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ON CLARKSON INEQUALITIES

*
D. Ghisa

In the study of the extremal length of a family of measures (see for
example [4]), two inequalities due to J. A. Clarkson [2] were very useful.
Let us remember these inequalities.

Throughout this paper (X,A,p) will be a (positive) measure space and
integrals of some measurable functions will be taken over all X. If f

and g are two such functions, the Clarkson inequalities say that:

(1) [(F+)Pay + [|f-g|Pdy < 2271 ([£Pd + gPay), p > 2

1 1

{f(f+g)pdu}p—1 + {f|f—g|pdu}°”l
(2) 1

< Z{prdu+fgpdu}p_l, Lspx 2

In [1] and [3], we studied the functions @P M defined on [0,=[ by:
oo P
_ M \np n 2°-M
(3) <I>p’M(X) nz—w[( ~—2 Y+ M ]XIH(X),

where M > 0, M # 1 € R and representes the characteristic function
s s P XI

of the interval n

I = [zn’2n+l['

n
Some classical relations were generalized by means of @p M and we mention
¥
the following:
M
(4) » M
o, w(Ee) o (lf-g]) <5 [e (e \ ()],
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(4) p>2, M> 2P,

Integrating side by side in (4), we obtain:

f@p’M(f+g)du + f@p’M(|f—g|)du
(5)

M P
<= 1[]e (f)du+|oe (g)dul, > 2, M>2
-2 IP,M } Ip,Mg e B

which becomes (1) when M becomes 2P
In this paper we give a generalization of (2) by means of the same functions

]

P Let 1 <p<2, q-= 5%1> and M 3‘2q. For each couple (u,v), 0 < v < u,
let us define:
6) Hu,v) = 227 PPy - [ (o) S (uv) 9P
p-1
@ Hy (u,v) = ————»[@P H@HE O] = (o (wyee () 1P

It is easily seen that HM is a continuous function of M and

(8) H (u,v) = H(u,v).
2q

From the proof of (2) it results that

H(u,v) > 0, for 0 <v <u

9)
H(u,u) = 0, H(u,u) =0
p-1
We see that (u,0) = ( Mo 2p_1)® (u) and hence
Hy v 2 q,M
(10) Hy(u,0) > 0, for u>0, M> 29,
Furthermore, the relation @ (2u) = Mo (u) dimplies:
q,M q,M
p- l -1 _ p-1 _
(11n) HM(u u) =M q,M(u) @q’M(Zu)
Let us find the conditions under which HM(u,v) > 0. Since
(12) H_M(Znu,va) Mn(p_l)H.M(u,v)

for each entire n, it is sufficient to restrict our attention to the domain

D defined by
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1 <u<2, 0<v<u

The expansion of HM(u,u—t) in the neighborhood of t = 0 shows that if
t >0 is small enough, then HM(u,u—t) > 0.

This fact, the relations (8)-(11) and the continuity of HM as a function
of M allow us to state that for each point (uo,vo) € D, there is a

neighborhood V of (uo,vo) and there is a positive number such that

0

HM(u,V) >0 for (u,v) € VO N D and

o
Zq <M 5_2q + g

Since D is compact, it is covered by a finite number of such neighbor-
hoods, say Vl’VZ""’Vn'
NysNgsecesn be the corresponding positive numbers such that

HM(u,v) >0 for (u,v) €V

Let

X N D as long as 24 <M f»Zq + Ny k=1,2,...,n.

Let n = min{nl,nz,...,nn}. Then 29 <M i'Zq + n dimplies that

| v

(13) HM(u,v) 0, for (u,v) €D

and by (12),

(14) HM(u,v)

| v

0, for 0 <v < u.

Let us apply the reverse Minkowsky inequality:
1 1 1
lelP7anP™ + 1P ™ < e+ ¥)Paun?

where ©& = @q M(f+g), Y = @q M(|f—g|) and take into account that H(f,g) > 0.
L b
We have: 1 1

o) g Eraut® ™t + (o8 L (| e-g haulP Tt
{

| A

-1 p-1
flo  (F+g)+e . (|f-g|) 1P du}
q’M q’M 1

MP~ p-1 p-1 p-1
— | [eg (E) + ®q,M(g)]du}
1
..M p-1 p-1 p-1
- e {f[@q,M(f) + @q’M(g)]du}

The following theorem is thus proved:
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Theorem. For each 1 < p < 2, there is a positive number n such that

29 <M < 2% 4+ implies

1 1
p-1 p-1 R p-1
[fo L (E+e)dul™™™ + (o7 (|f-g])du]
(16) 1
M p-1 p-1 p-1
< — (Lol ()+e' _(g)]ldu
= ,a-1 U q,M q,4°® }
__p
where q = oo

It is easily seen that the inequality (16) becomes (12) when M = 29,
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