QH American Romanian Academy of Arts
and Sciences

LIBERTAS MATHEMATICA
(new series)

Vol. 41, Nr. 1

with the cooperation of CIDMA and of
University of Aveiro

CIDMA] s

2021
Aveiro, Portugal



American Romanian Academy of Arts
and Sciences Publication

Department of Mathematics
University of Aveiro
3810-193, Aveiro, Portugal

URL: http://www.lm-ns.org

ISSN print: 0278 — 5307
ISSN online: 2182 — 567X

This volume was supported in part by the Portuguese Founda-
tion for Science and Technology (“FCT-Funda¢do para a Ciéncia
e a Tecnologia”), through CIDMA - Center for Research and
Development in  Mathematics and Applications, within project
UID/MAT/04106/2019(CIDMA ).

Fundagdo
para a Ciéncia
e a Tecnologia

Printed in Portugal
by Tipografia Minerva Central, Lda., Aveiro.



Contents

Bounds for global solutions of nonlinear heat equations with nonlinear boundary
conditions
Kosuke Kita and Mitsuharu Otani 1

Inexact infinite products of nonexpansive mappings with nonsummable errors
Simeon Reich and Alexander J. Zaslavski 23

On t—Balancers, t—Balancing Numbers and Lucas t—Balancing Numbers
Ahmet Tekcan and Samet Aydin 37

Fractional differential inclusions with non instantaneous impulses

Mouffak Benchohra and Mehdi Slimane 53

Noncomutative perspectives of operator monotone functions in Hilbert spaces
Silvestru Sever Dragomir 71






Libertas Mathematica (new series)
Volume 41(2021), No. 1, 1-22

Bounds for global solutions of nonlinear heat equations
with nonlinear boundary conditions

Kosuke Kita and Mitsuharu Otani

Abstract: In this paper, we consider the initial-boundary value prob-
lem for nonlinear heat equations with nonlinear boundary conditions of
radiation type. The local well-posedness of this problem is shown by
applying an abstract theory for the evolution equation governed by sub-
differential operators. Moreover results on the uniform boundedness for
time global solutions are obtained.
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1 Introduction

In this paper, we are concerned with the asymptotic behavior of global solutions of
the following initial boundary value problem for the nonlinear heat equation:

Opu — Au = |uP~2u t>0, ze€Q,
dpu+ |[uli?u =0 t>0, z 0N, (P)
u(0,2) = up(x) x € €.

Here Q C RY is a bounded domain with smooth boundary 9Q; T > 0 is a given
constant; p € (2,00), ¢ € (1, p) are given numbers; u : [0,7] x 2 — R is a real-valued
unknown function. This problem (P) is a prototype of nonlinear heat equations with
nonlinear boundary conditions of radiation type.

When one tries to set up mathematical models for describing actual nonlinear
phenomena, it is crucial to determine right ruling nonlinear structures in domains
where the phenomena occur, but it is also very important to pay careful attention to
the choice of the boundary conditions. In other words, when we are concerned with
the diffusion equations, it should be noted that the standard boundary condition
such as Dirichlet or Neumann boundary condition is realistic only for the case where
there is some artificial control of the flux on the boundary. For a large scale system,
however, it is impossible to give such a control on the boundary. If there is no control
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of heat flux on the boundary, there is a prototype model in physics well known as
Stefan-Boltzmann’s law, which says that the heat energy radiation from the surface
of the body is proportional to the fourth power of the difference of temperatures
between the inside and outside of the body. In this sense, from a physical point
of view, it could be more natural to consider nonlinear boundary conditions rather
than the linear boundary conditions such as the homogeneous Dirichlet or Neumann
boundary condition.

There are large amounts of works concerning the asymptotic behavior of solutions
of the following nonlinear heat equation with the homogeneous Dirichlet boundary
condition:

Opu — Au = |uP~2u t>0, zeQ,
u=0 t>0, z €00, (1.1)
u(0,x) = up(x) x € €.

Uniform bounds of global solutions of (1.1) was first studied by [14] as an abstract
equation of the form w;+0! (u)—0?(u) = 0in L?(2). Here 7' are subdifferentials
of lower semi-continuous convex and homogeneous functionals ¥ (i = 1,2) on L*(Q),
where it is shown that every global solution of (1.1) is uniformly bounded in H{ ()
with respect to time for p € (2,pg). Here pg is the Sobolev critical exponent defined
by ps =ocofor N =1,2;pg = ]3—]_\72 for N > 3. Cazenave-Lions [5] showed that every
global solution (allowing sing-changing) solution is bounded in L () uniformly in
time provided that p € (2,pcr), where por, = oo when N =1 ; por, = 2 + %
when N > 2. (Note that pcr < pg for any N € N ). Giga [6] removed this
restriction on p for positive global solutions. Namely the uniform boundedness of
every positive global solution of (1.1) in L*°(2) was shown for any p € (2,pg).
Quittner [16] extended this result for sign-changing solutions. The main tool in [6]
is the rescaling argument and [16] relies on the bootstrap argument based on the
interpolation and the maximal regularity theory. However it seems to be difficult
to apply these devices for our problem (P) because of the presence of the nonlinear
boundary condition.

The main purpose of this paper is to derive the uniform boundedness in H'(Q)
and L>°() for every global solution of (P) by following the same strategy as that
in [14]. However, we can not directly apply arguments in [14], since the functional
associated with the Laplacian with nonlinear boundary conditions is not homoge-
neous, which is one of basic tools used in [14]. Nevertheless by introducing a new
substitutive argument to avoid the use of the homogeneity of functionals, we are
able to derive uniform bounds for global solutions in H'(£2). Moreover with the aid
of Moser’s iteration scheme, the uniform bound in L*° () is also obtained.

This paper is composed as follows. In the next section, we deal with the local
well-posedness of (P) in H'(Q) and L*°(92). In order to work in H'(f2), we reduce
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(P) to abstract evolution equations in a real Hilbert space governed by subdifferential
operators and apply a nonmonotone perturbation theory developed in [15]. For the
analysis in L>(2), we rely on the L*>-energy method given in [14].

In §3, our main theorem is stated and its proof is given by following the strategy
in [14] and by relying on Moser’s iteration scheme, whose main tool is proved in
Appendix.

2 Preliminaries and Local Well-posedness

In this section, we are going to show the local well-posedness for (P) by applying the
theory of the evolution equation governed by subdifferential operators. Throughout
this paper, H designates a real Hilbert space with inner product (-, -) and norm || -||.
Let ®(H) be the set of all convex and lower-semicontinuous functionals ¢ : H —
(—o0, +0o0] such that its effective domain D(¢) := {u € H; ¢(u) < oo} is nonempty.
For each u € D(¢), we call the set

9¢p(u) = {f € H;p(v) — ¢(u) = (f,v —u) Vv e D(¢)}
subdifferential of ¢ at u. Then d¢ : H — 2H becomes a (possibly multivalued)
maximal monotone operator with domain D(9¢) := {u € D(¢); d¢(u) # (0}, which is
called by subdifferential operator. We remark that D(0¢) C D(¢) C D(¢) = D(0¢)
holds (for the proofs see [2, 3]).

Define the functional ¢ on L?(§2) by

1 u2 T 1 uwlldo = {u 1 u q
p(u) = Q/QW . +Q/agl “do u € D(p) :={u e H (Q);u € L1(00)},
o ue @)\ D(y)

Then we can see that ¢ € ®(L?(2)) and the subdifferential operator associated with
¢ is given as follows (see [4]):

D(0p) = {u € H*(Q); dyu+ [u|7?u=0 a.e. on 90}, 1)
2.1
Op(u) = —Au.

Furthermore the following elliptic estimate for 0y holds, i.e., there exist some con-
stants ¢y, co > 0 such that

”UHHQ(Q) <cl| - Au+ UHL2(Q) +co Yu € D(0p) (2.2)
and D(9¢) = L*(Q) (see [4, 2]).
Hereafter we denote the L norm by || - ||, (1 < p < c0), a general constant by

C > 0 which may vary from place to place and Sobolev critical exponent by 2%, i.e.,

2t = 28 for N >3, 2" = oo for N =1,2.
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2.1 Local well-posedness in D(y)

We first show the existence of time local solutions of (P) for the initial values which
belong to the effective domain D(p) of ¢ (note that D(¢) C H'(Q)). We here
emphasize that even though d¢(u) = —Awu looks like a linear operator, this is not
the case since D(0¢) does not have the linear structure. Therefore we can not rely
on Duhamel’s principle. Instead we here rely on the following abstract theory of
nonlinear evolution equations associated with subdifferential operator.

Proposition 2.1. ([15]) Let ¢ € ®(H) and the following assumptions (Al) - (A3)
be satisfied.

or any L > 0, the set {u € H; ¢(u) + ||u||* < is compact 1n H.
A1) F L>0,th H 2< L} n H

(A2) B: H — H satisfies the following ¢-demiclosedness condition:
If uy, — u strongly in C([0,T); H), 0é(uyn) — 0¢(u) weakly in L*(0,T; H) and
B(uy) — b weakly in L*(0,T; H), then b = B(u) holds a.e. int € [0,T].

(A3) There ezist a monotone increasing function £(-) : [0, 00) — [0,00) and k € [0,1)
such that

IB(u)|* < kllog(w)l|* + (¢(u) + lull)  Vu € D(99).

Then for any ug € D(¢), there exists a positive number Ty = To(||uol], ¢(up)) € [0, T]
such that the following abstract Cauchy problem in H;

L) + 06(ut)) + Bu(®) =0, ¢>0,  u(0) = o,

dt
possesses a strong solution v € C([0,Tp]; H) such that
d
2t 06(w), B(u) € L*(0, To; H). (2:3)

Then we can apply Proposition 2.1 for the existence part of the following result.

Proposition 2.2. Letp € (2,2*) andug € D(p). Then there exists Ty = To(p(ug)) >
0 such that (P) possesses a unique solution u satisfying the following regularity

u € C([0,To); LA(Q));  Ou, Au, |ulP~2u € L?(0,Ty; L*(Q)). (2.4)

Proof. (Existence) Put B(u) = —|u[P~2u, then (P) is reduced to the following ab-
stract evolution equation in H := L?(f):

%u(t) + dp(u(t)) + B(u(t)) =0, u(0) = ug. (2.5)
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In order to show the existence of a solution of (2.5), we are going to apply Proposition
2.1. To do this, we have only to check three assumptions (A.1), (A.2) and (A.3). It
is clear that (A1) follows from the boundedness of the domain @ and the Rellich-
Kondrachov compactness theorem. Since —B(u) is maximal monotone and the
maximal monotone operator satisfies the demiclosedness property (in the standard
sense), assumption (A2) is also satisfied. To verify (A3), we note that there exists
A= A(p,N) € (0,2] such that
2p—4+A

lull5=3) < CllulPaggy Il Vu € H*(9), (2.6)

which will be proved in the next section (see Lemma 3.6).

Then by virtue of (2.6), the elliptic estimate (2.2) and Young’s inequality, we
obtain

1B 3 = lul 57

< Cllullzt lulr
< C (|- Au+ul” +an”4“

)\ 2p—4+X
< C (= AulF™ + Jullf™ +1) ey

2p— 4+)\

—_ 2= 2 p—4+
<el-aulf+5(22) T Rl +C (hl3 1) s
for every £ > 0. Hence since HuH%l(Q) < 2p(u) + ||lul|3, in view of (2.1), we can
assure (A3). Thus by Proposition 2.1 we observe that (P) admits a local solution
u € C([0,Tp); L3(Q)) satisfying (2.3).

(Uniqueness) Let u and v be two solutions of (P) on [0, Tp] with the initial values
ug € D(¢) and vy € D(y), respectively. Then w := u — v satisfies

opw — Aw = |uP~2u — |v|P~v t>0, ze€Q,
dyw + |u|T2u — |v]9 % = 0 t>0, x €09, (Py)
w(0, ) = up(x) — vo(z) x € Q.

Multiplying (P,,) by w and using integration by parts, we obtain

1d
—Nw®3 + [Vw ()3 +/ (lul"%u — [0]*™%0) wdo
o0

2dt
:/ (JulP~?u — [v[P~v) w dz.
Q
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Since u — |u|?"?u is monotone increasing, [,q (|ul??u — |v|?"?v) wdo > 0.
Moreover we note

Yy
a2~ ol 2] = | [ o= Dlsp2ds] < (0= 1) (P24 P ?) o~
x

for all z, y € R!. Hence by Holder’s inequality, we obtain

/ (|u|p_2u - |v|p_2v) wdr < (p— 1)/ (|u|p_2 + \v|p_2) w?dzx
Q Q

< (=1 (@572 + lo@152) lw@)]5.

We here recall the following Gagliardo-Nirenberg interpolation inequality (see [11])
lully < € (IFullgllaly™ + ulls) — vu e HY(9),

where n € (0, 1) is determined by % =n(3 — %)+ (1 —n)i. By this inequality and
Young’s inequality, we obtain

(@I~ + @B =2) w2

C (Jlu®)F= + [lo@)[15?) (IIVw(t)||§”Hw(t)||§(1_”) + IIw(t)H%)
1

= 2(p—1)
+ C (Jlu@)BE2 + o) [52) lw(t)]3.

IN

IFw(@)l3 + € (@ + ) [572) 7 ()3

Since u and v satisfy the regularity (2.3) of Proposition 2.1, ¢(u) and ¢(v) are
absolute continuous on [0,7p] (see [3]). Noting that p € (2,2*) implies |ul[, <
C(p(u) + ||ul|3)'/?, we deduce that ||ull, and ||v||, are bounded above by some
constant M > 0 uniformly on [0, Tp]. Thus we get

1d 1 o\ _
5@ + S IV < € (@MP2) 75 + 20772 Jw(b)]}
Then by Gronwall’s inequality, we obtain

1
20((2MP*2)W+2MP*2)15

lut) = v(®)]13 < lluo — voll3 e vt € [0, To),

whence follows the uniqueness. O
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2.2 Local well-posedness in L*°(2)

In this subsection, we are going to show the local well-posedness in L>(£2) without
any restriction on the growth order p. The main tool here is “L*°-energy method”
developed in [13], for which we need prepare the following lemma ( see Lemma 2.2
of [13]).

Lemma 2.3. Let y(t) be a bounded measurable non-negative function on [0,T]

and suppose that there exists yo > 0 and a monotone non-decreasing function £(-) :
(0,400) — (0,400) such that

t
y(t) <o +/0 L(y(s))ds a.e. t € (0,7).

Then for any y1 > yo, there exists a number Ty = To(yo, y1,£(+)) € (0,T] such that
y(t) <1y a.e tc [O,To]. (2.7)

Proof. Put z(t) = yo + /Otﬂ(y(s))ds, then z(t) € C([0,T];RY) and y(t) < 2(t). So
z(t) satisfies

¢
z(t) < wo —i—/() U(z(s))ds for all ¢t € [0,T]. (2.8)

We here claim that

z(t) <y for all t € [0,Tp], 7Tp = min (yzlg(_yy)o,T). (2.9)
1

In fact, suppose that (2.9) does not hold, i.e., there exists tyg € (0,7p] such that
z(to) > w1, then since z(t) is continuous on [0,7] and 2z(0) = yo < yi, there exists
t1 € (0,t9) such that z(t1) = y1 and 2(t) <y; Vt € [0,¢1). Then, by (2.8), we get

t1

y1 = 2(t1) < yo + ; £(2(s))ds

§y0+f(y1)To§y0+@ <1,

which leads to a contradiction. Thus (2.9) is verified and hence (2.7) is derived from
the fact that y(t) < z(¢t) for all t € [0, T7. O

Now the local well-posedness of (P) in L>(€2) can be stated as follows.
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Proposition 2.4. Let uy € L*(QY), then there exists Ty = To(||uol|co) > 0 such that
(P) possesses a unique solution u satisfying the following regularity

u e C([0,To]; LA(2)) N L>=(0, Ty; L=(Q)),

2.10
Vo, Vit Au, Vt|ulP7?u € L*(0,Ty; L*(Q)). (2.10)

Proof. (Uniqueness) Let u and v be two solutions of (P) with the same initial data
up € L>*(Q) satistying the regularity (2.10). Then w := u — v satisfies (P,,) with
w(0) = 0. Multiplying (P,) by w, we now get

2< p—2, p—2
30 @IB< [ (2=l wda
S N
Q

< 0= 1) (Il 20 gemeiay + 101520 7oy ) 0@
< Cllw(t)|3,

whence follows from Gronwall’s inequality
lw(®)]3 < [lw(0)[3e*" = vt € (0,T).

(Existence) We consider the following auxiliary problem:

o — Au = |[u]y P2 u t>0, x€Q,
Apu + |u|T?u =0 t>0, x €09, (2.11)
u(0,z) = up(x) x € Q,
Here
M = Jlugflo +2 (2.12)

and [u]ys is a cut-off function of u defined by

M u> M,
[ulpr =< u lu| < M,
-M u < —M.
Set Bas(u) = —|[u]ar[P~2u, then the auxiliary problem (2.11) can be reduced to the

following evolution equation in L?(Q):

Lu(t) + 0p(u(t) + Buu(®) =0, u(0) = . (219
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Since By : L*(Q) — L?(9) is Lipschitz continuous, we know that (2.13) has a unique
global solution u € C([0,T]; L?(R)) for ugp € L?(f2) satisfying the same regularity
(except L*-estimate) of Proposition 2.4 with Ty replaced by T by applying the
abstract theory developed by H. Brézis (see Proposition 3.12 in [3]).

Furthermore we can show that uy € L*°(Q) assures u(t) € L>(Q) for all ¢ > 0.
To see this, put v(t) := e M" *ty(t), then v(t) satisfies

Bo(t) — Au(t) = (|[u]M\H - MP*Q)v(t), 2(0) = uo. (2.14)

Multiplying (2.14) by [v(t) — M]T := max(v(t) — M, 0) and noting that |[u]p|[P~2 —
MP=2 <0, we get

th H +}|2 /|V M2 dz <0. (2.15)
Here we used the fact that
/ Avjv — M +d:lc—/ Vv — M]"[*dz — O, v[v — M| do
oN
/|V +|2dx—|—/ |u|2v[v — M]"do
o0
/|v M)t dx—i—/ lu|T2M[v — M| *do
o
/\V M) ?dx.
Hence ||[v(t) — M]T|l2 < |[[up — M]T|l2 = 0 (which is assured by (2.12)), i.e

v(t) < M so we get u(t) < MeM™™ for a.e. t € [0,00).
Multiply again (2.14) by [v(t) + M|~ = max (—v(t) — M,0). Then in parallel
with (2.15), we get

- 2
thH )+ M2+ /|v )+ M]"|*dz <0, (2.16)
whence follows u(t) > —MeM" ™t Thus we get |u(t)|p~ < MeM” L. In particular,

we observe that u(t) € L™ for a.e. t € [0,00). Hence noticing that |u|"~2u € L?()
and | |[u]p P72 | < |ulP~2, we multiply (2.11) by |u|"~2u to obtain

1d
d’“(t)‘|33+<’“—1>/ \Vu!2|u!’“—2dx+/ ™7 2do
' @ 20

-
— / fular P~ " da
Q

/Q\UI””dw < [lu(®) 152 w17

IN
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Since the second term and third term of left hand side are nonnegative,

IIU(t)HTl%HU(t)IIT < Mu)IE 2 lu®)ly-

Divide both sides by ||u(t)||>~! and integrate with respect to ¢ on [0,], then we get

lu@)llr < lluoll +/0 () B u(r) |l d7

Note that even though ||u(t)||"~! attains zero, we can justify this argument by Propo-
sition 1 in [9]. Letting r tend to oo, we derive

t
lu@ oo < fluolloo +/0 () |[55" dr.

Hence applying Lemma 2.3 with 3o = ||[uolce; ¥1 = yo + 1 and £(y) = P! , we see
that there exists Ty > 0 such that

[[w(t)]loo < ||uol|oo + 1 a.e. t € [0,Tp).

Since M > ||ugllso + 1 by (2.12), we can see that u gives a solution for (P) on [0, Tp]
by the definition of cut-off function [u]ps. O

Remark 2.5. If ||ug||oc > 0, then applying Lemma 2.3 with yo = ||uol|e, ¥1 =220

and /(y) = y*~! and choosing Ty = W, we can show
0lfco

lu®lloo < 2[luollec ae. t € [0,T0].

From this observation we can deduce that the maximal existence time T, (u) of w is

larger than ao which can be sufficiently large for sufficiently small ||ug||c > 0.
0|lco

3 Uniform Bounds for Global Solutions

In this section, we discuss the existence of uniform bounds for global solutions of
(P). In order to investigate this, we make most use of a variational structure of our
problem, which can be characterized by the following functionals. Set

1 p
b(u) = 5”“”p7 (3.1)

J(u) = p(u) = P(u) (3.2)
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and
J(u) = —|[Vul3 - /a fultde + . (3.3)

Let u be a global solution of (2.5) satisfying (2.4). Then multiplying (2.5) by v and
du(t)/dt, we get

S (I = j(u(e)) Ve [0,00) (3.4)
and 9
%J(u(t)) 4 ’ %(t) ) =0 a.e. t € (0,00). (3.5)

Hence, in particular, it is obvious that J is monotone non-increasing in (0, 00) and
J(u(t)) < Jo:= J(up) for all ¢ > 0. (3.6)
Now our main theorems can be stated as follows.

Theorem 3.1. Assume that q¢ € (1,p), p € (2,2%) and up € D(p). Let u be a global
strong solution of (P) satisfying (2.4). Then we have

—2
q2p Jo |97 /P
Oy < |22 vt >0, 3.7
Ju)llz < |22 > (3.7)
sup i (u(t)) < ox, (3.8)

>0
where g := max (2,q).

Theorem 3.2. Assume that ¢ € (1,p), p € (2,2%) and uy € L>®(Q). Let u be a
global strong solution of (P) satisfying (2.10). Then there ezists Coo = Coo(p, q, |€2])
such that

lu®)l2 < Coo [[uollo vt =0, (3.9)

sup ||u(t)|loo < o0. (3.10)
t>0

To prove these theorems, we prepare some lemmas.

Lemma 3.3. Let g3 = max (2,q) < p and let u be a global solution of (2.5) satisfying
(2.4). Then we have

0 < J(u(t) < Jo vt >0, (3.11)

gap Jo |55 11/p

u(t QSBQZZ[
Ju(Oll < By o[BS

vt > 0. (3.12)
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Furthermore there exists a constant Cy depending only on p,q, Jo and || such that

t+1
sup/ ((u(s))® + ¢(u(s))?) ds < Cy. (3.13)

t>0 Jt

Proof. By (3.4), (3.3)and (3.6), we get

gl = -2 (IVaE + [ oo - o)

> -2 (LIvuig+ 2 [ juopas - Zlalg) + 222 o)y
> ~202u(0) + 22 o) (3.14)
> ~2q2.7(u(0) + 2212 102 ugo) I (3.15)
> 20200+ LI 0P Ju(o)f v € fo,00). (3.16)

Suppose that J(u(t1)) < 0 for some ¢; € [0,00), then by (3.5) we get J(u(t)) <0
for all t € [¢1,00), which together with (3.15) yields

Gl 2 222 0 )y v fu,o0). (317)

Since p > q2 > 2 and J(u(t1)) < 0 implies |[u(t1)|2 > 0, it follows from (3.17)
that ||u(t)||2 blows up in finite time, which leads to a contradiction. Thus (3.11) is
derived.

Suppose now that [|u(tz)||2 > Brz for some t; € [0,00), i.e., %|lu(t2)||3 > 0, then
|lu(t)]|2 is monotone increasing in the neighborhood of ¢t = t2. Hence, by (3.16), we
can easily see that

d
, @pqmm Hutt)llf >0 V€ [ta, 00),

()3 2 6= 240 +

which implies that ||u(t)]|2 is strictly monotone increasing and tends to co as t — co.
Hence there exists t3 > t9 such that

d P—q2 2-p
S0l = T2 0 )l vee s, 00)

This leads to a contradiction as before. Thus (3.12) is verified.
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Furthermore, since d||u(t)||3/dt = 2 (u(t),du(t)/dt)r2 < 2 ||u(t)|2 [|du(t)/dt]|2,
(3.5), (3.6) and (3.12) assure that ftH |d||u(s)||3/ds|*ds is uniformly bounded. Hence,
in view of (3.2) and (3.6), we can derive (3.13) from (3.14). O

As a consequence of lemma 3.3 and monotonicity of J(u(t)), we can conclude
that
lim J(u(t)) =: Jo > 0. (3.18)
t—o0
Remark 3.4. Estimate (3.12) implies that if Jy = 0, then there is no global solution
of (2.5) except the trivial solution u(t) = 0.

Lemma 3.5. Let g2 := max (2,q9) < p and let u be a global solution of (2.5)
satisfying (2.4). Then we have

pJo +1

liminf p(u(t)) < . 3.19
minf p(u(t)) < 20 (3.19)
Proof. Suppose that
pJo + 1
lim inf —_—
minf p(u(t)) > 22
Then we can see that there exists tg > 0 such that
Jo+1
olu(t)) > P20t Vit > 1. (3.20)
pP—q
By (3.4) and (3.20), it holds that
2 -
(e = su(e)
= —[[Vu(®)ll3 —/ lu(®)|*do + [[u(®)][;
o0
q2
HV 03 - / lu(®)|*do + [Ju(®)]];
qa Jon
= —qw(U(t)) + p(u(t))
= —pJ(u(t)) + (p — @2)p(ul(t))
> —pJo+ (p—q)p(u(t)) > 1 Vit > tg. (3.21)
Hence we get
[u(®)l[3 > [lulto)ll3 + 2(t — to) vt > to,

whence it follows that ||u(t)||2 — oo as t — oo, which contradicts (3.12). O
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Lemma 3.6. Let p € (2,2%), then there exists a constant A = A(N,p) € (0,2] such
that

1 _
lullo ) < Clulimg luliie®  Vue HX(Q) (3.22)

for some C > 0.

Proof. Firstofall, if N =1,2;0or N >3 and p < Q(N_l) , then we can take A = 2 by

Sobolev’s embedding H () ¢ L*?P~1(Q). For the case of N > 3 and p > 2(N 2)’

we note that the following Gagliardo-Nirenberg inequality holds:

lollap1) < Cllolly 0l Vo € HA(@), (3.23)

where 0 € (0,1) satisfies

2(p1—1) =0 (% - %) +(1- 9)%

Then we see that 2%\[__21) < p < % implies 0 < 6 = (JV—22()}€>7:12)1\H2 < 1 and
0<2(p—1)0=(N—-2)p—2N +2< 2. Since H'(Q) is continuously embedded in

2N

L~-2(Q), it follows from (3.23) that (3.22) holds with A = 2N —(N-2)p € (0,2). O

Lemma 3.7. Let p € (2,2%) and u be a global solution of (P). Then there exists a
monotone decreasing function To(-) : [0,00) — (0,00) such that for every ty > 0

p(u(t)) < e(ulto)) +1 vVt € [to, to + To(p(u(to)))]-
Proof. Multiplying (P) by —Au = dp(u(t)), we get by (3.22),

d _
dtsO(U(t)HIIAU(t)H%S/IAUHUI” L
Q
1 9 1 2(p—1)
< SIAu@)3 + S le@E )
1 _
< AU + Cllut) 23, lu)l ™

By (2.2) and Young’s inequality, for any n > 0, there exists C), such that

2(2p—4+12)
2p—4+)\
ol sy a2 <l gy + Collul e

2(2p— 4+/\)

<0 C ([1Au]l3 + [ull3 +1) + Cyllull 41 &
< CllAul3 + My(p(u)),
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where M »(+) is a monotone increasing function on RT of the form M(s) = C(s +
1)2p ® 4 Cn(s+ 1) and we used the fact that HuHH1 Q) < C(¢(u) 4+ 1), which is

verified by the Poincaré-Friedrichs inequality, that is, |[ul[3 < C(||Vul3+ [, [ul%do+
1) holds for any ¢ € (1,00). Thus, taking n > 0 sufficiently small, we obtain

73 P(u(t) = My(p(u(t)).

Hence by applying Lemma 2.3, we can conclude the claim of this lemma (cf. [13]).
O

Lemma 3.8. Let g2 := max (2,q) < p and let u be a global solution of (2.5)
satisfying (2.4). Then we have

pJo +1

lim sup ¢(u(t)) < +3. (3.24)
t—00 p—q
Proof. Suppose that
Jo+1
lim sup p(u(t)) > Plot - + 3.
t—o0 pP—q

Then, by (3.19) of Lemma 3.5, there exist a couple of sequences {t¢}%;, {t5}°°
such that

tho<ts <th.q, th =00 asn— oo, (3.25)
pJo +1 B pJo+1

o(u(ti)) =0T 2 g o(ult 13, 3.26

(ulti) = 22T (ultz) = 22T (3:20
Jo+1

o) =20 T 01 vie s, e, (3.27)
P—q

Integrating (3.5) over [0, t], we obtain

/H —JO—J(U(L‘)) < Jo — Joo-

Therefore % € L%(0,00; L?(£2)). Hence

—0 as t — 00. (3.28)

- Hdr) L2(t,00;L2(Q))

In view of (3.20) and (3.27), by the same argument as for (3.21), we have

1 7 S
< B < |, vl (3:29)
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Hence ||u(t)]|3 is monotone increasing in t € [t{, 3], so we get

lu()[I3 < [lu(t)]3 < C (p(uty)) +1) vt € [t th]- (3.30)

Integrating (3.29) over [t!,t5] and making use of (3.30), we get

- tn du
-t — d
pth< [ e e o

< C(e(u(ty)) +1) /t“ %(T)szT

i
n

1 s
fj(ﬂ”jm)Q ([ )’
< C(I;]‘)_J;; + 4)\/75;; —ti g(th).

Therefore from (3.28), we can derive that 5 — !, — 0 as n — oo, which contradicts
Lemma 3.7 and (3.26) with a sufficiently large n. O

soww@»+m</

Now we are ready to give a proof of Theorem 3.1.

Proof of Theorem 3.1. The assertion (3.7) is nothing but (3.12) given in Lemma 3.3.
By (3.24) of Lemma 3.8, there exists 71 > 0 such that sup;>p, @(u(t)) < pp‘i% +4.
Since ¢(u(t)) is continuous on [0, 00), we have supg<;<7, @(u(t)) < co. Hence (3.8)
is verified. O]

In order to discuss the uniform bounds of solutions in L°(£2), we prepare the
following device, which is a variant of results by Alikakos [1] and Nakao [10]. Its
proof is given in Appendix and can be done along essentially the same lines in the
proof of Lemma 3.1 in [10].

Lemma 3.9. Letw € I/Vllof([(), 00); L2(Q))NL52.([0,00); L®(Q)NH()) and assume
that w satisfies

d r - z r

el + cor Plw®)2 5 o) < cr lw@)ll; ae te(0,00)  (3.31)

for all v € [2,00), where cg > 0 and c1, Oy, 01 > 0. Then there exist some positive
constants a, b, ¢ such that

sup [[w(t)]jso < a%291+(90+91)bM0’
t>0

where My = max (1, ¢||w(0)| s, SUP;> lw(t)]|2)-
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Proof of Theorem 3.2. If ||ug|lcc = 0, then the unique solution of (P) is the trivial
solution u(t) = 0, so (3.10) is obvious. Let ||ug|loc > 0, then as is stated in Remark
2.5, we have

1

|u(t)]|oo < 2||uoloo a.e. t €10,Ty] with Tp = —.
2P ||uo|[ 5

(3.32)

In order to apply results prepared for the proof of Theorem 3.1, we are going to
derive a priori bounds for ¢(u(t)). Multiplying (2.5) by u, we get

5 @3 + e (ut) < lu@)]f < [lut)]5 19,
where we used the fact that ¢(0) = 0 and the definition of subdifferential yield

o(u) < (0p(u),u) 2. Integrating this over (0,7p) and using (3.32), we obtain

To 1 1 1
/ e(u(t)) dt < 27 [luo||& | ———— + 5Hu0H§0 = (| + 5) luoll%.  (3.33)
0 2P ||ug ||oo

We now multiply (2.5) by tdu(t)/dt to get

t du t 2(p—1)

LIS OIR +1 o) < S 15013+ L u(e) 2070

Integrating this over (0,7p), we get

2

To T
Ty p(u(Ty)) < [ elult) di+ 7L sup u(®)20 |9,
0 0<t<Tp

Hence in view of (3.32) and (3.33), we obtain
D p—2 1 2 p—4 p
p(u(To)) < 27 [luolles™ (192] + 5)lluoll5e + 277" [luoll3. 1€2]
1
<219 + ) lluollE- (3.34)
Consequently, from (3.34) and (3.12) of Lemma 3.3, we can derive

p—2 1
q2p Q72 271 (|Qf + 5)71/p
sup  flu(t)|l2 < 2
To<t<oo b—q2

|20/ co- (3.35)

Hence since |[u(t)]l2 < [Ju(t)|oo |22 < 2 ||uol|oo |22 for all t € [0,Tp], (3.9) is
derived. In order to derive the uniform bound of solutions in L>(2) on [Tp, o00), we
rely on Lemma 3.9.
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To do this, we rewrite (P) in the following way:
O — Au+ u = |ulP2u + u. (3.36)
Multiplying (3.36) by |u|"~2u (r > 2), we obtain
1 d T rT— T T— T
L IO = [ udude + ool = [ e ol 60

We first note that the left-hand side of (3.37), denoted by (LHS), can be estimated
from below as follows:

1d T rT— r— T
(LHS) = - )l + (= 1) / IVl " 2dz + / | 2do 4 Ju() !
r Q o0

1d 4(r—1)
>- ryp 22
> Lol + 5 |

1d . A(r—=1) T2
> ()} + = ) 3

Here in order to give an estimate for the right-hand side of (3.37), denoted by (RHS),
we use Holder’s inequality of the following form:

(6)]2113

R < O g l with o= S5 @3

This is valid for all & € (0, 1), which holds if and only if p < s. So we take s = 2*
for N =3 and s = 2p for N = 2 to get

el = 1l 122 < O ulf 13k . (3.39)
Then, recalling that |ul|, < C(@(u)41)'/2 which is uniformly bounded by (3.8),
we obtain by (3.38) and (3.39)
(RHS) < [[u(&) [~ a5 lu() 14 + u®)ll;

p—2

< Clu(®) 17 (sup e(u(e) +1) 7 [[[u() 512 + u(e);

t>To
< 2020 [u(t)] 2 (1210 + C ( 20N TS () |7+ [u()]I7

< r and ( U > 1 for all r > 2, from (3.37) we deduce

Thus since 2( 0

< Ora ()|l V€ [Ty, 00). (3.40)

S+ k], o

Then (3.40) implies that u satisfies (3.31) with co = 1, ¢c; = C, 6p = 0 and 01 = 1=
Thus the desired bound of u in L ([T, 00); L>(£2)) is derived from Lemma 3.9 and
(3.9). 0
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Remark 3.10. It is possible to show that the global bounds of p(u(t)) and ||u(t)||eo
depend only on initial data ¢(up) and |Jupl|ec ( as well as on p, g, |©2|) respectively,
if p satisfies the following more restrictive condition: 2 < p < 2,, where 2, = oo for
N =1and 2, =2+ 532 for N >2 (2, <2* for N > 2, see [5] and [12] ).

Appendix
We here give a proof of Lemma 3.9.

Proof of Lemma 3.9. For each k € N, setting

— k
rp = 2k ak:clrzl, Vk:corkeo, v=w?,

by (3.31), we get the following inequality

d
oI < —vlo®lzr @) + axllv@l3: (A.1)

We here note that the following Gagliardo-Nirenberg interpolation inequality

/] 2(1-06
10[13 < Cllol|Z gy ol < ekllvll?n gy + Cellvll?

__6_
holds with 6 = N+2 Here C,, = Cﬁek "% and we take €; > 0 sufficiently small

so that epoy + ek <y, and Cek > 1. Then we obtain

d
— | |w|"™dx < =i llo(t)[1 71 ) + Ce, lo(t)13
dt Jq Q)
< —ellv®)[I3 + (ex + k) Cep lv()]3
2
< —Gk/ |w|"™ dx + (e, + ag) Ce, / \w[”@*ldaﬁ>
Q

< —ek/ |w|"™ dx + (e + ag) Ce, sup/ [w|"F 1d;1: ,
Q >0
whence follows
sup/ |w(t)|™*dx < max (Sk sup/ |w ()|~ ldl‘ / |w(0 |7"’“d:v (A.2)
>0 Ja >0
o (Ek-i-ak)cek o . / . .
where 6 = === > 1. Indeed, it is easy to see that y'(t) < —ey(t) + C implies

sup;>o y(t) < max{¢,y(0)}.
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Then the iterative use of (A.2) gives

/ fwl"eda < 6 67y - 07 T M,
“ (A.3)
My := max (1,c||w(0)]|so, sup ||w(t)]|2) with ¢=max (1,|Q]).
t>0

Set e, = 2~ (%0+00k and choose n > 0 sufficiently small so that ezay + ei <
and C,, > 1 are satisfied, then rewriting C, = Ce, " with v = % > 0, we have

5o = BTl _ iy gyt
€k
< Cuyy 6;7_2
< Cleg 2700 (k+1)=(342) 9(00-+01) (r+2)k
— 02790y~ (1+2) 901+ (B0 (+ 1)}k

—qa 2{91+(90+01)b}k’

where we put a = C' 2=%¢yn~0*2) and b = 4 + 1. Then by virtue of (A.3) with
inductive reasoning, we easily obtain

[w ()], < aP*2% My, (A.4)
where
2k (2R — & —2){6; + (60 + 61)b}
Pk = ok+1 qrk = ok+1 .
Since

1
kaiy g T0+ (Go+01)b as k1 oo,

from (A.4) we can derive (see [13])
[w(t)]oo < 22101+ 0o +600} a.e. t € [0,00).
O
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Inexact infinite products of nonexpansive mappings
with nonsummable errors

Simeon Reich and Alexander J. Zaslavski

Abstract: Given a sequence of nonexpansive mappings which map a
closed subset of a complete metric space into the space, we study the
convergence of its inexact infinite products to its common fixed point
set in the case where the errors are nonsummable. Previous results in
this direction concerned nonexpansive self-mappings of a complete metric
space and inexact iterates with summable errors.

Keywords: Complete metric space, fixed point, inexact infinite product,
nonexpansive mapping.
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1 Introduction and Preliminaries

For almost six decades now, there has been a lot of research activity regarding the
fixed point theory of nonexpansive (that is, 1-Lipschitz) mappings. See, for example,
[2, 5, 7,8,9, 10, 11, 12, 13, 14, 15, 16, 21, 22] and the references cited therein.
This activity stems from Banach’s classical theorem [1] concerning the existence
of a unique fixed point for a strict contraction. It also covers, in particular, the
convergence of (inexact) orbits of a nonexpansive mapping to one of its fixed points.
Since that seminal result, many developments have taken place in this area including,
for example, studies of feasibility and common fixed point problems, which find
important and diverse applications in the physical, medical and engineering sciences
[4, 6,17, 19, 20, 21, 22].

For instance, in [3] it was shown that if every exact orbit of a nonexpansive
mapping converges to one of its fixed points, then this convergence property also
holds for all its inexact orbits with summable errors. This result was established for
a nonexpansive self-mapping of a complete metric space.

In the present paper we are concerned with a sequence of nonexpansive mappings
which map a closed subset of a complete metric space into the space. We study the
convergence of its inexact infinite products to its common fixed point set in the case
where the errors are nonsummable. Our paper contains four results. Prototypes of

23
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the first two of them can be found in [18], where we were concerned with inexact
orbits of nonexpansive mappings.

2 First result

Let (X, p) be a complete metric space. For each z € X and each r > 0, set
B(x,r):={ye X : p(z,y) <r}.
For each x € X and each nonempty set A C X, put

plx, A) :=inf{p(x,y) : y € A}.

Let K C X be a nonempty closed set and let the mappings T; : K — X,i=1,2,...,
satisfy

p(Ti(x), Ti(y)) < p(x,y) for all z,y € K and all integers i > 1. (2.1)
Fix a point # € K and suppose that F' C K is a nonempty closed set such that
Ti(x) =z for all x € F' and all integers ¢ > 1 (2.2)

and that the following property holds:
(P1) for every positive number e and every positive number M, there exists an

integer n(M,€) > 1 such that if v € B(, M), p > 11is an integer and [, n(d.e) Tp+i(a:)

exists, then
n(M €

H TP—H

Note that property (P1) indeed holds for a sequence of strict contractions and
for many infinite products of nonexpansive mappings of contractive type [16].
The following theorem is our first main result.

Theorem 2.1. Assume that a sequence {x;}°, C K is bounded,

lim p(xit1, Tiy1(z:)) =0 (2.3)

1—00

and that there exists a positive number r such that
B(z;i,r) C K
for all sufficiently large natural numbers i. Then

lim p(z;, F') = 0.

1—00



Inexact infinite products of nonexpansive mappings 25

Proof. By assumption, there exists a number M > 0 for which

x; € B(0, M) for every integer i > 0. (2.4)
There also exists a natural number pg such that

B(z;,r) C K for all integers ¢ > py. (2.5)

Let € be a positive number. By property (P1), there exists an integer ng > 1 such
that the following property holds:

(P2) for every point x € B(0,M + 4) and every integer p > 1 such that
[T Tpti(z) exists, we have

([ Tpsilw). F) < e/,
i=1

Choose a positive number
ro < ngmin{27tr 47 e}, (2.6)
Equation (2.3) implies that there exists an integer n; > 1 such that
p(xit1, Tix1(zi)) < ro for every integer i > ny. (2.7)

Assume that
n > ng + n1 + po (2.8)

is an integer. We claim that
p(zn, F) <e.

To see this, consider first the point z,_n,. Equations (2.5) and (2.8) imply the
inclusion
B(zp—n,,r) C K. (2.9)

It follows from (2.7) and (2.8) that
n—ng>ni+po (2.10)

and that
P(xn—mﬁ-la Tn—no+1(xn—no)> <7p. (2.11)

In view of (2.5), (2.6) and (2.11), we have

B(Th—ng+1(Tn—ng),r —10) C B(Tp—ny+1,7) C K. (2.12)
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Assume that
ke{l,....;no} \ {no}

and that for every integer ¢ € {1,...,k},

i
H Tjtn—no(Tn—ng) € K is defined,

j=1
i
P(Titn—no» H Tjtn—ng (Tn—ng)) <irg < 27y (2.13)
j=1
and '
K3
B(H Tjin—no(@n—ng), T — i10) C B(Zp—ng4i,r) C K. (2.14)

j=1
(Note that by (2.11)—(2.13), our assumption does hold for k£ = 1.) Equations (2.1),
(2.5)-(2.8) and (2.13) imply that
k+1
p(xk-‘rn—no-‘rlv H Tj+nan (xn*no))
j=1
< P($k+n—n0+1, Tk—l—n—ng—l—l(qf'k—l—n—no))

k+1

+P(Tk+n—no+1 (xk—l—n—no )s H Tjtn—ng (xnfno )
7j=1

k

<719+ p($k+n—n07 H ,Ivj-i—n—no (l'n—no))
j=1

<ro+kro < ngrg <27 'r

and
k+1

B(H T]'Jrn*no (l‘n*no)’ r—= (k; + 1)T0) C B(J:k-i-l-‘rn—novr) C K.
j=1

This means that the assumption made for k also holds for k+ 1. Therefore, by using
induction, we have shown that our assumption holds for k = ny,

no
H Tjtn—no(Tn—no) € K is defined,
j=1
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70
p(xm H TjJrnfno (xnfno)) < ngrg < 2_17” (2.15)
j=1
and
no
B(][ Tj4n—no(@n-no),27'r) C K. (2.16)
j=1

By property (P2), (2.4) and (2.16), we have

no

P(H Tn—no(Tn—ny), F') < €/4.

j=1
When combined with (2.6) and (2.15), this inequality implies that

p(xn, F) < mngro +€/4 <e.
Thus for all integers n > ng + nq1 + pg, we have

p(zn, F) <¢,

as claimed. Since € is an arbitrary positive number, this completes the proof of
Theorem 2.1. O
3 Second result

In this section we continue to use the assumptions and notation introduced in Section
2.

Theorem 3.1. Assume that a sequence {x;}°, C K satisfies

lim p(zit1, Tiva(2i)) =0, (3.1)
liminf p(x;, X \ K) >0 (3.2)
11— 00

and that it has a bounded subsequence {z;,};>1. Then

liminf p(z;, F') = 0.

11— 00

Proof. There exists a number M > 0 for which

z;, € B(#, M) for every integer p > 1. (3.3)
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In view of (3.2), there exist 7 > 0 and a natural number py such that

B(x;,r) C K for every integer i > po

(3.4)

Let € be a positive number. It follows from property (P1) that there exists a natural

number ng such that the following property holds:

(P3) for every point x € B(6, M + 4) and every integer p > 1 such that

[T, Tpti(z) exists, we have

o[ Tysite). F) < /4.
=1

Choose a positive number
ro < ng 't min{27tr 47 te}.
Equation (3.1) implies that there exists an integer n; > 1 for which
p(xit1, Tip1(z)) < ro for every integer i > ny.
Assume now that an integer p > 1 satisfies
ip 2> N1+ Po.

We claim that
p($ip+n0’ F) S €.

Indeed, in view of (3.4) and (3.7),
B(z;,,r) C K.
By (3.6) and (3.7), we have
p(Ti,+1, Tipr1(wi,)) < 7o

and
B(T;,+1(xi,),r — o) C B(wi,41,7) C K.
Assume that
Ee{l,...,no}\ {no}
and that for each j € {1,...,k},

j
HT’iJrip (z5,) € K is defined,
i=1
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j
p@iyigs [ [ T (i,)) < jro < 27'r (3.11)
=1
and ‘
J
B(I[ T, (x3,), 7 = o) € B(wi,j,7) C K. (3.12)
i=1

(Note that in view of (3.9) and (3.10) our assumption does hold for &k = 1.) It
follows from (2.1), (3.5)—(3.7) and (3.11) that

k1
p(@iinats || Topri(wi,))
=1
k1
< p(@iy 1 Tiprkr1 (@i an)) + oLy (T 1) H Ti,vi(wi,))
=1

<rg+krg= (k + 1)7”0
and
k41
B(H Tip+i(wi,),r — (k+ Do) C B(wjpqk41,7) C K.
i=1

In other words, the assumption made for k£ also holds for k + 1. Therefore, by using
induction, we have shown that our assumption holds for k = ny,

no
HTieri(l‘ip) € K is defined,

i=1
no
P(@iyings | [ Tipriai,)) < moro (3.13)
i=1
and .
0
B(H ﬂp+i(mip)7 271T) C K. (314)
i=1

It follows from property (P3), (3.3) and (3.14) that
no
p([[ Tipri(i,), F) < €/4.
i=1

When combined with equations (3.5) and (3.13), the above inequality implies that

P(Tiytng, F) < noro + €/4 < e,
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as claimed. Since the above inequality holds for all integers p > 1 such that i, >
n1 + po, we conclude that
liminf p(z;, F) < e.

11— 00

Since € is an arbitrary positive number, this completes the proof of Theorem 3.1. [

4 Third result

Theorem 4.1. Assume that a sequence {z;}°, C K satisfies

lim p(ziy1, Tiva(xi)) =0, (4.1)

1—00

r >0,
B(zi,r) C K (3.2)

for all sufficiently large natural numbers i and that there exists a bounded subse-
quence {x;,}p2, such that

sup{ipy1 —ip: p=1,2,...} <0 (4.3)
Then
lim p(z;, F') = 0.
1— 00

Proof. By Theorem 2.1, it suffices to show that the sequence {z;}:°, is bounded.
To see this, we first note that, by assumption, there exists a number M > 0 such
that
v, € B, M), p=1,2,.... (4.4)

In view of (4.1), there exists A > 0 such that
P(@it1; Tipr (i) < A (4.5)
Equation (4.3) implies that there exists a natural number ¢ such that
ipt1 <ip+q, p=12.... (4.6)

Fix
0y € F. (4.7)

Let j > i1 be an integer. By (4.6), there exists a natural number p such that

ip < J <lpp1 < ip+q. (4.8)
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Equation (4.4) implies that
p(0o, xi,) < p(0o,0) + p(0,zi,) < p(bo,0) + M. (4.9)

It follows from (2.1), (2.2), (4.5) and (4.7) that for each i € {ip,...,ip41 — 1}, we
have

p(bo, ziy1) < p(0o, Tivr(2:)) + p(Tiyr (i), zit1)
< p(0o, ;) + A.
When combined with (4.8) and (4.9), this implies that
p(00,x5) < gA + p(o, i) < gA + M + p(6o,0)
and
p(00, ;) < gA+ M + p(6o, 0)

for all integers j > iy. Therefore the sequence {z;}3°, is indeed bounded. This
completes the proof of Theorem 4.1. O

5 Fourth result

Theorem 5.1. Assume that the set F' is bounded, a sequence {x;}?°, C K satisfies

lim p(zi1, Tiva(zi) =0, (5.1)

1— 00

r >0,
B(z;,r) C K (5.2)

for all sufficiently large natural numbers i and that there exists a bounded subse-
quence {z;,}5°,. Then
lim p(x;, F') = 0.

1— 00

Proof. By assumption, there exists a number M > 0 such that
FcBO,M) (5.3)

and
T, €EBO,M), p=1,2,.... (5.4)

In view of (5.2), there exists a natural number gg such that

B(x;,r) C K for every integer i > qq. (5.5)
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It follows from property (P1) that there also exists a natural number ng such that

the following property holds:

(P4) for every point x € B(6,2M + 4) and every integer p > 1 such that

[T Tpti(z) exists, we have

o([[ Tysilw). F) < 1.
=1

Choose a positive number

ro < ng ' min{27r, 271}

Equation (5.1) implies that there exists an integer ny > 1 for which

p(zi1, Tiva1(x;)) < ro for every integer i > ny.

Next, assume that an integer m satisfies
m 2 ni + qo,

and
p(Tm,0) < 2M + 4.

In view of (5.5) and (5.8),
B(zy,r) C K.

By (5.7) and (5.8), we have

(a1, Tns1(zm)) < 70

and

B(Tp41(xm),m —ro) C B(xm+1,7) C K.

Assume that
ke{l,....;no}\ {no}

and that for each j € {1,...,k},

J
HTH_m(iL'm) € K is defined,
i=1

J
P($m+j, HTm—H(xm)) < jTO < 2717’
=1

(5.6)

(5.7)

(5.10)

(5.11)

(5.12)
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and

J
B(I[ Tixm(@m),r = jro) C B(xmyj,7) C K. (5.13)
=1

(Note that in view of (5.10) and (5.11) our assumption does hold for £k = 1.) It
follows from (2.1), (5.7), (5.8) and (5.12) that

k+1
P(Tmth+1, H Trnti(Tm))
i=1
k+1
< p(@mtbt1; Tntk+1 (Tmrk)) + (Tt 1 (Tmak) H Trn+i(zm))
i=1
<ro+kro=(k+1)ro

and
k+1

B(][ Tmsi(wm), 7 — (k + 1)ro) C B(2mrs1,7) C K.
i=1
In other words, the assumption made for k also holds for k + 1. Therefore, by using
induction, we have shown that our assumption holds for k& = ny,

no
HTmH(:Um) € K is defined,

=1
no
p($m+n07 H Teri(xm)) < noro (5'14)
i=1
and
no
B([[Tom+iwm).27'r) C K. (5.15)
=1

It now follows from property (P4), (5.9) and (5.15) that

p([] Tonvi(am), F) < 1. (5.16)
=1

By (5.3), (5.6), (5.14) and (5.16), we have

no no
P(Zmtngs F) < p(Tmtng,s HTm-H‘(wm)) + p(HTm-i-i(wm)a F)
=1 i=1
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< ngro+1<2.
It follows from the inequality above and (5.3) that
P(@mtng,0) < p(@mtng, F) +sup{p(z,0) : z € F} <2+ M.

Thus we have shown that the following property holds:
(a) if an integer m > n1 + qo and p(zy,, 0) < 2M + 4, then

P(ZTmang,0) < M +2.
There exists an integer pg > 1 such that
Ipy = N1 + qo.
By this inequality, (5.4) and property (a),
P(Tiy +hng, 0) < M +2

for all integers k > 1. Now the assertion of the theorem follows from Theorem
4.1. O
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Abstract: In this work, we determined the general terms of t-balancers,
t-balancing numbers and Lucas ¢-balancing numbers in terms of balanc-
ing and Lucas-balancing numbers by solving the Pell equation 2z? —y? =
2t2 4 4t + 1 for some integer ¢ > 1.
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1 Introduction

A positive integer n is called a balancing number ([2]) if the Diophantine equation
I+2+--+(n—-1)=n+1)+n+2)+ -+ (n+r) (1.1)

holds for some positive integer r which is called balancer corresponding to n. If n is
a balancing number with balancer r, then from (1.1)
s (m4+r)(n+r+1)

—2m—14++8n2+1
n® = 5 and r = 5 .

From (1.2), they noted that n is a balancing number if and only if n? is a triangular
number and 8n? +1 is a perfect square. Though the definition of balancing numbers
suggests that no balancing number should be less than 2. But from (1.2), Behera
and Panda noted that 8(0)2 + 1 = 1 and 8(1)? + 1 = 3% are perfect squares. So
they accepted 0 and 1 to be balancing numbers. Let B,, denote the n'" balancing
number. Then By =0,By =1, B, =6 and B+ = 6B, — B,,—1 for n > 2.

Later Panda and Ray ([12]) defined that a positive integer n is called a cobalan-
cing number if the Diophantine equation

1+24+---4n=n+1)+n+2)+---+(n+r) (1.3)

(1.2)

holds for some positive integer r which is called cobalancer corresponding to n. If n
is a cobalancing number with cobalancer r, then from (1.3)

o — /32
(m+r)(n+r+1) and r— 2n—14+v8n +8n+1.

1 =
n(n+1) 5 5

(1.4)

37
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From (1.4), they noted that n is a cobalancing number if and only if n(n + 1) is a
triangular number and 8n? + 8n + 1 is a perfect square. Since 8(0)2+8(0)+1 = 1is
a perfect square, they accepted 0 to be a cobalancing number just like Behera and
Panda accepted 0 and 1 to be balancing numbers. Let b, denote the n'" cobalancing
number. Then by = by = 0,b2 = 2 and b,4+1 = 6b, — b,—1 + 2 for n > 2.

It is clear from (1.1) and (1.3) that every balancing number is a cobalancer and
every cobalancing number is a balancer, that is, B, = r,11 and R, = b, for n > 1,
where R, is the n'™™ the balancer and 7, is the n'" cobalancer. Since R,, = b,,, we
get from (1.1) that

9B, — 1+ RB2 11 %, + 1+ /802 1 8b, + 1
b, — J; 8Bnt 1 nd B, = Zn LT §"+8 )

Thus from (1.5), B, is a balancing number if and only if 8 B2 +1 is a perfect square
and b, is a cobalancing number if and only if 8b2 4 8b,, + 1 is a perfect square. Thus

Cn=+/8B2+1 and ¢, = /82 + 8b, + 1 (1.6)

are integers which are called the n'" Lucas-balancing number and n'" Lucas-coba-
lancing number, respectively (Note that Cp = ¢o = 1).

Let @ = 1++/2 and 3 = 1—+/2 be the roots of the characteristic equation for Pell
numbers which are the numbers defined by Py =0,P, =1 and P, = 2P,_1 + P2
for n > 2. Ray ([17]) derived some nice results on balancing numbers and Pell num-
bers his Phd thesis. Since x is a balancing number if and only if 822 4 1 is a perfect
square, he set 822 + 1 = y? for some integer y > 1. Then he get

y? —8z% =1 (1.7)

which is a Pell equation ([1, 3, 9]). The fundamental solution of (1.7) is (y1,z1) =
(3,1). So yn + 2,8 = (34 v/8)" for n > 1 and similarly y, — z,v/8 = (3 — V&)™
Let vy =3+ V8 and § = 3— /8. Then he get x, = 77:2 which is the Binet formula

n

for balancing numbers, that is, B,, = %. Since a? = v and % = 4, he conclude
that the Binet formula for balancing numbers is

2n _ Q2n
B, = u.
44/2
Similarly
a2n71 _ 62n71 1 a2n 4 52n a2n71 + 521171
bp=———F——--,Ch=——7— and ¢y = —F—
44/2 2 2 2

for n > 1 (see also [4, 10, 11, 15]).
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Balancing numbers and their generalizations have been investigated by seve-
ral authors from many aspects. In [7], Liptai proved that there is no Fibonacci
balancing number except 1 and in [8] he proved that there is no Lucas balancing
number. In [19], Szalay considered the same problem and obtained some nice results
by a different method. In [5], Kovécs, Liptai and Olajos extended the concept of
balancing numbers to the (a, b)-balancing numbers defined as follows: Let a > 0 and
b > 0 be coprime integers. If

(a4+b)+-+(an—1)+b) =(aln+1)+b)+---+ (a(n+7r)+)

for some integers n,r > 1, then an + b is an (a, b)-balancing number. The sequence
of (a,b)-balancing numbers is denoted by BYY for m > 1. In [6], Liptai, Luca,
Pintér and Szalay generalized the notion of balancing numbers to numbers defined
as follows: Let y, k,l € ZT such that y > 4. Then a positive integer x with z < y—2 is
called a (k, I)-power numerical center for y if 1¥4- - 4 (z—1)* = (z+1)'4-- -+ (y—1)".
They studied the number of solutions of the equation above and proved several
effective and ineffective finiteness results for (k,[)-power numerical centers. For
integers k,x > 1, let
My(z) =z(x+1)...(x+ k—1).

Then it was proved in [5] that the equation B, = IIx(x) for fixed integer k£ > 2 has
only infinitely many solutions and for k € {2, 3,4} all solutions were determined. In
[21] Tengely, considered the case k = 5, that is, By, = z(z+1)(z+2)(x+3)(z+4) and
proved that this Diophantine equation has no solution for m > 0 and x € Z. In [14],
Panda, Komatsu and Davala considered the reciprocal sums of sequences involving
balancing and Lucas-balancing numbers. In [16], Patel, Irmak and Ray considered
incomplete balancing and Lucas-balancing numbers and in [18], Ray considered the
sums of balancing and Lucas-balancing numbers by matrix methods.

Recently, almost balancing numbers first defined by Panda and Panda in [13]. A
natural number n is called an almost balancing number if the Diophantine equation

n+D)+n+2)+-+n+r)]—[1+2+--+n—-1)] =1

holds for some positive integer r which is called the almost balancer. In [20], the first
author derived some new results on almost balancing numbers, triangular numbers
and square triangular numbers.

2 {-Balancing numbers.

In this section we try to determine the general terms of all t-balancers, t-balancing
numbers and Lucas t-balancing numbers.
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Let ¢t > 1 be an integer. Then by considering (1.1), a positive integer n is called
a t-balancing number if the Diophantine equation

1424 4n—1=n+14+)+0+2+t)+ -+ (n+r+t) (2.1)

holds for some positive integer r which is called t-balancer corresponding to n.
Let B!, denote the n'!' t-balancing number and let R!, denote the n'" t-balancer.
Then from (2.1), we get

¢ _ —2B} —2t —1+/8(B})* + 8tB} + (2t + 1)?

R, 5 and (2.2)
2R! +1 Y248t + 1)RE + 1
B — R+ +\/8(Rn)2 +8(t+ DR, +1 (2.3)

From (2.2), we note that B! is a t-balancing number if and only if 8(B!)? + 8t B! +
(2t + 1)? is a perfect square. Thus

Cl = \/8(B!)2 + 8tBL + (2t + 1)2 (2.4)

is an integer which is called Lucas ¢t-balancing number.

In order to determine the general terms of ¢t-balancers, t-balancing numbers and
Lucas t-balancing numbers, we have to determine the set of all (positive) integer
solutions of the Pell equation

202 — % = 2% + 4t + 1. (2.5)

We see from (2.3) that R!, is a t-balancer if and only if 8(R!)? +8(t + 1)RL + 1 is a
perfect square. So we set

8(RL)* +8(t+ )Rl +1 =y (2.6)
for some integer y > 1. Then 2(2R!, +t + 1)? — y? = 2t> + 4¢ + 1 and putting
z=2RL +t+1, (2.7)

we get the Pell equation defined in (2.5).
Now let A be a non-square discriminant. Then the A-order O, is defined to be

the ring Oa = {z + ypa : z,y € Z}, where pa = \/g if A = 0(mod 4) or %

if A =1(mod 4). So Oa is a subring of Q(vA) ={z + yVA : z,y € Q}. The unit
group OY is defined to be the group of units of the ring O, .
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Let F(x,y) = az? + bry + cy? be an indefinite integral quadratic form ([3]) of
discriminant A = b?> — 4ac. Then we can rewrite F(z,y) = ((za + yb+\r)(:na +vy
%))/a. So the module My of F' is

F:{xa+yb+\/E:x,y€Z}CQ(\/K).

Therefore we get (u + vpa)(za + ybﬁf) 2l + o YA b+f . where
_b
[z Y] { “Tav (wb ] if A =0(mod 4)
;oo —Cv U+ 50v 98
[ ] = u+ 1=ty v (2.8)
2 . _
£ { Cev e Lty ] if A =1(mod 4).

Let m be any integer and let © denote the set of all integer solutions of F'(x,y) = m,
that is, Q = {(z,y) : F(z,y) = m}. Then there is a bijection

U:Q— {ye Mp:N(y)=am}.

The action of O ; = {a € O4 : N(a) = 1} on the set (2 is most interesting when A
is a positive non-square since Oxl is infinite. Therefore the orbit of each solution will
be infinite and so the set { is either empty or infinite. Since O ; can be explicitly
determined, the set € is satisfactorily described by the representation of such a list,
called a set of representatives of the orbits. Let e be the smallest unit of O, that is
greater than 1 and let 7o = e if N(ea) = 1 or €% if N(ea) = —1. Then every Ox 4
orbit of integral solutions of F'(z,y) = m contains a solution (z,y) € Z x Z such
that 0 <y < U, where U = ‘%ﬁ (1-— E) ifam >0or U = |amm‘l a) if
am < 0. So for finding a set of representatives of the O ; orbits of integral solutions
of F(x,y) = m, we must find for each integer yp in the range 0 < yo < U, whether
Ay2 + 4am is a perfect square or not since

axd + broyo + cyd = m < Ayg + dam = (2azxg + byo)>. (2.9)

If Ay2 + 4am is a perfect square, then from (2.9) we get

_ —byo = VAYE + dam
B 2a '

So there is a set of representatives Rep = {[z¢ yo|}. Consequently for the matrix
M defined in (2.8), the set of all integer solutions of F(z,y) = m is Q = {£(z,y) :
[z y] = [xo yo]M™ n € Z}. If Ay? + 4am is not a perfect square, then there are no
integer solutions.
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For the set of all integer solutions of (2.5), the indefinite form is F(z, y) = 222 —y?
of discriminant A = 8. So 75 = 3 + 2v/2 and

M:[g g] (2.10)

from (2.8). Here we have two cases: 2t2 + 4t + 1 is a perfect square or not for ¢ > 1.

2.1 Case 1: 2t + 4t + 1 is a perfect square.

In this case, we can give the following theorem first.

Theorem 2.1. The quadratic Diophantine equation 2t> 4+ 4t + 1 = h? is satisfied
for (t,h) = (Pap—1 — 1,¢y) forn > 2.
Proof. Let 2t? + 4t + 1 = h? for some integer h > 1. Then 2(t +1)?> — h2 = 1 and

taking t+1 = w, we get the Pell equation 2w? — h? = 1. The set of representatives is
Rep = {[£1 1]} and in this case [I —1]M™ generates all integer solutions (wy,, hy,) for

3 4 C, 4B
> — . : n _ n n
n > 1 for M [ 9 3 ] It can be easily seen that M [ °B, C,

So the set of all integer solutions of 2w? —h? = 1is {(=2B,+C, 4B, —C,) : n > 1}.
But we notice that —2B,,+C,, = P»,,_1 and 4B,,—C}, = ¢,. So the quadratic equation
2t2 + 4t + 1 = h? is satisfied for (t,h) = (Poap_1 — 1,¢n). O

]fornzl.

For the set of all integer solutions of (2.5) and the general terms of all ¢-balancers,
t-balancing numbers and Lucas ¢-balancing numbers, we have two cases: #Rep =4
or #Rep > 4.

Theorem 2.2. If #Rep = 4, then
1. the set of all integer solutions is Q@ = {(x3n+1, Y3n+1) : 7 > 0FU{(T30—1, Y3n—1),
(730, Y3n) : m > 1}, where
(x?m—I—la y3n+1) = <2Bn + (t + I)Cnu (4t + 4)Bn + Cn)
(w?m—la y3n—1) = <_2th + hCTL; 4hB,, — hCn)
(230, Y3n) = (—2Bp + (t + 1)Cy, (4t + 4)B,, — Cy,).

2. the general terms of t-balancers, t-balancing numbers and Lucas t-balancing
numbers are

2B, + (t+1)Cp —t — 1

RS, = !
Rt 2Bt )C -t 1
3n—1 — 9
Ré 2:—2th+hCn—t—l

" —

2
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(4t +6)B,, + (t +2)Cy, — t

. (4t 4+ 2)B,, + tC,, — t
B3n—1 - 2
2hB,, —1
Bg)n—Z = .

Cs, = \/8(B§n)2 +8tBL, + (2t +1)2

C:Em—l = \/8(B§n—1)2 + 8tB§n—1 + (2t + 1)2

Cinn = \/8(B§n—2)2 +8tBY, 5+ (2t +1)2
forn > 1.
Proof. (1) Let #Rep = 4. Then the set of representations is
Rep = {[£(t +1) 1], [=h A},
and in this case
1. [t+1 1]JM™ generates all integer solutions (23,1, Y3n+1) for n >0,
2. [t+1 — 1]M™ generates all integer solutions (x3y, y3,) for n > 1,

3. [h — h|M™ generates all integer solutions (z3,-1,Yy3n—1) for n > 1.

Thus the set of all integer solutions is Q@ = {(2B,, + (t + 1)Cy, (4t + 4)B,, + Cy,) :
n > 0YU{(=2hBy +hCyp, 4h By — hCl), (—2Bp + (£ +1)Ch, (4t +4) By — Cp) : 1 > 1}
(2) Note that x = 2R!, +t + 1 from (2.7). So

and from (2.3) and (2.6), we observe that

2R+ 14 /8(RL,)?+8(t+1)RE, +1

Bgn_ 2
2B+ (t+1)Cp —t—1+1+ (4t +4)B, + Cy
- 2
(4t +6)B, + (t +2)Cp, — t

2
Thus

ct, = \/S(Bgn)2 + 8tBL, 4+ (2t +1)2

by (2.4). The other cases can be proved similarly. O
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Theorem 2.3. If #Rep = 2k > 4, then
1. the set of all integer solutions is
Q= {(x(%—l)n—i-la y(?k—l)n+1)7 (x(2k—1)n+i+1v y(2k—1)n+i+1):
(T(2k—1)ntk> Y2k—1)ntk) 11 > 0} U
{(@@r=1)ns Yk—1)n) s (T(@2k—1)n—i> Y2k—1)n—i) : 7 = 1},
where
(2B, + (t+1)Chy, (4t + 4)B,, + Cy)
(2t2ZB + t9;—1Ch, Atai—1 By + t2;Cy,)
(
(-

(z L(2k—1)n+15 Y(2k—1)n+1

(x(Zkfl)nJrz#lv Y(2k—1)n+i+1

9B, + hCy, AW B,y + hCy)
2By, + (t +1)Chp, (4t + 4) By, — Ch)
(—2t9;Bp, + t2i—1Cp, 4ta;i_1 By, — t2,Cy).

((2k ns Y(2k—1)n

)
) =
(iU(Qk: Dn+ks Y(2k— 1n+k:)
)
)

((Zk 1)n—i> Y(2k—1)n—i

2. the general terms of t-balancers, t-balancing numbers and Lucas t-balancing
numbers are

RIéZkfl)n = 2
" —2B,+ (t+1)C,, —t—1
R(Qk—l)n—l = 9
Rt _ —2t9; By, +t9;-1C,, —t —1
(2k—1)n—i—1 — 2
¢ (4t +6)B,, + (t + 2)C), —
B(2k—1)n = 9
' (4t +2)B, +tC, — t
B(2k—1)n—1 = 9
Bt ~ (=2tg; +4t9i-1) B + (t2i—1 — t2;)Cp — 1
(2k—1)n—i—1 — D)

Clor—1yn = \/S(Btzk—1 )2+ 8tBlyy,_y, + (2t + 1)
Clok—1yn—1 = \/8 (2h—1yn—1)” T 8By 1), 4 + (20 +1)?

C(Qk—l)n—i—l = \/8 (2k71)n7i71) + 8tB(2k—1)n—z;1 + (2t + 1)2

forn>1 and

Rt _ 2t9iBy +t2i1Cp —t — 1
(2k—)nti — 5
»  OhBy+hCy —t—1
(2k—1)n+k—1 — 5
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(2t9; + 4toi—1)Bp + (t2i—1 + t2:)Cp — t

B€2k—1)n+i = 9

" 6hB,, + 2hC,, —t
B(2k—1)n+k—1 = 9

Clok—1ynti = \/8(13521@71)%@')2 + 8By, 1),y + (2t + 1)2

t
Clon-1ym+k-1 = \/8(B€2k71)n+k71)2 + 8By 1y + (28 +1)?

forn >0,

where to;—1 and to; are positive integers such that 2t§i_1 — t%i =22 44t +1 for1 <i
<k—-2t+1<ti<tzg<- - <togps<handl <ty <ty <- -+ <top_g<h.

Proof. (1) Let #Rep > 4. Then the set of representations is
Rep = {[£(t + 1) 1], [£t2i—1 t2], [£h R},

where t9;_1 and to; are positive integers such that 2t%i71 — t%i =224+ 4t+1for1<i
<EkE-2t+1<ti<tzg< - <togp_s<handl <ty <ty<---<tgr_4 <h. Here

L. [t+1 1]JM"™ generates all integer solutions (2 (2x—1)n+1, Y2k—1)n+1) for n >0,

2. [t2i—1 t2;]M™ generates all integer solutions (T(2k—1yntit15Y(2k—1)nti+1) for
n >0,

3. [ h]M™ generates all integer solutions ((ax—1)n+k> Y(2k—1)n+k) for n >0,
4. [t+1 —1]JM™ generates all integer solutions (=(2x—1yn,Y(2k—1)n) for n > 1,
5. [t2i—1 —t2;]M" generates all integer solutions (2 (2x—1)n—i> Y(2k—1)n—i) forn > 1.

Thus the set of all integer solutions is Q = {(2B,+(t+1)Cy, (4t+4) Bp,+Cy), (2t2; Bp+
to;_1Chp, 4to;_1 By, +t2iCn), (2th +hCy, 4h By, + hCn) n > 0} U {(—2Bn + (t+ 1)Cn,
(4t +4)B, — Cp), (—2t2;Bp + t2i—1Cp, 4t2i—1 By — t2;,Cy) : m > 1},

(2) It can be proved as in the same way that Theorem 2.2 was proved. O

When #Rep = 2k > 4, it is impossible to determine the set of representatives
and #Rep in terms of ¢. For example in Table 1, the set of representatives is given
for some values of t. That is why we assume that the set of representatives is Rep
={[£(t+1) 1],[*tei—1 ta],[£h h]}, where t3;_; and t9; are positive integers such
that 2t3, | — 12, =22 + 4t +1for 1 <i<k—2t+1<t; <t3<--- <ty s5<h
and 1 <ty <ty < - <top_y <h.
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Table 1.

’ t ‘ set of representatives

{[£985 1],[£995 199],[£1025 401],
[£1267 1127),[+1393 1393]}
{[£5741 1],[+£6001 2471],[+6739 4991],
[£6805 5167],[+8119 8119]}
{[£33461 1],[+£35155 15247, [+38935 28153,
[£40409 32039], [+47321 47321]}
{[£195025 1],[£195083 6767], [+195257 13457,
[£197005 39401], [£197743 46207, [+199547  59737),
[£202985 79601], [£205933 93527, [+205973 93703,

984

5740

33460

[£207607 100657], [£209405 107849], [+:211327 115103),
[£210883 143623, [£222425 151249], [£:227837 166583,
[£236623 189503, [£243355 205849], [+:243443  206057),
[£246977 214303, [£250747 222887, [+:254665 231601],
(271133 266377], [£275807 275807]}

195024

2.2 Case 2: 2t> + 4t + 1 is not a perfect square.

In this case we again two cases: #Rep = 2 or #Rep > 2.
Theorem 2.4. If #Rep = 2, then

1. the set of all integer solutions is Q = {(Tan+1,Y2n+1) : 1 > 0} U {(x2n, yon) :
n > 1}, where

(x2n+1a Z/2n+1) = (2Bn + (t + 1)Cn, (4t + 4)Bn + Cn)
(on,Yon) = (—2B, + (t + 1)Cy, (4t +4)B,, — Cp).

2. the general terms of t-balancers, t-balancing numbers and Lucas t-balancing
numbers are

RS, !
Rt _ 2By +(t+1)Ch—t—1

2n—1 9

Bl — t(cnt1 — 1) + 2By q1

2
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t(Cn+1 — 1) + 2Bn
2

Chy = \/8(BL,)2 + 8B, + (2t + 1)?

t _
Banl -

Choy = \[8(BY, 1) +8tBh, ; + (2t +1)2
forn > 1.
Proof. (1) Let #Rep = 2. Then the set of representatives is
Rep = {[£(t+1) 1]}.

In this case [t+1 1]M™ generates all integer solutions (2,41, Yon+1) for n > 0 and
[t+1 —1]M™ generates all integer solutions (2, y2,,) for n > 1. Thus the set of all
integer solutions is Q = {(2B,+(t+1)C,, (4t+4)B,+Cy) : n > 0}U{(—2B,,+(t+1)
Ch, (4t +4)B, — Cy) : n > 1}.

(2) From (1), we observe that

Rgn 2

Hence from (2.3) and (2.6), we get

_2RL 41+ /8(RL,)2+8(t+1)R, +1

2B+ (t+1)Cp —t — 141+ (4t +4)B, + C,
B 2
_ t(4Bn, + Cp — 1)+ 6B, +2C,
N 2
2n_52n 2n+ﬁ2n 2n_/32n 2n+ﬁ2n
_75(4(“4\/§ )+ —1)+6(O‘4\/§ ) +2(——)
B 2
t <a2"(% +5) + B+ 3) - 1) +a® (525 +1) + B (55 +1)

N 2

27L+1+627L+1 2n+2_62n+2
(TR 1) 4 p(TE

2
_ t(cn+1 - 1) + 2Bn+1
9 .
Thus

C3, = \/8(B§n)2 +8tBL, + (2t +1)2
by (2.4). The others can be proved similarly. O
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Theorem 2.5. If #Rep = 2k > 2, then

1. the set of all integer solutions is Q = {(Tokn+1, Y2kn+1)s (T2kntit1, Y2kntitl) :
n > 0} U{(Z2kn, Yokn) (T2kn—i, Yokn—i) : n > 1}, where

Bn,+ (t+1)Cy, (4t +4)B, + Cy)
2t9; By, + to;—1Chp, 4to;—1 By + t2;Ch)

2B, + (t + 1)Cy, (4t + 4)B, — Cy,)

2t9; By, + to;—1Cyp, 4toi—1 By — t2;,C).

(332kn+1 y Y2kn+1

)

(332kn+i+17 y2kzn+i+l)
(x2kn7 y?kn)

) =

(2
(
(—
(To2kn—is Y2kn—i) = (—

2. the general terms of t-balancers, t-balancing numbers and Lucas t-balancing
numbers are

2B, + (t+1)Cp —t — 1

’ —2B, +(t+1)Cp, —t—1
Ropp—1 = 2
Rt - —2t9; By +to;_1Cp, —t —1
2kn—i—1 = 5
Bt _ t(ent1 — 1) + 2Bpt1
2kn 9
Bt - t(0n+1 — 1) + 2Bn
2kn—1 — 2
Bt  (—2tg; + 4tgi—1)Bp 4 (t2i—1 — t2)Cr — 1
2kn—i—1 — 2

Chin = \/8 (BL,,.)? + 8tB§,m + (2t +1)2

Chions = /3(Blyy_1)? +8tBYy,, , + (2t +1)2

Cotn—i 1*\/8 Skn—i—1)? + 8By iy + (26 1)

forn>1 and

Rék o 2to; By, + to;_1C,, —t — 1

n-+1 9

Bl .. = (2t9; + 4to;—1) By + (toi—1 + t2;)Cp — t
n-+1 9

Cékn—i—z = \/8 2kn+z + 8tB2k:n+z (2t + 1)2

forn >0,
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where to;—1 and to; are positive integers such that 2t%i_1 — t%i =22 44t +1 for1 <i
<kE—1Lt+1<ti<tzg<: - <top_gandl <to <ty <---<top_o.

Proof. (1) Let #Rep = 2k > 2. Then the set of representatives is
Rep = {[£(t + 1) 1], [£tai—1 tai]},

where to;_1 and to; are positive integers such that 275%@—1 — t%i =2t 4 4t+1for1 <i
<kE-1Lt+1<ti<tzg<---<togp_gand 1 <ty <ty <---<tgp_o. Here

1. t+1 1]JM™ generates all integer solutions (Zagn+1,Y2kn+1) for n >0,
2. [t+1 —1] M™ generates all integer solutions (Zogn, Yorn) for n > 1,
3. [tai—1 to;]M™ generates all integer solutions (Zogpn+it1,Y2knti+1) for n >0,

4. [toi—1 — to;]M™ generates all integer solutions (Zogn—;, Yokn—i) for n > 1.

Thus the set of all integer solutions is Q = {(2B,+(t+1)Cy, (4t4+4) B,+Cy,), (2t2; By +
tgiflcn,lltgilen—thiCn) n> 0}U{(—23n+(t+1)0n, (4t+4)Bn—Cn), (—2t2iBn+
t2i—1Cn, 4t2i—1 By, — 12;Cp) 1 > 1}

(2) It can be proved as in the same way that Theorem 2.4 was proved. O

Again when #Rep = 2k > 2, it is impossible to determine the set of representa-
tives and #Rep in terms of ¢t. For example in Table 2, the set of representatives is
given for some values of t.

Table 2.

’ t ‘ set of representatives ‘
11 {[£12 1],[£16 15|}

28 {[£29 1],[+41 41]}

43 {[+44 1],[+46 19],[+56 49]}

57 {[£58 1],[£62 31],[£74 65|}

36 | {[£37 1],[£41 25],[£43 31],[£47 41]}
53 | {[£h4 1],[£56 21],[x60 37],[+70 63]}

That is why we assume that the set of representatives is Rep = {[£(t+1) 1], [£t2i—1 t2i]},
where to;_1 and tg; are positive integers such that 2t3, | —t3. = 2t +4t+1for 1 <i
<EkE-—Lt+l<ti<tzg< - <tgpgand 1 <ty <ty <- - <tgp_og.
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Abstract: This paper is devoted to study the existence of solutions for
a class of fractional differential inclusions with non instantaneous im-
pulses and multivalued jump involving the Caputo fractional derivative
in a Banach space. The arguments are based upon Monch’s fixed point
theorem and the technique of measures of noncompactness.

Keywords: Differential inclusions, Caputo fractional derivative, im-
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1 Introduction

The theory of fractional differential equations and inclusions is an important branch
of differential equation theory, which has an extensive physical, chemical, biological,
and engineering background, and hence has been emerging as an important area of
investigation in the last few decades; see the monographs of Abbas et al. [1, 2, 3],
Atangana [11], Hilfer [28], Kilbas et al. [29], Podlubny [35], and Zhou [37], and the
references therein. On the other hand, the theory of impulsive differential equations
has undergone rapid development over the years and played a very important role in
modern applied mathematical models of real processes rising in phenomena studied
in physics, population dynamics, chemical technology, biotechnology and economics;
see for instance the monographs by Bainov and Simeonov [17], Benchohra et al.
[18], Lakshmikantham et al. [25], and Samoilenko and Perestyuk [36] and references
therein. Moreover, fractional differential equations and inclusions present a natural
framework for mathematical modeling of several real-world problems. The model
with multivalued jump sizes arise in a control problem where we want to control
the jump sizes in order to achieve given objectives. There are very few results for
impulsive differential inclusions with multivalued jump operator see [6, 20, 21, 32].
However, to our knowledge, no papers exist in the literature which are devoted to
impulsive fractional differential inclusions with multivalued jump operator.

53
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In pharmacotherapy, instantaneous impulses cannot describe the dynamics of
certain evolution processes. For example, when one considers the hemodynamic
equilibrium of a person, the introduction of the drugs in the bloodstream and the
consequent absorption for the body are a gradual and continuous process. In [4,
5, 7, 27, 34] the authors initially studied some new classes of abstract fractional
differential equations with non instantaneous impulses in Banach spaces.

However, the theory for fractional differential equations in Banach spaces has
yet been sufficiently developed. Recently, Benchohra et al. [19] applied the mea-
sure of noncompactness to a class of Caputo fractional differential equations of
orderr € (0, 1] in a Banach space. Let E be a separable Banach space with norm ||-||.

In this paper, we study the following fractional differential inclusions with non
instantaneous impulses

°Dy(t) € F(t,y(t)), ae. teJy:=(Sg trs1], k=0,...,m, 0<r<1, (1.1)
y(t) € Gt y(t)), t € Jp = (tk, s}, k=1,...,m, (1.2)

y(0) = yo, (1.3)
where D" is the Caputo fractional derivative, F': [0,T]x E — P(E) is a multivalued
map, Gy, : (tg, sg]xE — P(E), k =1,...,m,is a given multivalued map, yp € E,0 =
So<ti1<s1 < <ty <S$Sm<tmy1=1T.

To our knowledge no paper has been considered for impulsive fractional differ-
ential inclusions in abstract spaces. This paper fills the gap in the literature. To
investigate the existence of solutions of the problem above, we use Moénch’s fixed
point theorem combined with the technique of measures of noncompactness, which is
an important method for seeking solutions of differential equations. See Akhmerov
et al. 9], Alvz [10], Banas$ et al. [14, 15, 16], Guo et al. [24], Monch [30], Ménch
and Von Harten [33].

2 Preliminaries

In this section, we first state the following definitions, lemmas and some notations.
Let J =1[0,T], T > 0. By C(J, E) we denote the Banach space of all continuous
functions from J into E with the norm

1Ylloo = sup{lly(®)[| : t € J}.

Let L'(J, E) be the Banach space of measurable functions y : J — E which are
Bochner integrable, equipped with the norm

T
Iyl = /0 ly(®)dt.
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PC(J,E)={y:J = E:y € C([0,t1] U (tk, sk) U (s, tkt1], E), k=1,...,m and there
exist y(t,,), y(t),y(sy, Jand y(sf) k=1,...,m with y(t;) = y(tx)and y(s; ) = y(s)}-
PC(J, E) is a Banach space with the norm

1yl pc = sup [y ()]l
teJ

Set
J = [0, T} \ Uzlzl (tk, Sk].

Moreover, for a given set V of functions v : J — FE let us denote by
V() ={v(t), veV} ted

and
V(J)={v(t), veV, te J}.

ACY(J, E) is the space of continuously differentiable functions whose first deriva-
tive is absolutely continuous. We use the notations: 2¥ is the collection of all subsets

of E and P(E) = 25\(.

Pc (E) ={A C E : A is nonempty, convex},
Prc (E) ={A C E: A is nonempty, compact, convex}.

Let X,Y be two sets, N : X — Y a set-valued map, and A — Y. We define

graph(N) = (z,y) : x € X,y € N(X) (the graph of N).

Let R > 0, and let
B={z € FE:|z| <R},

and
U={zeC(J,E): x| < R}.

Clearly U = C(J, B).
For more details on multivalued maps see[12, 13, 22, 23, 31].

Now let us recall some fundamental facts of the notion of Kuratowski measure
of noncompactness.

Definition 2.1. ([14]). Let X be a Banach space and Qx the bounded subsets of
X. The Kuratowski measure of noncompactness is the map « : Qx — [0, co] defined
by

a(B) =inf{e > 0: B C U;_B; and diam(B;) < €}; hereB € Qx.
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The Kuratowski measure of noncompactness satisfies the following properties

(for more details see [14])

(a) a(B) =0 < B is compact (B is relatively compact).

(b) a(B) = a(B).

(c) AC B= a(A) <a(B).

(d) a(A+ B) < a(A) +a(B).

(e) a(cB) = |cla(B);c e R.

(f) a(convB) = a(B).

For completeness we recall the definition of Caputo derivative of fractional order.

Definition 2.2. ([29]). The fractional (arbitrary) order integral of the function
h € LY([0,T], E) of order r € Ry is defined by

1
I(r)

I"h(t) = /0 (t — s)" " h(s)ds,

oo
where I is the Euler gamma function defined by I'(r) = / tle~tdt, r > 0.
0

Definition 2.3. ([29]). For a function h € AC™(J, E), the Caputo fractional-order
derivative of order r of h is defined by

IO /0 (t — 57" (5)ds,

where n = [r] + 1.
We need the following auxiliary lemmas [29].
Lemma 2.4. Let r >0 and h € AC™(J, E). Then the differential equation
°Doh(t) =0, forae teJ

has solutions h(t) = co +cit +cat> + - +cp 1t L €R, i =0,1,2,...,n— 1,
n=[r]+1.
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Lemma 2.5. Let r > 0 and h € AC™(J,E). Then
I"“Dgh(t) = h(t) + co + c1t + cot?> + -+ ep1t" Y, forae teJ
for somec; e R, i =0,1,2,....,n—1, n=[r]+ 1.

Definition 2.6. . A multivalued map F' : Jx E — P(FE) is said to be Carathéodory
if

i t — F(t,u) is measurable for each u € E

ii w — F(t,u) is upper semicontinuous for a.e. t € J.

For each y € C(J, E), define the set of selections of F' by

Spy={f € L'J,E), f(t) € F(t,y(t)) ae.te J},

and for each y € C (J,;, E), define the set of selections of G}, by

SGuw = Lok € LY (), E), gi(t) € Gi(t, y(t)) ace. t € J}

For our purpose we will only need the following fixed point theorem, and the impor-
tant Lemma.

Theorem 2.7. (/8, 30]). Let E be a Banach space and f € L'(J, E) countable with
lu(t)| < h(t) for a.e.t € J, and every u € C; where h € LY(J,R.) then the function
o(t) = a(C(t)) belongs to L'(J,Ry) and satisfies

o ({/OT w(s)ds : u € 0}> < 2/0Ta((](s)ds.

Theorem 2.8. (/8, 30]) (the set-valued analog of Mdnch’s fixed point theorem,).
Let K be a closed, convex subset of a Banach space E ; U a relatively open subset
of K, and N : U — Pc (K) Assume graph (N) is closed, N maps compact sets into
relatively compact sets, and that for some 0 € U; the following two conditions are
satisfied:

< M cU,M C conv({0} UN(M))

and M = C with C C M countable > = Mcompact. (2.1)

x ¢ AN (z)for all x € U\U, X € (0,1). (2.2)
Then there exists x € U with x € N(z).
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Lemma 2.9. [26] Let J be a compact real interval. Let F be a multivalued map
satisfying (H1) and let © be a linear continuous map from L'(J,E) — C(J, E).
Then the operator

©0S8py, : C(J,E) = Prc (C(J,E)),y— (00 Spy)(y) = O(Sry)

is a closed graph operator in C(J, E) x C(J, E).

3 Existence of Solutions

First of all, we define what we mean by a solution of the problem (1.1)-(1.3).

Definition 3.1. A function y € PC(J, E) is said to be a solution of (1.1)-(1.3) if
there exists a function f € L'(J, E) with f(t) € F(t,y(t)), for a.e. t € J and a
function g € L'(Ji, E) with gx(t) € Gi(t,y(t)), for a.e. t € J; such that

‘D'y(t) = f(t), for a.e. t € J,0 <r <1,
y(t) = gr(t), for a.e. t € J,;,
and the function y satisfies conditions (1.3).

To prove the existence of solutions to (1.1)-(1.3), we need the following auxiliary
lemmas.

Lemma 3.2. Let 0 <r <1 and let h: J — E be measurable. Then linear problem

°D'y(t) =h(t), te€Jy, k=0,...,m, (3.1)
y(t) = op(t), ted, k=1,...,m, (3.2)
y(O) = Yo,

has a unique solution which is given by :

Yo + F fo )" h(s)ds if te€0,t],
y(t) = < on(t), if teld, k=1,....m, (3.4)
ok(t) + iy Sy (= 8)"th(s)ds, if t€ Ty k=1,...,m.
We are now in a position to state and prove our existence result for the problem

(1.1)—(1.3) based on Ménch’s fixed point. Let us list some conditions on the functions
involved in the (1.1)—(1.3).

(H1) F:J x E — Pp.(F) is a Carathéodory multivalued map.
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(H2) There exists a function p € L*>(J,R;) such that
IE®Ey)lp = supfllvll - v(t) € F(t,y)} < p(t).

for each (t,y) € J x E.

(H3) For each bounded set B C PC(J, E) and for each t € J, we have

a(F(t, B(t)) < p(t)a(B(1)),

where B(t) = {u(t) : u € B}.

(H4) G : J x E — Py.(F) and there exists ¢, € C(J,R) such that

1Gx(t y)llp = sup{lul - u(t) € Gi(t,y)} < @)yl

foreachye Fandte J, k=1,...,m.

(H5) For each constant d > 0, the function ¢ = 0 is the unique solution in PC(J; E)
of the inequality

D(t) < d/t (t —s) "1 ®(s)ds, k=0,...,m.

Sk

(H6) For each y € PC(J;E), the selection functions g, € Sg,, are uniformly
continuous on J.

(H7) For each bounded set B C E we have

a(Gi(t,B)) < cp(t)a(B), t € J.

Let
p* = esssupter(t),

= k:nrllaxm(ilel?(ck(t))) < 1. (3.5)

Remark 3.3. In (H3) and (H7), « is the Kuratowski measure of noncompactness
on the space E.

Theorem 3.4. Assume that assumptions (H1) - (H7) hold. Then the problem (1.1)-
(1.3) has at least one solution J.
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Proof. Transform the problem (1.1)—(1.3) into a fixed point problem. Consider
the multi-valued map N : PC(J, E) — P (PC(J, E)) defined by

Yo+ iy Jelt — 81 (s)ds if ¢ e (0,4,
N(y)(t) = {h € PC(J,E) : h(t) = { gi(2), ift € Jp,
9r(s8) + iy Ju, (6= 9)" 1 f (9))ds, it € Ty,

f € SF,yagk € SGk,y}-

Clearly, the fixed points of operator N are solutions of problem (1.1)—(1.3). The
proof will be given in a couple of steps.

Step 1: N is convez for each y € PC(J, E).
If hi, ho belong to N (y), then there exist fi, fo € Spy and gk, , gk, € Sg,y such that
for a.e.t € J we have

Yo + ﬁ Jot = 5) "L fi(s)ds if t € [0,t4],
hi(t) = 4 g, (2), ifteg, i=1,2
9 (51) + 17 Jo (= 8)" " fils))ds, if t € g
Let 0 < A < 1. For each t € J, we have

(A1 4+ (1 = Nho)(t) =

Yo+ 1oy Jo (8= )"+ (1= M) fo) (5)ds itte 0t
(Agry + (1 = A)gr) (#), ift € .J],
(Agry + (1= Ngr)(s) + 1y Jo, (8= )" L1+ (1= N fo)(5))ds, it t € Jy.
Since Spy, Sq, y are convex (because F', Gj, has convex values),we have
(A1 + (1 = A)h2) € N(y).
Step 2: For each compact M € U N (M) is relatively compact .

To prove this, let M € U be a compact set and let (h,) be any sequence of elements
N(M). Since (hy,) € N(M) there exist (y,) € M , (fn) € Sy, and gr, € Sy
such that
Yo + 105y Jot = 8)! fuls)ds if t € [0, 1],
ha(t) = 3 gr, (1), ift € J,
9k (58) + iy Jo (8= 87" fu(s))ds, i £ € Ty
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Using Theorem 2.7 and the properties of measure «, we obtain that

Yo+ 1oy Jo (¢ = 5)" "L f(s)ds if ¢ € [0, 4],
a({hn(t)}) = o [ { gi, (1), if t € Jp,
G (58) + 77 Jo, (E = 8)" " fuls))ds, i L € Ty
If t € [0,¢]
a({ha(t)}) <ty Jo a{(t = )" fu(s)ds}
(3.6)
=t Jo(t = s)" " a{ fu(s)ds}.
If t € Ji, we have
a({hn(t)}) < o{gr, (1)} + {5y ffk a{(t—s)"" " fa(s)}ds
< a{Gr(sk ynlsi)} + iy Jo, ot = 9)" " fuls) M
(3.7)
< cr(t)af{yn(si)} + riy Jo, (¢ = )" af fuls) }ds
< cfofyn(t)} + F(Qr) fstk (t— S)Tila{fn(s)}dsa
ift e Jj,
al{ha(t)}) = ofgr,(t)}
< a{Gy(t, yn(t)}
(3.8)

< cx(t)a{yn(t)}

< C*a{yn (t)}

On the other hand, by (H1)and since M is compact in U, the sets {f,(s),n >
1}, {yn(t),n > 1} are compact. Consequently, a{f,(s),n > 1} = 0 for a.e. s € J
and a{y,(t),n > 1} =0 for a.e. t € J. we conclude that {h,(t),n > 1} is relatively
compact in E , for each ¢t € J. In addition let 7 and 75 from J , 7 < 79. Then, for
T, T2 € J, we have

Iha(72) = halr)ll = by 72 (72— )= = (71 = 8) 1) fuls) s
(3.9)

< F(lr) S22 = 8)" = (11— 5)" " |p(s)ds.
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For 11,79 € [0, 1], we have

I (2) = ha(r)l| = Hpa) ST (2 = )" = (r1 = )71 fu(s) | ds.

(3.10)

and for 71, € J, we have

[ (72) = ()] = [lgr, (72) = gk (T1)]]- (3.11)

By (H6) as 71 — 72 , the right hand side of the above inequality tends to zero. This
shows that {hy(t),n > 1} is equicontinuous. Consequently, {h,,n > 1} is relatively
compact in PC(J, E).

Step 3: N has a closed graph.
Let (yn, hyn) € graph(N),n > 1}, with ||y, — yl|, ||hn — R]| = 0 as n — co. We must
show that (y,h) € graph(N). (Yn,hn) € graph(N) means that h, € N(y,) which
means that there exists f, € Sg,, and gi, € Sqg,,y, such that, such that for each
tedJ,

yO+r Jot = 8)""1 fu(s)ds if t € [0,11],
hn(t) = 1 gk, (1), ifteJ,
Ika (51) + T ot =) fu(s))ds, it € Jy.
Let
0 if t € [0, 4],
an(t) =\ g, (1), ifte .,
\gkn(sk), if t € Jy,
and

(o if £ € [0, 1],
a(t) = { ge(t), ifte.J],
gk(sk), if t € Jy.

We have ||a, — al| — 0 as n — oc.
Consider the continuous linear operator

©: L®(J,E) —C(J,E)

oy Jo(t—s) T f(s)ds it t e [0,4],
f—0(f)) =10, if t € J],
m Jo (=) f(s))ds, it € Jj.
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We have
[(hn — an)(t) — (b — a)@®)|| = [[(hn — B)(t) + (a — an) ()|
< || = R)OI + [[(a = an)(@)]|-

Thus
|(hyy — an)(t) — (h —a)(t)|| — 0 as n — oco.

From Lemma 2.9 it follows that © o Sr is a closed graph operator. Moreover, we
have

(hn — an)(t) € O(Sky,).
Since y, — y, Lemma 2.9 implies that

ﬁ fot(t —5)" " f(s)ds if t € [0,t4],
(hn —an)(t) = 4 0, if t € Jy,
F(lr) fstk (t—s)""1f(s))ds, ifte Jp

for some f € Sk, .
Step 4: M relatively compact in PC(J, E)

LetM C U, where M Cconv({0} U N(M)) and for some countable set C' C
M let M = C. Taking into account (3.9)-(3.11) , it is easily seen that N(M) is
equicontinuous. Therefore, M Cconv({0}UN (M )) implies that M is equicontinuous.
It remains to apply the Arzela-Ascoli theorem to show that for each t € I the
set M(t) is relatively compact. By taking into account that C' is countable and
C C M Cconv(0U N(M)), we can find a countable set H = {h,, : n > 1} C N(M)
such that C' C conv({0}UH). Then, there are y, € M , gy, € Sg, v, and fn € Sk,
with

Yo + F fo )" fu(s)ds if t € [0,],
ha(t) = 3 gr, (1), if t € Jp,
Gk (51) + r( ) f (t =)t fuls))ds, ifte J.

Taking into account Theorem 2.7 and the fact that M C C' C conv({0} UH), we
obtain

a(M(1)) < (a(C(1)) < a(H(B)) = alha(t) s n < 1}).
Using (3.6)-(3.8), we obtain for ¢ € [0, 1]

UMY < 55 / (t — sy ol fuls)ds,n > 1},
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for t € Ji, we have

/ (t— 8 a{fu(s),n > 1}ds

a({M(t)}) < cafyn(t)} + 0]

and for t € Jj,
a({M(1)}) < c"afyn(t),n = 1}.
Also, since f,, € Spy, and y,(s) € M(s), then from (H3) we have

(t—s)" ta{fu(s)ds,n > 1} = (t — )" " 1p(s)a(M(s))ds.
It follows that if ¢ € [0, ¢1], we have

a(1(0) < o5 [ (=9 a0 (9)ds,
2 rla(M(s)ds
e ] RO

if t € Ji, we have

*

a({M(1)}) < — 2

—_— t -5 la s))ds
i [ = e )

Sk

if t € Jj,
a({M(1)}) < ca(M(1) = (1 - ¢ )a(M(t)) < 0.

Consequently, if ¢t € [0,¢1] U Jg, we have by (H5), the function ® given by ®(t) =
a(M(t)) satisfies @ = 0; that is, a(M(t)) = 0 for all t € J. Now, by the Arzela-Ascoli
theorem, M is relatively compact in PC(J, E).

Step 5: A priori estimate.
Let y € PC(J, E) be such that y € AN(y) for some A € (0,1). Then for each t € J
we have

Mo+ 5y Jo (t = )"~V f(s)ds if t € [0,1],

y(t) = Agn, (1), if t € Jj,
Agi (1) + 1055 [t =)V f(s)ds, ifte J,

Sk
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for some f € Sg,. On the other hand we have,

@l < ||gnk<t>||+||yo||+r(1m / = )£ (s) ds

Sk

< @I+l + s [ 0= p(s)ds

r'(r) Js,
p*TT‘
< t = 1
< aly@l+ ol + 5
p* T
< Myt ST
< @+ ol + 55
Then 1 *r
p
< — | :=d.
Set

U={yePC(JE): |yl <d+1}.

Condition (2.2) is satisfied by our choice of the open set U. From Theorem 3.4,
we conclude that N has at least one fixed point y € PC(J, E) being a solution of
problem (1.1)-(1.3).

4 An Example

Let us consider the following problem fractional differential inclusions with non
instantaneous impulses,

1

“Dayy,(t) € O+n+e)(1+y@)])

() — 1, yn(2)], for each ¢ e <0, :ﬂ u(é@] ,

(4.1)
nit) € T2 0am(® + 1t € (53] (42)
yn(0) = 0. (4.3)

Set -
E:ll :{y:(ylvaa"'7yn7"'7)>z‘yn’ <OO}'
n=1

F is a Banach space with the norm

)
lyll = lynl.
n=1
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Let
F(ta y) = (Fl(t7y)aF2(t’y)a <. '7Fn(t7y)v s ‘)7
1
Fn(tvy) = (9+n+et)(1 + Hy(t)H)[yn(t) - 17yn(t)]a
and

Gl(tvy) = (Gll(tv y)7G12(t7y)7 .o '7G1n(t7y)7 . ')7

Gnlts) = T 1), 6) 4 1),

Clearly F is closed and convex valued. For each y € F and t € [0,1], we have

I1E®E )P <

9+ et
Clearly G is closed and convex valued. For each y € F and t € [0, 1], we have

1
Gi(t <
1G1(t,9)llp < g’
Hence, (H2) and (H4) are satisfied with p(t) = ﬁ and ¢ (t) = ﬁ.
Therefore all conditions of Theorem 3.4 are satisfied with p* = 110 and ¢* = %

Hence, the problem (4.1)-(4.3) has at least one solution.
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=b(B - it 1P((1—t)A+tB+>\P)_1(B—A)
—b(B A)+/O A UO

x (1—t) A+tB+AP)"! Pdt} dw (N)

for all A, B, P > 0. Applications for weighted operator geometric mean
and relative operator entropy are also provided.
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1 Introduction

Consider a complex Hilbert space (H,(-,-)). An operator T is said to be positive
(denoted by T' > 0) if (Tx,xz) > 0 for all x € H and also an operator T is said to
be strictly positive (denoted by T' > 0) if T' is positive and invertible. A real valued
continuous function f on (0, 00) is said to be operator monotone if f(A4) > f(B)
holds for any A > B > 0.

We have the following integral representation for the power function when ¢ > 0,
r € (0,1], see for instance [1, p. 145]

: oo yr—1
gt sin(rm) / A (1.1)
T 0 )\ + t
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Observe that for ¢t > 0, ¢ # 1, we have
/“ dA Int 1 u+t
= + In
o A+t)(A+1) t—1 1-—t u—+1
for all u > 0.

By taking the limit over u — oo in this equality, we derive

Int / oo dA
t—1 Jo A+t)(A+1)
which gives the representation for the logarithm

o0 d\
lnt:(t—l)/o EEST P (1.2)

for all t > 0.
In 1934, K. Léwner [10] had given a definitive characterization of operator mono-
tone functions as follows, see for instance [1, p. 144-145]:

Theorem 1.1. A function f : [0,00) — R is operator monotone in [0,00) if and
only if it has the representation

F(t) = £ (0) +bt+/ooo ti/\)\dw ) (1.3)

where b > 0 and a positive measure w on (0,00) such that

A
2 dw (N < .
/0 T adw ) <o

We recall the important fact proved by Lowner and Heinz that states that the
power function f :[0,00) — R, f(t) =t* is an operator monotone function for any
a € [0,1], [9]. The function In is also operator monotone on [0, cc.

For other examples of operator monotone functions, see [7] and [8].

Let f be a continuous function defined on the interval I of real numbers, B a
selfadjoint operator on the Hilbert space H and A a positive invertible operator on
H. Assume that the spectrum Sp (A_I/QBA_I/Q) C I. Then by using the continuous
functional calculus, we can define the perspective Py (B, A) by setting

Py (B, A) = AY2f (A‘l/QBA_W) A2,
If A and B are commutative, then

Pr(B,A) = Af (BA™)



Noncommutative Perspectives of Operator Monotone Functions 73

provided Sp (BAfl) clI.
For any function f : (0,00) — R the transpose f of f is defined by
fz)=af (93_1), x> 0.

It is well known that (see for instance [12]), if f : (0,00) — R is continuous on
(0,00), then for all A, B >0,

Pf (A,B) =P (B,A). (1.4)
If f is nonnegative and operator monotone on (0, c0), then f is operator mono-

tone on (0, 00), see [12].
The following inequality is of interest, see [12]:

Theorem 1.2. Assume that f is nonnegative and operator monotone on (0,00). If
A>C>0and B> D >0, then

Ps(A,B) > Py (C,D). (1.5)

It is well known that (see [3] and [2] or [4]), if f is an operator convex function
defined in the positive half-line, then the mapping

(B,A) — Py (B, A)
defined in pairs of positive definite operators, is operator convez.
If f, : [0,00) = [0,00), fu (t) =t", v € [0,1], then
Py, (B, A) = AV (A7V2BA712)" A2 = Ay, B,

is the weighted operator geometric mean of the positive invertible operators A and
B with the weight v.
We define the weighted operator arithmetic mean by
AV, B :=(1—-v)A+vB, ve|0,1].
It is well known that the following Young’s type inequality holds:
Af,B < AV,B

for any v € [0,1].
If we take the function f = In, then

B (B, A) = AY?In (A*WBA*VQ) AY? = S5 (A|B),

is the relative operator entropy, for positive invertible operators A and B.

Kamei and Fujii [5], [6] defined the relative operator entropy S (A|B) , for positive
invertible operators A and B, which is a relative version of the operator entropy
considered by Nakamura-Umegaki [11].
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2 Main Results

We start to the following identity of interest:

Lemma 2.1. Assume that the function f : [0,00) — R is operator monotone in
[0,00) and has the representation (1.3). Then for all U, V > 0 we have

fV)=fU)=0b(V-0) (2.1)
e ) 1
2 _ -1
+/0 A UO (L=t U +tV + \)
x(V—U)((l—t)UthVnL)\)*ldt]dw()\).

Proof. Since the function f : [0,00) — R is operator monotone in (0,00) and has
the representation (1.3), then for U, V' > 0 we have the representation

f(V)—f(U):b(v—U)+/O°°A[V(VH)—l—U(UH)—I} dw(N). (22)

Observe that for A > 0
VV+N T -UWU+N!
=(VHA=XNV+N = U+AX=N)U+N!
VANV +N) T AV N = U+NU+N A0+
= A (U+)\)_1—(V+)\)_1}.

Therefore, (2.2) becomes, see also [8]
V)= fU)=b(V—-U)+ /Oo X[+ =N dw(y).  (23)
0

Let T, S > 0. The function f (t) = —t~! is operator monotonic on (0, c0), operator
Géateaux differentiable and the Gateaux derivative is given by

{f(THS)—f(T)

Vfr(S) :=lim ;

t—0

] =77tsT! (2.4)

for T, S > 0.

Consider the continuous function f defined on an interval I for which the corre-
sponding operator function is Gateaux differentiable and for C, D selfadjoint oper-
ators with spectra in I we consider the auxiliary function defined on [0, 1] by

fep()=f((1—-t)C+tD), tel0,1].
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If fc p is Gateaux differentiable on the segment [C, D] := {(1 —¢)C +tD, t € [0,1]},
then we have, by the properties of the Bochner integral, that

1 1
F0) -1 = [ GUen@it= [ Viipeun@-Car (23

If we write this equality for the function f (t) = —t~! and C, D > 0, then we get
the representation

c'—-Dpt= /01 (1—t)C+tD) ™ (D—-C)((1—t)C+tD) "dt. (2.6)
Now, if we replace in (2.6) C =U + X and D =V + X for A > 0, then
U+N =W+ (2.7)
- /01((1—t)U+tV+)\)_1(V—U)((l U+ v+ Nt
By the representation (2.3), we derive (2.1). O

Theorem 2.2. Assume that the function f :[0,00) — R is operator monotone in
[0,00) and has the representation (1.3). Then for all A, B, P > 0 we have

Py (B, P)—=Ps (A, P) (2.8)
o] 1
:b(B—A)+/ A2 U P((1—t)A+tB+AP) " (B—A)
0 0
< (1—t)A+tB+AP)" Pdt} dw (N) .

Proof. If we take V.= P~Y/2BP~Y/2 and U = P~Y/2AP~'/2 in (2.1), then we get
f <P‘1/2BP‘1/2> —f (P—l/QAP—l/Q) (2.9)
—b (P—l/QBP—l/Z _ P—1/2AP—1/2>

00 1 -1
+/ A2 [/ (1 =ty P12ap=12 4 4p12BP12 4 )
0 0
% <P*1/2BP*1/2 _ P’l/QAP’1/2>

-1
X ((1 —t)P~YV2APY2 fypmt2BpTY/2 A) dt] dw (N).
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Observe that
p-l2gp-1/2 _ p-1/24p-1/2 _ p-1/2 (B — A) P—1/27
and
(1—t)P~Y24P~ 12 4P~ 12BP Y2 4 X =P Y2 (1 —t) A+ tB+ A\P) P~1/2,
which gives
((1 —#) P7V2AP~V2 4 4p1/2pp1/2 4 )\) o
=PY2((1—t)A+tB+AP)"' P2
and by (2.9),
f (P*l/QBP*W) —f (P*l/QAP*/?) (2.10)
=P Y2 (B—A)P1/?

o] 1
+ / A2 U PY2(1—t)A+tB+\P)" ' PY/2p~l/2(B— A)p~1/?
0 0

xPY2((1—t) A+tB+\P)”" Pl/Zdt} dw ()

=P /2 (B - A)p1/?
[e'e) 1

+/ A2 U P2(1—=t)A+tB+\P)" " (B—A)
0 0

x (1—t)A+tB+AP)"! Pl/%zt} dw (N) .

If we multiply both sides of (2.10) by P'/2 we obtain the desired identity (2.8). [

Lemma 2.3. Assume that the function f : [0,00) — R is operator monotone in
[0,00) and has the representation (1.3). Then for all U, V > 0 we have

f)—f@ (2.11)
') 1

— _ _ 1

—FO)(V U)+/0 )\</0 (A4 A[(1 =D U +tV])

< (V=U)(1+A[(1—1) U—l—tV])_ldt) dw (N).

Proof. From (1.3) we have

f(t):f(O)—i—bt—i—t/OooH_A/\dw()\), t>0.
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If we put % instead of t we get

f<1) _ f(0)+b1+1/000 A qw ()

t ot T4
1 1 [ A
= 0)+b—+— dw (A
f()+t+t/0 e
and by multiplication with ¢ > 0, we get
f(t)—b—l—tf(O)—i—/OOt)\dw()\)
a o 1+tX

:b+tf(0)+/ooo (1— 1th) dw (A .

Therefore
FO)—FfW) =10V -0)+ /Ooo [+ =0+ VT dw (). (212)
From (2.6) we get
14+UN T —a+va! (2.13)
_ /l (L= 8) (14 UN) 41+ V) (L +VA) = (14 TA)
0
X (1=t) (L +UN) +t(1+VN) at
- /1)\(1+)\[(1 UV (V= U) (LA [ =) U +tV]) .
0
Therefore, by (2.12) we get
fV)—=f(U) (2.14)
— F(0)(V —U) +/ [(1 FUNT (14 V)\)’l] dw (N)
0
o) 1
_ o o —1
_FO) (v U)+/O A (/0 (L4 A[(1—8) U +£V])
X (V-U)QA+A[1-t)U +tV])™" dt) dw (N)

and the identity (2.11) is proved. O
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Theorem 2.4. Assume that the function f : (0,00) — R is operator monotone in
(0,00) and has the representation (1.3). Then for all C, D, Q@ > 0 we have

e’} 1
:a(D—C’)+/0 )\</0 QUQ+A[(1—t)C+tD])] (D -C)

< [(Q+A[(1—t)C +tD])] ™ th) dw (N) .
Proof. If we take V = Q~1/2DQ~1/? and U = Q~'/2CQ~'/? in (2.11), then we get

7 (Q—I/QDQ—1/2> _7 (Q—1/2CQ—1/2> (2.16)
= £(0) <Q*1/2DQ*1/2 _ Q71/20Q71/2>
+ /OO A (/1 (1+2[0-nQ e 192D ?))
0 0
% (Q—1/2DQ—1/2 - Q—1/2CQ—1/2)

X (1 A [(1 ) QV2cQ V2 + tQ—1/2DQ—1/2])71 dt) dw ()

= f(0)QV*(D-C)Q ™'

+/OOOA</01 [Q*l/Q(QJr/\[(l—t)C+tD])r1

<@ (D~ C)Q7 [@ @+ Al - n e i) Q] dt> dw ()
= f(0)QV*(D-C)Q '
+/DOO/\(/01Q1/2[(Q+>\[(1—t)0+tD])]_1(D—C)

X [(Q+N[(1—1t)C+tD])] " Ql/th) dw (N).
If we multiply both sides by Q'/? we get the desired result (2.15). O

Corollary 2.5. Assume that the function f :[0,00) — R is operator monotone in
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[0,00) and has the representation (1.3). Then for all C, D, @ > 0 we have
Pr(Q,D) —Pr(Q,C) (2.17)
_ B 00 1 B 4 Do C)
—ro@-oy+ [T [ Qu@raia-oc+ oy
< [(Q+N[(1—t)C+tD])] " th) dw (N) .

We also have:

Corollary 2.6. Assume that the function f : (0,00) — R is operator monotone in
(0,00) and has the representation (1.8). Then for all A, B, C, D > 0 we have

Py (A, B) —Ps (C,D) (2.18)
=b(A-C)+ f(0)(B-D)

+/0°OA2 [/OIB((l—t)O+tA+>\B)1(A—C’)

x (1—t)C+tA+AB)™" Bdt] dw (N)

o0 1
—_ _1 I
+/0 A (/0 CUC+A[(1—t)D+tB)]" (B-D)
X [(C+N[(1 =)D +tB])]™ Cdt) dw (N).
Proof. Observe that
P; (A,B) — Py (C,D) = P (A,B) — Py (C,B) + Py (C,B) — Py (C,D). (2.19)
Since, by (2.8),
Pr(A,B) = Pr(C,B) (2.20)
o0 1
:b(A—C)+/ 2 [/ B((1—1)C+tA+AB)" (A—C)
0 0
x (1—t)C +tA+AB)™" Bdt} dw (M)
and by (2.17),
Pr(C,B) =Ps(C, D) (2.21)
B B 0 1 B 1 B D)
— £(0)(B D)+/O A </O CHUC+A[(1—t)D+tB])] " (
< [(C+N[(1 =)D +tB])]™ Cdt) dw (N)

hence by (2.19)-(2.21) we obtain (2.18). O
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As a natural consequence of the above representations, we derive the following
inequalities:

Theorem 2.7. Assume that the function f : [0,00) — R is operator monotone in
[0,00) and has the representation (1.8). If B> A >0 and P > 0, then

Py (B,P)—Ps(A,P)>b(B—A)>0 (2.22)

and
Py (P,B) —Ps(P,A)> f(0)(B—-A). (2.23)
IfA>C>0and B> D >0, then
Ps(A,B) =Py (C,D)>2b(A-C)+ f(0)(B—-D). (2.24)

Proof. If B— A > 0, then by multiplying both sides by ((1 —t) A+ tB + AP)™" for
t €[0,1] and A > 0 we get

(1=t)A+tB+AP) " (B—A)(1—t)A+tB+\P)"' >0.
Also by multiplying both sides by P > 0, we get
P(1—t)A+tB+AP) ' (B—A) (1—t)A+tB+AP)"'P>0,

for t € [0,1] and A > 0.
If we multiply this inequality by A? integrate over ¢ € [0, 1] and over the measure
w () on [0,00) we get

00 1
/ AQU P((1—t)A+tB+AP) ' (B—-A)
0 0
X (1 —t)A+tB+AP) ' Pdt| dw()) >0

and by representation (2.8) we deduce (2.22).
The inequality (2.23) follows in a similar way by (2.17). The inequality (2.24)
follows by the representation (3.2). O

Remark 2.8. If f : [0,00) — R is operator monotone in [0,00) and nonnegative,
then
Py (P,B) — Py (P, 4) > £ (0) (B — A) > 0, (2.25)

it B>A>0andP >0.
If f is defined on [0,00) and nonnegative, then the inequality (2.24) improves
(1.5).
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3 Some Examples of Interest

We also have identities for the weighted operator geometric mean:

Proposition 3.1. For all A, B, P >0 and r € (0, 1] we have
Pt.B — Pi,A (3.1)
: o0 1
:Sm(m)/ ATl [/ P((1—t)A+tB+\P) " (B - A)
0 0

< (1—t) A+tB+\P)"" Pdt] d.

™

The proof follows by (2.8) and (1.1) for the measure dw (\) = Sin;ﬂ)\“ld}\.
The dual case follows by (2.17) and (1.1).

Proposition 3.2. For all C, D, @ > 0 and r € (0,1] we have

DﬁrQ - CﬁrQ (32)

_sin(rm) [0, ! B -1/
= o ([Cel@+aia-oc 4o -0

X [(Q+A[(1—1t)C+tD])] " th) d.

The following identity for the logarithmic function also holds:

Lemma 3.3. For all U, V > 0 we have the identity:
InV —InU

[e'e] 1
:/ (/ (A+(1—t)U+tV)1(V—U)(>\+(1—t)U+tV)1dt>d)\. (3.3)
0 0

Proof. We have from the representation of logarithm (1.2) that

© 1
an—an:/ 7[(V—1)(A+V)—1—(U—1)(A+U)‘1}dA (3.4)
0 A+l
for U, V > 0.
Since

V-1)A+V)'—WU-1)A+U)"
VO U0+ = ()T =)
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and

VOa+V)t—ua+0)t

=V+EA= NN+ = U+AX=N+0U)!

—1-AQ+) T =14+ A 0+ P =AM+ U) T AN+ V)T
hence

V-1WN+V)=U-1)(A+0U)""
= AQ+D) T =AY T = ()T - o)
O+ [A+0) T -+ V)

and by (3.4) we get
o
InV —InU = / [(A +U) P = (0 + V)*l] d.
0
Since, by (2.6) we have
A+ =+ )T
1
:/ Ot (1= )U V) (V= U)A+ (1 =) U + V)L,
0
for all A > 0, hence by (3.5) and (3.6) we get (3.3).

Theorem 3.4. For all A, B, P > 0 we have

S(P\B)—S(P|A)_/OOO [/OlP((l—t)A+tB+)\P)_1(B—A)

X (1 —t) A+tB+AP)"!' Pdt| d\.

(3.5)

(3.6)

(3.7)

Proof. Follows by Lemma 3.3 by taking V = P~/2BP~1/2 and U = P~Y/24p~1/2

and multiplying both sides by P/2.
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