which is continuous and
surjective. Its dual

r: (S|r) — S'(R"), r'(u) =uor,
is injective by Proposition 2.1.

By Remark 3.6, every A € (L,(p))’ is represented by a unique € Ly(p) via
A(f) = [p f gdu. We write Ay for this functional and Iy : Ly (1) — (L u)) for the
canonical isometric isomorphism with Iy (g) = A,.
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Proposition A.1. Under the assumptions above, for any g € Ly (1) and ¢ € S(R™),

(7 0 ) (Ag)) () = /F () 9(7) ).

Proof. We compute:

(07 2 )(A)) () = #(85) () = (A (elr) = Ay iCelr)) = [ ) 9(3) e,

r

where the last step uses that ¢ is the inclusion map. O

The right-hand side is precisely how one defines the classical identification oper-
ator:

(idrg)(¢) = /Fw('y)g(v)u(dw g€ Ly(p), ¢eSER).
Hence Proposition A.1 gives the factorization
idr = " oi o Iy.

The introduction of (S|r)’ thus separates the identification operator into two natural
steps: an intrinsic realization on I' (via ¢') and an injection into S'(R™) (via 7).

Part II: The dual of the trace extends idr (specialization to d-sets)

We now place ourselves in the setting of Section 4: I is a d-set with 0 < d < n,
1 <p<oo,and s > 0.

Since H)(I") < Ly(I") with S|r dense in both (cf. Subsection 4.3), Proposition 2.1
yields the canonical inclusion (L,(I"))* C (H)(T"))* C (S|r)".

Let g € Ly(T') and let Ay = Iy(g) € (Lp(T)) be the corresponding functional.
Its realization in (S|r)" is A; = i'(Ay), where i : S|p < L,(I') is the inclusion from
Part 1. Since A} € (L,(T))* C (H3(T))*, Corollary 4.3 gives

(trp)*(Ag) = r'(Ag) = '(I'(Ag)) = (oo Ly)(g) = idr(g),

the last equality being the factorization from Part I. This confirms [1, Remark 6.16]:
the dual of the trace extends the identification operator.

Since the computation is manifestly independent of s, the identity (tr{)*(A;) =
idr(g) holds for every s > 0. Note that the “for every s > 0” aspect of this identity
is also consistent with Corollary 4.4, which guarantees that once the identity is
established for a single value of s, it automatically extends to all others.
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