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1 Introduction

Let ©Q be a bounded domain in RY, N > 2, with a smooth boundary 0%, let
1 < p < 400, and let F be a multifunction from Q x R x RY into R with nonempty
closed values. Consider the Dirichlet problem

(1.1)

—Apu € F(x,u, Vu) in Q,
u=20 on Of),

where A, denotes the p-Laplace operator, namely
Apu = div(|VulP?Vu) Yu e Wol’p(Q).

A function u € I/VO1 P(Q) is called a (weak) solution to (1.1) provided that there exists
v e LV (Q), being p’ the conjugate exponent of p, satisfying v(z) € F(z, u(z), Vu(x))
for almost every x € (2 and

/|Vu|p_2Vu'de:c:/vwdx VwEWoLp(Q)'
O Q

This paper treats the existence of solutions to (1.1) by chiefly assuming that the
multifunction (z, z,w) +— F(x,z,w) is measurable in x € Q, lower semi-continuous
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with respect to (z,w) € R x R, and, moreover, fulfills a growth condition of the
type
inf  |y| < a(z) + ¥z, lw]), (z,2,w)€Q2xRxRY,

yeF (z,z,w)
where, roughly speaking, a € L? () while ) : RS x Ry — R is nondecreasing in
each variable separately. Various choices of ¢ are made and worked out in detail; see
Section 3. The technical approach we adopt basically combines Bressan-Colombo-
Fryszkowski’s Continuous Selection Theorem with Leray-Schauder’s or Schauder’s
Fixed Point Theorem.

Problem (1.1) exhibits at least two interesting features:

(1) Contrary to the most part of elliptic differential inclusions previously investi-
gated, here, the right-hand side is neither convex nor upper semi-continuous
and depends on the gradient of the solution. This does not allow the use of
variational methods for possibly non-smooth functionals, which instead have
been the main tools in numerous papers; see, for instance, [13, 10] and the
references therein.

(73) Despite (i), the involved differential operator, namely the p-Laplacian, turns
out to be fully variational.

As far as we know, there are not many existence results for lower semi-continuous
elliptic differential inclusions. Actually, we can only mention [2, Section 3], [3,
Theorem 2|, as well as [12, Theorem 3.1]. All of them deal with elliptic operators
in non-divergence form and require growth conditions more restrictive than those
adopted here.

Let us finally point out that, reasoning exactly as in [12], the results below might
be exploited to establish existence theorems for implicit elliptic equations of the type
f(z,u, Vu, Apu) = 0.

2 Preliminaries

Let X be a topological space and let V be a subset of X. We denote by V the
closure of V' while B(X) indicates the Borel o-algebra of X. If (X,d) is a metric
space, z € X, r > 0, and V # () then
B(z,r):={ze X : d(z,z) <r}, d(z,V):= in‘f/d(x,z).
zE
If X is a normed space then ¢6(V') denotes the closed convex hull of V. Let X and Z

be two nonempty sets. A multifunction ® from X into Z (briefly, ® : X — 2%) is a
function which associates to every x € X a nonempty subset ®(z) of Z. A function
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v : X — Z is called a selection of ® provided p(z) € ®(x) for all z € X. Given
W C Z, we define
O~ (W):={zxeX: d(x)NW #0}.

When (X, F) is a measure space, Z is a topological space, and for every open set
W C Z one has &~ (W) € F, we say that ® is measurable. If X and Z are two
topological spaces and &~ (W) is open in X for any open subset W of Z, then the
multifunction ® is called lower semi-continuous. When (Z,0) is a metric space, ®
turns out to be lower semi-continuous iff for every z € Z the real-valued function
z — 0(z,®(x)), = € X, is upper semi-continuous. When, moreover, X is first
countable, ® turns out to be lower semi-continuous iff for each z € X, {z,} C X
fulfilling x, — z, and z € ®(x) there exists {z,} C Z such that z, — 2z and
zn € ®(xy,), n € N. The monographs [1, 7] are general references on these subjects.

Let T be a nonempty, bounded, open set in (RY,|-]), the real Euclidean N-space,
let (Z,] - ||) be a real Banach space, and let s € [1,400). We denote by L*(T, Z)
the space of all (equivalence classes of) strongly Lebesgue measurable functions
w: T — Z such that t — ||w(t)||® is Lebesgue integrable. The norm in this space is
given by

1/s
lollperz = (/T ||w<t>u8dt) . we NI, 2).

When Z = R and there is no ambiguity, we simply write L*(T") in place of L*(T,R).
A nonempty set K C L*(T, Z) is said to be decomposable provided for every wi, wy €
K and every measurable set A C T one has

xawi + (I — xa)ws € K,

being x4 the characteristic function of A.

A basic relationship between decomposable-valued lower semi-continuous multifunc-
tions and continuous selections is established by the next result, usually called
Bressan-Colombo-Fryszkowski’s Continuous Selection Theorem; see [3, Proposition
2] and [12, Theorem 2.1].

Theorem 2.1. Let X be a separable metric space and let ® : X — 2L°(T2) pe
a lower semi-continuous multifunction with decomposable closed values. Then ®
admits a continuous selection.

From now on, € is a bounded domain in R, N > 2, with a smooth boundary
09, the symbol L£(Q2) (respectively, m(€2)) denotes the Lebesgue o-algebra (respec-
tively, measure) of 2, while W&’S(Q) indicates the closure of C5°(€2) in W15(Q). On

WOI’S(Q) we introduce the norm

1/s
ulls = (/ ]Vu(x)]sda:> L ue W9,
Q
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Let s* be the critical exponent for the Sobolev embedding I/VO1 #(Q) C L"(2). Recall
that

o Ns/(N —s) if s <N,
400 otherwise.
If s # N then to each r € [1, s*] there corresponds a constant ¢, > 0 satisfying
1
HUHLT(Q) <csllulls Vu e W ()
whereas, when s = N, for every r € [1,+00) one has
1,N
lullzr@) < ernllully,  we Wy (Q).
Finally, the embedding WO1 *(Q) — L"(Q) is compact provided 1 < r < s*.

Lemma 2.2. Let G : Q x R x RN — 28 be o closed-valued multifunction. Assume
that

(a1) G is L(Q) ® B(R x RY)-measurable,

(ag) for almost every x € Q2 the multifunction G(z,-,-) turns out to be lower semi-
continuous, and

(a3) there exist ¢,8 > 1, a € LY(QLRY), b,c > 0 complying with
sup |yl < a(z) + 0|z +clw]¥? in QxR xRV, (2.1)

yEG(JE,ZﬂU)

Then the associated Nemytskii operator G : WOI’S(Q) — 2L defined by
G(u) :={v e LI(Q) : v(x) € G(z,u(x), Vu(x)) a.e. in N} (2.2)
for allu € WOI’S(Q) takes decomposable closed values and is lower semi-continuous.

Proof. Pick any u € W,*(). In view of (a;) and [7, Theorem II1.23] the multi-
function  — G(z,u(z), Vu(x)) is measurable, because for any open set B C R one
has

{z € Q: G(z,u(x), Vu(z)) N B # 0}

= projo (G~ (B) N {(z,z,w) € A x Rx RV : z = u(x), w = Vu(z)}),
being proj, the projection map from Q x R x RY onto Q. Hence, the classical
Kuratowski and Ryll-Nardzewski Selection Theorem [7, Theorem IIL.6] gives a mea-

surable function v : @ — R such that v(z) € G(z,u(z), Vu(x)) for almost every
z € Q. Thanks to (a;) we obtain

ol oy < llallza@) + bllullietg, + el Vull g gry < +o0, (2.3)
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namely v € G(u) and in particular G(u) # (). A simple argument then shows that
G(u) turns out to be a decomposable closed subset of LI(€2).

Let us next verify that the multifunction G is lower semi-continuous. With this aim,
fix up € Wol’s(Q), v € G(up), as well as {u, } C Wol’S(Q) such that u, — up. Taking
a subsequence if necessary, this entails

up(z) = uo(x), |up(z)| <Il(z) ae. in €, (2.4)
Vun(xz) = Vuo(x), |Vuy(z)| <m(z) ae in Q (2.5)

for appropriate I,m € L%(Q0); cf. [4, Theorem 4.9]. Now, given n € N, the Ku-
ratowski and Ryll-Nardzewski Selection Theorem and [7, Theorem III.41] yield a
measurable function v, : 2 — R fulfilling

vp(z) € G(x,up(z), Vuy(x)), (2.6)
lun(2) — vo(2)| = d(vo(2), G(2, un(z), Vuy(z))).

As before, (2.3) forces v, € G(uy). Moreover, v, — vy almost everywhere in €.
Indeed, by (az), the function (z,w) — d(vo(z),G(z,z,w)) turns out to be upper
semi-continuous for almost all z € 2. Thus, on account of (2.4)—(2.5),

lim sup |vp, (z) — vo(z)| = limsup d(vo(z), G(z, un(x), Vun(z)))

n—-+oo n—-+o0o

< d(vo(x), G(z,uo(z), Vug(x))) =0

because vy € G(up), and the assertion follows. Combining (2.4)—(2.6) with (2.1) we
next achieve

lun ()| < a(x) + bl(2)*9 + em(z)*/? ae. in Q.
Consequently, by the Lebesgue Dominated Convergence Theorem, v, — vg in L4(£2).

A standard sub-subsequence reasoning finally leads to the lower semi-continuity of
G. O

Given p € |1, 400, the symbol p’ will denote the conjugate exponent of p while
W17 (Q) indicates the dual space of I/VO1 P(Q)). Through [4, Theorem 6.4] we see
that L¥ (Q) compactly embeds in W5 (Q). So, there exists C' > 0 satisfying

loly-10 @) < Clloll oy Vo € L7 (9). (2.7)

Let A : I/VO1 P(Q) — W= (Q) be the nonlinear operator stemming from the nega-
tive p-Laplacian, i.e.,

(Ap(u),v) := /Q |Vu(z)|P2Vu(z) - Vo(z)dz, u,v € Wol’p(Q), (2.8)

and let A1, be its first eigenvalue in T/VO1 P(Q1). The following facts are known; see,
e.g., [14, Appendix A].
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(p1) Ap is bijective and uniformly continuous on bounded sets.

(p2) The inverse operator A, turns out to be continuous.
—1 . 1,
(p3) 1 Ap(w)lly—10 (o) = llullp™ in Wy P(Q).
@)

1
(Pa) ullfogqy < 5 llully for all u € WIP(Q).
Lp

The constant C' that appears in (2.7) can easily be evaluated through (p4). Indeed,
for any v € L (Q),

/Qu(x)v(x) dz

||U||W—1,p/(g) ‘= Ssup
”u”p§1
-1
< sup Jull ooy ol g gy < Ay llolly
[lullp<1

whence C < )\ill)/p.

3 Differential inclusions with p-Laplacian

From now on, p €|1,4o0[ while F : Q x R x RN — 2R denotes a closed-valued
multifunction. The following hypotheses will be posited.

(hy) Fis £(Q) ® B(R x RY)-measurable.

(he) For almost every x € Q the multifunction (z,w) — F(z,z,w) turns out to be
lower semi-continuous.

(h3) There exist a € L (Q,RY), b, ¢ > 0 complying with

inf |yl <a(x) +bzP FewPt in QxR xRV,
YEF (z,2,w)

Our first result basically comes out from Lemma 2.2 and the Leray-Schauder method.
Theorem 3.1. Let (h;)—(hs) be satisfied. Assume further that

b c
— + =<1 (3.1)
Alp )\}7/;

Then Problem (1.1) possesses at least one solution.
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Proof. Define, provided (z,z,w) € Q x R x RN,
o(@,2,w) 1= (@) + bl + el (3.2)

as well as

G(z,z,w) = F(x,z,w) N B(0, p(z, z,w)). (3.3)

By (hs) the set G(x,z,w) is nonempty and compact. Theorems 0.45 and 0.48 of
[16] ensure that the multifunction (z,w) — G(z, z,w) turns out to be lower semi-
continuous for almost every = € ). Since one evidently has

sup  |y| < a(z) +bz|P~ + clwP, (3.4)
yEG(ZE,Z,"LU)

Lemma 2.2 can be applied, and the multifunction G : VVO1 P(Q) — QLP/(Q) defined in
(2.2), with s := p and ¢ := p/, takes decomposable closed values and is lower semi-
continuous. Thus, Theorem 2.1 yields a continuous selection g : VVO1 P(Q) = LV (Q)
of G, which, by (3.4), is bounded on bounded sets. Through (p1)—(p3) we know
that A 1is a continuous bounded bijection from W ~1#'(Q) into VVO1 P(Q). Since the

natural embedding j, : L (Q) — W~L(Q) is compact, A;l o jp enjoys the same
property. Consequently, the nonlinear operator T : I/VO1 P(Q) — VVO1 P(Q)) defined by

T(u) = Agl ojyog(u) Yue Wol’p(Q)

turns out to be compact as well and any fixed point u € VVO1 P(Q) of T is a weak
solution to the equation

Ap(u) = g(u) in WL (Q). (3.5)

On the other hand, if u € Wol’p(Q) complies with (3.5) then it solves Problem (1.1),
because
g(u) € G(u) C L (Q).

To get a fixed point of T we shall employ the Leray-Shauder alternative. Suppose
u = 0T (u) for some o € [0,1]. The choice of T forces

(A (u),0) = o7~ /Q o(w)(@)o(z) dz, Yo € WEP(Q). (3.6)

From g(u)(x) € G(z,u(x), Vu(x)), o € [0,1] and (3.2), it evidently follows

0P g(u)(@)] < p(z, u(z), Vu(z)).
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Letting v := w in (3.6) and exploiting (2.8), (3.2), and (p4), we thus obtain

lullf < /Q (a(@)[u(@)] + blu(@)[” + e[ Vu(@) P~ u(z)]) dz

< llall gy 1l oy + Bllulp gy + el VallZ2Ee, ol 2o

< all e liull + [ <2+ =5
> )\}’/5 Lr (Q) p )‘LP )\}’/5 p*

Therefore, under (3.1), any fixed point u of 0T is bounded by a constant which does
not depend on u and o. Now, the Leray-Shauder Fixed Point Theorem [5, Theorem
4.6] leads to the conclusion. O

The above technique furnishes a solution of (1.1) every time the equation A,u =
g(u) allows an estimate of ||| z»(q) through terms coming only from data, e.g., when
some kind of a-priori estimate holds. Due to (h3) we always have

lg(u)(@)] < ale) + blu@) P~ + | Va(@) P~ Vue WyP(9).

Hence, (1.1) turns out to be solvable whenever, e.g., the multifunction (z, z, w) —
F(z,z,w) is bounded in z, as the next result shows.

Theorem 3.2. Suppose (hi)—(ha) hold true and, moreover,
(h%) there exists a € LY(Q,RY), ¢ > 0 satisfying

inf |yl <a(z)+cwP™t in QxRxRY,
YEF (2,2,w)

where for some € > 0 it holds
N
g > max {p', ;(1 + 6)}

Then Problem (1.1) admits at least one solution.

Proof. Keep the same notation introduced in the proof of Theorem 3.1. Assumption
(h) yields
lg(w)(z)| < a(z) + ¢|Vw(z)P~! Ywe Wol’p(ﬂ). (3.7)

So, if u = oT'(u) for some u € Wy ?(Q2), o € [0,1] then

Apu+ c|VulP™ +a=—oPg(u) + ¢|VulP~t +a > 0.
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Recall that ¢ > N(1 +¢)/p. By [15, Theorems 6.1.4-6.1.5] this entails

supu(a) < C,
z€Q

with C' > 0 depending only on ¢ and [|a||z¢(q). Likewise, since
Ap(—u) + | V(—u) Pt +a =P g(u) + | V()P +a >0

we get

s G
s ==¢

Therefore, [|ul|pe(q) < C. Letting v := u in (3.6) and exploiting (3.7) besides (2.8)
provides
fullp < [ a@lu@)lde+c [ [Va@) ! uo)|dz
Q Q
< C (Jlallry + em(@) 7 uls™),

whence a uniform bound for ||ul|, follows at once. Now the proof goes on exactly as
that of Theorem 3.1. O

Maximum principles for single-valued elliptic equations of the form
—Apu = f(z,u) in Q

are available in the literature, but most of them require suitable monotonicity as-
sumptions on z — f(x, 2); see, e.g., [17]. It seems an interesting task to find condi-
tions for the multi-valued analogue

—Apu € F(z,u) in €,

or on the relevant abstract equation (3.5), which allows to prove some kind of max-
imum principle, thus obtaining an a-priori estimate on the solutions.

On the other hand, the Schauder Fixed Point Theorem might be employed to
solve (1.1) in each case where a maximum principle is not readily available. With
this aim, let us recall before the following a priori estimate on || Vul| e gy cf. [8,
Theorem 1.3].

Proposition 3.3. Suppose ¢ > N. Then there exists a constant C > 0, depending
on p, q, and (), such that

IVl ey < CllApull . (3.8)
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Theorem 3.4. Let ¢ > N and let (h;)—(ha) be satisfied. If, moreover,

(hY) for appropriate a € LIY(Q,RY) and ¢ : Ry x Ry — R§ nondecreasing with
respect to each variable separately one has

inf |y <a(z)+¢(z],[w]) in QxRxRY, (3.9)
yEF (z,z,w)

(hy) there exists R > 0 such that

lall Loy + m ()9 (3oCRY =D CRYP-D) < R, (3.10)

where g := diam(Q) while C is given by Proposition 3.3,
then Problem (1.1) possesses at least one solution.

Proof. Since ¢ > N > p*, the embedding j, : L9(Q) — W19 (Q) is compact. To
shorten notation, write

Br:={v e LU(Q) : |vllLe) < R}, (3.11)

Apg = A "oy, Xp :=t0(Apg(BRg)). (3.12)

Obviously, X turns out to be a convex compact subset of VVO1 P(Q); see 9, Theorem
V.2.6]. Inequalities (3.8) and (5) at [4, p. 269] yield, after a standard point-wise
convergence argument,

HVU’HLOO(Q,]RN) S CA(Rl/(pil), HUHLOO(Q) S 5QCA’R1/(p71) Vu S XR.

Now, if ¢(z, z,w) denotes the right-hand side of (3.9) while G(z, z,w) is as in (3.3)
then, by simply adapting the reasoning made to prove Lemma 2.2, we see that
the multifunction G : Xz — 25D defined via (2.2) takes decomposable closed
values and is lower semi-continuous. Thus, Theorem 2.1 gives a continuous selection
g: Xg — L1(Q) of G, which turns out to be bounded, because

lg(w)ll oy < llall oy + ()" ([[u] Lo (@) | Vull @ zm)
< ||all oy + m(Q) Y9 (5oCRY P=D G RY (-1

for any u € Xg. Hence, the nonlinear operator T' := A,,; o g is compact and,
due to (h4), complies with T(Xgr) € Xg. By the Schauder Fixed Point Theorem
[5, Theorem 4.4] there exists u € X C Wol’p(Q) such that v = T(u), whence
Ap(u) = g(u) in W5 (Q). This immediately leads to the conclusion. O
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Let us finally treat the case ¢ < N. A simple verification shows that
p’ <N, p'<qgep<gp-1).

Therefore, if p*’ < ¢ < N then the embedding j, : LY(Q) — W~ (Q) turns out
to be compact. So, with the notation (3.11)—(3.12), the operator A,, is compact
too. Moreover, for every v € L1() we can find a unique u € I/VO1 P(Q) such that
A,(u) = v. Thanks to [6, Theorem 1.8] (cf. also [11, Theorem 2]) one has

|lulls < C”’UHI/ p=1) provided 1 <o < ¢*(p—1) and ¢ < N,
(3.13)

[ull, < Cllv HlL/N}zQ)l whatever 0 > 1, if ¢ = N,

where the constant C' > 0 depends only on p, g, 2, besides 0. Consequently, A,
actually ranges over Wl’T(Q) for any r €]p,¢*(p — 1)].

Lemma 3.5. Suppose q € ]p*’ N] and v € |p,q*(p — 1)[. Then the operator Ay, :
L1(Q) — Wo "(2) is compact.

Proof. Let ¢ < N. Pick a bounded sequence {v,} C LI(€2). By eventually taking a
subsequence, we may assume that

vp = v i LYQ),  Apg(ve) = Apg(v) in WyP(Q). (3.14)

Write uy, == Apg(vn), u := Apg(v). From (3.13) it evidently follows both wu,,u €
Wol’q*(p_l)(ﬂ) and
unllgp—1) <C VneN, (3.15)

with appropriate C' > 0. To show that u, — w in VVO1 "(€2), we shall interpolate
between W(} P(Q) and VVO1 @ 71)(9) via Holder’s inequality on the gradient. Setting
1—
1—

38

0 :=

3

i

Q

one has 0 < # < 1. Thus, on account of (3.15),
ot — wllr < flun = wllge gy lun — ullp™
< (O +lullgp-1))’lun — ullp™, neN.

By (3.14) this entails u, — u in WOI’T(Q).
Finally, if ¢ = N, we fix any ¢ > r and proceed as before, but with ¢ instead of

(p—1). O
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Theorem 3.6. Let g € [p*',N]|, r € |p,q*(p — 1)[, and let F satisfy (hy)-(h2). I,
moreover,

(hf') there exist a € LY, RY), b,c > 0 such that

inf |y < a(z) 4 b2+ clw|/? in QxR xRY.
yeF (z,z,w)

(b)) for some R > 0 one has

llall Lagoy + </ + c) Cr/agr/ar=) < R, (3.16)

with C given in (3.13),
then Problem (1.1) admits at least one solution.

Proof. We only sketch the proof, because it is similar to that of Theorem 3.4. By
Lemma 3.5 the operator A,, : L4(2) — WOI’T(Q) turns out to be compact. Hence,
Xpg :=7¢0(Apq(Br)), with Bg asin (3.11), is a compact convex subset of WOI’T(Q). On
the other hand, the multifunction G : Xz — 25*(? defined by (2.2), where G comes
from (3.3) with o(z,z,w) = a(z) + b|z|"/? + ¢|w|"/9, takes decomposable closed
values and is lower semi-continuous. Consequently, it has a continuous selection
g:Xp— L1Q). Put T := A,,0g. Like in the above-mentioned proof, the conclusion
is achieved once we know that T'(Xg) C Xg. So, pick u € Xp. Exploiting (hf),
(p4), (3.13), and (3.16) yields

o) llzog@y < llallzac@y + blull g, + clVulliq gy

b r
< llallpa) + </\1/q +C> [

1,r

b _
< lall za() + <A1/ +c) Cr/agr/ae=l) < R.

As u was arbitrary, this easily furnishes T'(Xr) C Xpg. O

It may be useful to make some comments on the growth conditions adopted
above. For the sake of simplicity, consider the case when

F(z,z,w) := a(z) + Fo(z), (z,z,w) € QxR xRY,
where a(x) denotes the forcing term while Fj(z) represents the multi-valued nonlin-
earity.
Semi-linear differential inclusions or equations with p-Laplacian usually exhibit
two types of nonlinear terms:
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(i) the (p — 1)-sub-linear ones, namely

inf |y|~blz]”7 with v <p-—1,
yeFy(z)

(ii) the (p — 1)-super-linear ones, i.e.,

inf |y|~blz|”7 with v>p—1.
yEF()(Z)

Case (i) might fruitfully be investigated through Theorem 3.1. Assumption (3.1)
looks almost optimal. Indeed, regarding the classical linear elliptic problem

—Au=XAu+a in £,
u =0 on 0f),

it guarantees the existence of solutions for any a € L?(Q2) provided A < Aj 2, which
represents a well-known conclusion.

On the other hand, Theorems 3.4-3.6 reveal useful for treating Case (ii). As in
the single-valued framework, a smallness condition on the forcing term a(x) is taken
to overcome the presence of a strong nonlinearity Fy(z). Both (3.10) and (3.16)
usually work for small ||al|z¢) and small R. Moreover, (3.10) is more general
but requires a smallness hypothesis for the forcing term with respect to a stronger
L%-norm, because ¢ > N. Condition (3.16) allows better controls (i.e., in smaller
L%-norms, being ¢ > N). However, weaker nonlinear terms can be treated. Indeed,
since v := r/q and v > p — 1, the inequality r < ¢*(p — 1) forces v < ¢*/q(p — 1).
Hence, the constant  is arbitrary large if ¢ = N, whereas for ¢ — p*’ from the right
it turns out to be no greater than (p — 1) + p/N.
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