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1 Introduction

The main necessary condition satisfied by a solution u to a variational problem is
the Euler-Lagrange equation: this equation is the starting point to establish further
regularity properties of the solution, as the higher differentiability of the solution
itself. However, in spite of the importance of this equation, its validity for the so-
lution to a general variational problem is yet to be established, in particular for
functionals having fast growth, and progress in this area is slow. Recently, Degio-
vanni and Marzocchi [2], with a clever construction of the variations to be used in
the problem, succeeded in proving the validity of the Euler-Lagrange equation for
variational problems of the kind

minimize/ L(Vv(z))dx on u + Wol’l(Q) (1.1)
Q

where  is an open subset of RY and ¢ — L(£) is a convex and differentiable
function, under the assumption of the local boundedness of solution w.

Considering the problem of the validity of the Euler-Lagrange equation from a
different point of view, in [1], the authors introduced a method to avoid the assump-
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tion of differentiability of the convex function L to establish the validity of the Euler-
Lagrange equation. This method is based on the application of the Hahn-Banach
and of the Riesz Representation theorems, and, so far, required the Lagrangian L,
appearing in the functional to be minimized, to grow at most exponentially.

The purpose of the present paper is to bring together the different techniques of
[2] and of [1] and to prove the validity of the Euler-Lagrange equation (in the form
that will be discussed below) for problem (1.1), assuming the fast growth of L but
without assuming differentiability.

2 Notations, growth assumptions and the statement of
the main result

We consider RY with the Euclidean norm |- | and unit ball B. The ball about 0 and
radius R is RB. The unit vector of the j-th coordinate axis is e;. Given a closed
convex K C RN, by my we mean the unique point of K of minimal norm and by
| K|| we mean sup{|k| : k € K}. 14(-) is the indicator function of the set A and wy
is the volume of the unit ball. f* is the polar or Fenchel transform [3] of f. Without
loss of generality, we shall assume that L takes values in R*. 9L is the subdifferential
of the convex function L. Under the assumptions of the present paper, d¢L(§) is
a non-empty compact convex subset of RY and the map & — O¢L(&) is an upper
semicontinuous set valued map. Given a solution u, the shorthand notation Dy, (z)
means the set Jg L(Vu(z)).

A solution u to problem (1.1) is a function v in W (€2) such that [, L(Vu(z)) da
< 400 and such that

/ L(Vu(z)) de < / L(Vo(x)) d
Q Q
for v in u -+ W1(Q), where the integral at the right hand side can assume the value
+00.

In what follows it is essential that conditions be provided in order to make sure
that the solution u is in L7S (€2). The following form of the Sobolev imbedding
Theorem is classical: assume that, for some positive k, we have

1 p
L(§) = k;\ﬂ (2.1)

with p > N. Then, L(Vu) € L} () implies that u is continuous, hence that
u e L2 (2).
Since, for the purpose of the present paper, only the local boundedness of u is

required, we shall instead assume the following condition.
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Growth condition (GC). There exist a function L : R — R, 1(0) = 0, such that
L(§) =z L([¢]) and

IL*( ) -tV dt < oo (2.2)

o+ tN_l

Proposition 2.1. Let L satisfy (2.1), then it satisfies (GC). Moreover, there exists
L satisfying (GC) but not (2.1).

Proof. We have
(e = (k1) (= =k (21-17) () =il

With%—i—%: 1, so that (N —1)(¢ — 1) < 1 and

110 1 110 1
- - GN=1 g4 — il - -
] ‘I/o (thl) T dt ] CJ/O D@D dt < oo,
so that (GC) holds. Conversely, let > 0, N = 2 and define

ity — 2
L*(z]) = Wa

so that, for 0 < 0 < 1,

1) 1)
1 1 11
L*(- tdt:/ =
/0 &) o t(|Int[)H+r r (| Int])”

and set L(z) = L(|z|) = L**(|z|). We claim that for no £ > 0 and p > 2 we can have
L) > k%|§]7’ for all £. Assume that such k and p exist. We have

)

o,

<
0

ER 1 ) 1 "] 1 |z
— =1L < k=] =k(—|-] —)=k—(—)1
e =L 0D < (k1) b=k (1P ) (G =k (D)
with ¢ < 2, a contradiction. O

The following is the local boundedness result.

Theorem 2.2. Let L be convex and satisfy Condition (GC). Let u € WH1(Q) be
such that [, L(Vu(z)) dz < +o00. Then, u € L2 ().

loc

Proof. Set My = [, L(Vu(z)) dz. Fix an open w CC Q and let h be such that, for
every x € w, B(z,2h) C Q. Set My = foh I[J*(tl\,l_l)t]\[_1 dt. Let (pn) be a sequence
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of standard mollifiers with support in B(0, %), with % < h, and, on w + hB, set
Up = pn * u. Then, u, — u in L' (w + hB) and

/ L(Vuy(x))dx = / / y)Vu(r —y) dy) dz;
w—+hB w+hB

by Jensen’s inequality,

/ L) e < / . /| o, PRV =) dy

— /B(O | pn(y) /wMBL(Vu(x—y))dxdy < /Bmm Pn(y)/QL(Vu(a:))dxdy—Ml_

n

In particular, we obtain that [, IL(|Vu,(x)|) de < M.
Fix arbitrarily x € w and consider polar coordinates with the origin in x. We
have

Up () = un(0,0) = uy(r,6) — / iun(t, 0) dt;
o dt
hence, for 0 < r < h,

h
()] < |tn(r, 0)] +/0 Vun(t, 0)| dt

so that

h h
/ / N, ()| dr dHV L < / / Ny, (r, 0)| dr dHN 1
aB(0,1) Jo 9B(0,1) Jo

h h
+/ / rN_l/ |Vun(t,0)| dtdr dHN 1.
aB(0,1) Jo 0
We obtain

[ (@) RN wy < /

hN h
Iun(y)!dy+N/ /Wun(r,e)(deN—l (2.3)
B(x;h) 8B(0,1) J0

Multiply and divide the final integrand by V=1 = |z — y|¥~! to obtain
BN
N
By polarity,

[Vun(y)] / / . 1
VU g < L(|Vun(y)]) dy + Lf(—— ) dy
/B(z,h) |z —y|N-1 B(a,h) (IVen (@)D B(a,h) (!3«“ —ylV 1)

hY [Vun(y)|
YV, (r,0)|dr dHN 71 = — VI g,
8B(0,1) / ) N Jpnw |z =yl
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h

1

<M +/ / L*(——)tV tdt dHN N < My + MyNuwy.
8B(0,1) Jo t

In addition, since u, — u in L'(w + hAB), it is bounded in L!(w + hB): there
exists M3 such that fB(a: h lun(y)| dy < Ms, any x € w + hB. Then, (2.3) yields

1 A
‘un(.%')’ < hNWN <M3 + F[Ml + MQNCL)N]) =K

and the right hand side is independedent on x, hence the estimate holds on w. A
subsequence of the (u,) converges to u pointwise almost everywhere, so that almost
everywhere on w we have

u()| < K.

O

In the case where L is not necessarily differentiable, the suitable form of the
Euler-Lagrange equations satisfied by a solution u to problem 1.1 should be: There
exists p(-) € (L ()Y, a selection from OL(Vu(-)), such that divp(-) = 0 in the
sense of distributions. The main purpose of the present paper is to prove the fol-
lowing theorem. In its statement, a condition on the size of L appears; when L is
differentiable, this condition is always satisfied taking hg =0 and h; =1

Theorem 2.3. Let Q be an open subset of RN ; let L : RN — R be convex, and let
the growth condition (GC) be satisfied. In addition, assume that there exist two non-
negative constants ho and hi such that, for every £, we have supycor ) < k,§ ><
ho + hi|infreprey < k,§ > |. Let u be a solution to problem (1.1). Then there
exists p € L} (Q), a selection from the map v — OL(Vu(x)), such that, for every

loc

n € CX(R), we have
[ ote). vatenaz <o

3 The construction of variations and preliminary results

The main difficulty in proving the validity of the Euler-Lagrange equation for integral
functionals with fast growth lies in the fact that, given a solution u and a variation
n € C(Q), in general the map x — L(Vu(x) 4+ Vn(x)) is not in Li, (92). This fact
requires a more careful construction.

Let n € C°(Q) and let K be a compact subset of Q with supt(n) C int(K).
Since u € LS (£2), there exists R > 0 such that |u| < R on K. Following [2], consider

loc
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the following families of variations: for every ¢ > 0, set:

max{tn(zx) — R,u(z)} if zeK
v(z) =< u(x) if zeQ\K (3.1)

and
min{tn(z) + R,u(x)} if ze€K
v (x) =< u(z) if zeQ\K (3.2)

Let A be an open bounded subset of 2 such that K C A: we recall that W1P(A),

with 1 < p < 00, is a lattice-ordered Banach space, and we have vy, v, € u+W01’1(w)ﬂ
Lf® (w) for every w CC A, and

loc

Vu(z) if u>tn—RVzeQ\K
Vo(z) =< tVn(x) otherwise (3.3)

Vu(zx) if u<tn+RVzeQ\K
Vo (z) =< tVn(z) otherwise . (3.4)

From the above remarks, it follows that L(V#;) and L(Vuv,) belong to L1(€2).

Let K be a compact subset of Q and let K/, K” be two additional compact
subsets of 2 with K C int(K’) C K’ Cint(K"). Choose R so that |u| < R on K".
Define the following variation v: let ¥ € C2°(£2) be such that 0 <9 <1on Q,9¥ =1
on K and ¥ = 0 on 2\ int(K') and set

max{R(2¢(z) — 1),u(z)} if xze€ K’
v(z) =< u(x) if zeQ\K' . (3.5)

Then, as noted previously, L(Vv) € LY(Q) and v € u + Wol’l(Q) NLY ().
Finally, consider the following variations. Let K, K', K” and 1 as before.
Let R > 0 be so large that, for any 1 < j < N, we have R(2¢(x) — 1) + z; > v on

K and R(29(z) — 1)+ z; <won K"\ int(K'). For 1 <j < N, set

max{R(20(z) — 1) + z;,u(z)} if zeK'
vi(z) =< u(x) if zeQ\K' (3.6)
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Let R > 0 be so large that, for any 1 < j < N, we have R(2¥(z) — 1) —z; > u on
K and R(29(z) — 1) —z; <won K"\ int(K') and set

{ max{R(20(z) — 1) — zj,u(z)} if zeK’
u(x) if zeQ\K' (3.7)

Again, v;-r, vy €ut Wol’l(Q) NLe

loc

(©2) and both L(ij) and L(Vv;) are in LY(Q).
In particular, we have that, on K’, Vv;-r = e, and Vv; = —e;j.

Recall that Dp(x) is the set 9¢L(Vu(x)). In what follows we shall need the
following main Lemma.

Lemma 3.1. Let u € VV;)C1 (Q) be a solution and v € VVZZCI(Q) be such that L(Vv) €
LY(Q). Then:

1. Supgep, ) <k, V(v —u) > eLY(Q)

2. / sup < k,V(v—u)> dz >0.
Qk‘EDL(:E)

Proof. Since L is convex, it follows that for every ¢ € [0, 1]

L(Vu+t(Vv — Vu)) < L(Vu) + t[L(Vv) — L(Vu)] (3.8)
so that L(Vu + t(Vv — Vu)) € LY(Q). Rewrite inequality (3.8) as

%[L(Vu +H(Vo — Vu)) — L(Va)] < L(Vo) — L(Va) (3.9)
and, in particular,

(% [L(Vu + H(Vv — Vu)) — L(Vu)])+ < (L(Vv) - L(Vu))+.
+
Since L(Vv) — L(Vu) € L(9), then (L(Vv) . L(W)) € L1(Q) and
(% [L(Vu+ (Vo — Vu)) — L(vu)])+ c1LH(Q) (3.10)

+
Since (see [3]) (% [L(Vu+t(Vv—Vu)) — L(VU)D converges pointwise decreasing

to supiep, (@) <k, V(v —u) >)T, applying the dominated convergence theorem, we
obtain

/( sup <k, V(v—u)>)" = lim (E[L(Vu + (Vv — Vu)) — L(Vu)])+.
Q keDp(x) t—0t+ Jo t

(3.11)
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On the other hand, by Fatou’s lemma we also have

/( sup < k,V(v—u)>)" < lim (% [L(Vu+t(Vv—Vu)) — L(Vu)])
Q keDy (z) t—0+ JQ

thus

/ —( sup <k, V(v—u)>)" > lim —(%[L(VU—{—t(VU —Vu) — L(Vu)])i
Q

keDy(z) =0t Jq

and, combining (3.11) and the above inequality, we obtain

1
V(v— > i [L(Vu+t(Vo—Vu)) = L(V 12
/QkESDuLp(J:) <k Vio—u) > t—>1r(§l+ Q(t [ ( uti(Ve u>) ( U)]> (312

4 Tm _G [L(Vu+ (Vo — V) — L(W)])

t—0t+ Jo
— 1
= t1_1>r(1)r£r 1 [L(Vu+t(Vv —Vu)) — L(Vu)].

Since u is a solution, [, L(Vu)dz < [, L(tVv + (1 — t)Vu)dz for every t € [0, 1],
thus proving assertion 2 of the Lemma.
We have shown that

/( sup < k,V(v—u)>)" < /( sup <k, V(v—u)>)". (3.13)
Q kEDL(iﬂ) Q kEDL((E)
As we have noticed,

1
lim = [L(Vu+t(Vo—Vu)) — L(Vu)] = sup <k, V(v—u)>
t—0+ 1 keDy (z)

and, from (3.9), we obtain

sup < k,V(v—u)> < L(Vv)—L(Vu) € L1(Q)
kEDL(:E)

that gives

((sup <k, V(v—u)>)" < (L(Vo) - L(Vu)" e LY(9Q)
k€D (x)

hence ( sup < k, V(v — u) >)Jr € LY(Q), which combined with (3.13) gives
kGDL((E)
assertion I
sup <k, V(v—u) > LI(Q) (3.14)
kGDL(x)

and the proof is complete. O
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We shall also need a variant of the Riesz Representation theorem:

Theorem 3.2. Let D be a map from § to the closed convexr non-empty subsets of
RB such that v € (L°°(Q))" implies that the map T = Mp(y)—v(z)) 15 Measurable;
let T : (L'(2))" — R be a linear functional satisfying

ﬂ@s[}m@f@@»m (3.15)

Then there exists p € (L>°(Q))", p(x) a.e. in D(x), that represents T, i.e., such that

ﬂ@=4<ﬂmam>m (3.16)

A proof can be found on [1].

4 The proof of Theorem 2.3

Proof. a) Let n € C°(Q2) be arbitrary and let v; and v, be defined as in (3.1) and
(3.2). Applying Lemma 3.1 to these variations we obtain

sup <k, V(5 —u) > LY(Q); / sup <k, V(o —u) > dzr >0 (4.1)
k‘EDL(.Z’) Q k‘EDL(.Z’)

and

sup < k,V(v; —u) > e LYQ); / sup < k,V(vy,—u)>der >0.(4.2)
kJEDL(w) Q kJEDL(JJ)

For t > 1 consider the set A; = {77 > #} N K; since u > —R on K, we have

that n(x) > 0 for € A, hence that Vi = V(n*) and A; C supt(nt). Moreover,
tn— R > uin Ay, so that, for x in A;, we have v, = tn— R while, in Q\ A;, v, —u = 0.
Then, (4.1) yields

1 1
/ sup < k,Vnp—-Vu > d:r:/XAt sup < k,Vn—-Vu> dx >0.
Ay k€D () t Q keDy (z) 13

For t — 400, V1 — %Vu converges pointwise to V7 and, being ¢t > 1, on A; we have

1
| sup <k, Vn—-Vu>|<| sup <k, V(y,—u)>|
keDy (x) t keDy (z)
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and the map at the right hand side is in L!(Q2) by (4.1).
Since x4, converges t0 Xypi(n+), Py dominated convergence we conclude that

1
0 < lim sup < k,Vn—=-Vu> dx (4.3)
t—+o0 At k€Dy, (x) 13

:/ sup < k,V(nT) > dx:/ sup < k,V(nT) > du.
supt(nt) k€D () Q keDy (x)

Analogously, consider the set By = {77 < @}HK ; we have that v, = tn+ R in B;.
Through the same steps as before, we obtain

/ sup < k,V(-n")>dzx >0. (4.4)
Q keDp(x)

Add (4.3) to (4.4) to yield: for every n € C2°(Q),

/ sup < k,Vn>dr >0. (4.5)
QkGDL((E)

b) Choose arbitrarily K, a compact subset of €2, and pick K, K" compact subsets
of  such that K C int(K') C K' C int(K"). Let 9 € C°(2) be defined as
in section 3 and let v be defined as in (3.5). Apply Lemma 3.1 to v to obtain
SUPkep, (2) < K, V(0 —u) > € L1(Q), so that, in particular, (SUPkepy(z) < Kk, V(v —
u) >) € LY(K). Since Vv = 0 on K, it follows that SUPrep, (z) < k, —Vu >=
—infrep, (@) < k, Vu >€ L(K), hence that

inf <k, Vu>e LY(K);
kEDL(l?)
from our assumptions, (supjc Di@ < k., —Vu >)* is bounded by an integrable
function; let = be such that (supyep, (») <k, —Vu >)~ > 0; then
sup <k, —Vu> > inf <k, —-Vu>=—| inf <k, —Vu>|
keDL (x) keDr(z) keDy(x)

so that (supiep, (z) < k, Vu >)7 < |infiep, o) < k, —Vu > |, proving the claim.
Since K was arbitrary, we obtain

sup < k,Vu >€ L}, (). (4.6)
kEDL(.’L')

c) Let vj and v; be defined as in (3.6) and (3.7). We have

sup <k, V(v;f —u)>cLYQ) and sup <Kk, V(v —u) >€ LY(Q),
keDy (z) k€D (x)
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hence, considering fu;.',

sup <k, ~Vu+e; > LY(K)and sup <k, —Vu-—e; >eLY(K),
kGDL(LB) kGDL((E)

Since < k,ej >=<k,Vu >+ < k, —=Vu + ¢; >, it follows that

sup < k,e;j >< sup <k, Vu>+ sup <k, —Vu+e; > (4.7)
kEDL(x) keDy (x) kEDL(as)

and the function at the right hand side, f!, is integrable. Considering v; , we have

— inf <k,ej>= sup <k,—e; >
keDy (x) keDy (z)

< sup <k, Vu>+ sup <k, -Vu—e;>
keDp(z) keDr(z)

and the function at the righ hand side, f2, is integrable. Hence

—f2< inf <ke >< sup <ke ><f!
keDy(x) ! keDy (z) !

so that supep, (o) |kj| € L'(K). Since j was arbitrary, sup |k| € LY(K) and we
k:EDL(CC)
obtain

IDLO)] € Lie(€) (4.8)

d)Reinterpret sup < k,Vn > as (Ix)*(Vn); then, the conclusion of point a) can
keK
be stated as: for every n € C2°(2)

k
0 S/ sup < k,Vn> dx :/ sup < ——, [|Dp(2)||Vn > dz  (4.9)
QkeDy (x) QkeDy (x) DL ()|l

( oy ) (IDL@)]| V) d

DL @)l

_ / sup < h, |Dp(@)| Vg > dr = /
Q

Dp () Q
heTE @

and from (4.8) we have that | Dy (7)||Vn € L1(9).

Consider the map
[ (10 ) €
QN D@

(T oww )(©= s <hé> < swp [Hllgl =€)

)
—~
s
~—
I
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p(€) is defined on (L(£2))" as a convex, positively homogeneous map.
Consider L, the linear subspace of (L!(£2))" defined as

L={¢e LY Q)" : IeCX(Q) : £=|Dr(2)|Vn}

and, on L, the linear functional

T() =0.
Inequality (4.9) shows that, on L, T'(&) < p(£), so the Hahn-Banach theorem allows
us to extend T from L to (L*(Q2))", still satisfying T(¢) < p(€). (The trivial extension
of T'= 0, would not, in general, satisfy this inequality since p needs not be positive.)

e) Apply the variant of the Riesz representation theorem (theorem 3.2) to D =

Dy (x)
D ()]
the extension of 7' to (L!(Q))" (and in particular representing 7" on L), such that
p(z) € Hgiiggl\ a.e. on €, i.e. such that p(x) = % with p(z) € Dr(x). Hence,

for every n € C°(Q)

T(€)=0 = /Q < §(), | Do)V > do = /Q < p(e). Vi > dz (4.10)

and the map p(-) is a selection from O¢L(-,Vu(-)). This proves assertion 2 and
completes the proof. ]

and to the extension of T: we obtain that 3p € (L*°(Q2))™ representing
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