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ULTIMATE BEHAVIOR OF SOLUTICNS TO

SOME NONLINEAR INTEGRODIFFERENTIAL EQUATIONS

C. Corduneanu

J. Moser [4] has investigated the ultimate behavior of solutions to the

integrodifferential equation

. t s
(1) y(t) + f k(t-s)y(s)ds + f(y(t)) = g(t) ,
o

which provides a mathematical model for the description of certain electrical net-
works

In our view , what really makes the results in Moser's paper very interes-
ting is the fact that the ultimate behavior of solutions of equation (1) , under
adequate conditions , is completely determined by the ultimate behavior of the

solutions to the ordinary differential system
(2) z(t) + £(z(v)) = 0 .

The problem of ultimate behavior of solutions of the system (2) is , of
course , much better investigated in the mathematical literature , than it is for
integrodifferential systems such as (1)

The aim of this paper is to generalize some of the results in Moser's pa-
per [ 4 ] to the case of nonconvolution kernels (we have in mind the kernel k
involved in equation (1)) . It turns out that the transform technique used by
Moser can be substituted by rather simple monotonicity arguments (monotone in-
tegral operators , or positive definite kernels ) , the results obtained on this
way being still simple enough , and easily applicable

Let us notice from the beginning that the limit points of trajectories are
defined in the same way as in case of ordinary differential systems , because the
trajectories of (1) and (2) belong to the same space R™ . An alternate method is
to use a function space as the phase space for the integrodifferential equation ,

a procedure that is mainly encountered with delay equations [ 2 ], [3 ]
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We shall consider now the nonconvolution type integrodifferential equation

t
(E) y(£) + [ k(t,s)y(s)ds + £(y(t)) = g(t) ,
o

where y takes values in the FEuclidean n-dimensional space R" and represents the
unknown function , while k(t,s) = (kij(t,s)) is an n by n matrix kernel whose en-
tries are measurable on A = { (t,8) ; 0 <8 <t< » } , £(y) = grad U(y) with
U e C(l)(Rn,R) , and g(t) e CO(R 5 R™) FWLZ(R , R") . We shall preserve through-
out this paper the notations used in our book [ 1 ; Chapter 3 ] . Precise condi-
tions for the equation (E) will be stated bellow , in order to assure the ultimate
behavior described above .
Associated with the equation (E) , there will be an initial condition of

the form

(1C) y(0) =y° ¢ "

The existence of solutions to the problem (E) , (IC) can be discussed in

the following manner . Denote
t

(Lx)(6) = x(t) + [ Kt,9)x(s)ds , t e R, ,
o

and assume the opertor L is invertible in some function space consisting of map -
pings from R+ into R" . If a resolvent kernel does exist for the kernel -k (and
it is known that such kernels do exist for Volterra operators like L , under
fairly general assumptions ) , say akt,s) , then the equation (E) is equivalent

to a Volterra integrodifferential equation of the form

t
(3) y(£) = - £(y(©) + g(t) + [ K(t,8) [~£(y(s)) + g(s) ]ds
(o}

For the equation (3) , with initial condition ( C) , the local existence can be
obtained by standard methods (successive approximations , Peano's type existence ,
or even Caratheodory's type existence when k(t,s) is not necessarily continuous)
We are not going to enter into details concerning local existence for the
equation (E) . The condition we shall impose on this equation are of such a na-
ture , that they will assure global existence (on R+) for all solutions of (E) ,
as well as the boundedness (in Rn) of the trajectories . This last property will
enable us to conclude that the limit set of an arbitrary solution of (E) , (IC)
is not empty , and it agrees with the limit set of a convenient solution of the

ordinary system (2)
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Before we state and prove the main results of this paper , the following

(admissibility) lemma will be established .

Lemma 1 . Let the matrnix valued kernel k be measurable from

A = { (t,8) 35 0S8t }

into LI R™,R") , and such that the foflowing conditions hold true :

a) one has forn everny nonnegative %

t+h 9 t )
(4) Lim  ( [ 1 k(t+h,s)|“ds + [ |k(t+h,s) - k(t,s)l“ds) = 0 ;
- t o
b) forn every positive T
T
2 n,
() [ akeends e ¢ R, RY
c) there exists A >0, with the property
t
(6) fnk(t,s)uzdsi A%, e e R,
o
Then , the Volterra Aintegrnal operaton
t
(7 (Kx) (t) = f k(t,s)x(s)ds , t e R+ s
o
satisfies the condition
2 n n 2 n
(8) KL (R+ , R) C CO(R+, R) NL (R+ , R)
Proof . Let us notice first that the matrix norm used in (4) - (6) is the

Fuclidean norm , or an equivalent norm (for instance , the operator norm )
2 n
Assume now that x ¢ L"(R, , R') , and let us prove that

t
(9) 1imt‘+ mﬂfok(t,s)x(s)dSH =10 .

Given an arbitrary e > 0 , we shall choose T = T(¢) large enough , such that

(10) [Ix(en 2 ae < (ea™h?,
T
Therefore , for t > T one can write the inequality
t T
(1L I [ kCe,e)x(s)ds ) < f Bk(E,8) ) jx(s)ds +
[e] (o]

t . t
f llk(l‘-,s)llzdsf2 Cf nx(s)nzds)l/2 .
T T
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From (6) and (10) one derives easily the inequality
t t
2 B 2 E
(12) C fIx(e,s)17ds )2 ([ I1x(s)17ds )2 < e,
T T

for any t > T . On the other hand we have

T T
T 9 1
(13) [1Ee, I x()lds < ([ Ik(e,9)1 ) 1%y
o o L
On behalf of (5) and (13) , one can assert
T
(14) [ ik(t,s) ) px(s)pds < e, t > Tl(e) s
o
provided T1 is chosen large enough , such that
¥ 2 1 .2
(15) f Ik(t,s)I7ds < (e Ix| 5 ) , for t > T1 .
o L
Combining the inequalities (11) to (15) , one obtains
t
(16) 1/ ®(t,s)x(s)ds| < 2, t> max( T, T)
o

Consequenly , (9) is proven , which ends the proof of the Lemma 1

Let us point out that condition (4) is assuring the continuity of (Kx)(t)

on R+ , for each x € L2(R+ s R" ) , and has not been used in deriving (9) . The
inclusion
an kR, &Y © AR, D,

follows immediately from condition (6) . Of course (9) and (17) imply (8)

Remark . If one assumes k(t,s) = k(t-s) , 0 < s < t < ®, where k is an
L2 - kernel s then all three conditions (4) , (5) , and (6) are automati-
cally satisfied . While checking (5) and (6) constitutes elementary matter , we
point out that the validity of (4) is known from the L2 - space theory . Conse-
quently , our result related to the equation (E) will be applicable to the case
of the convolution equation (1) , in which the kernel k is an L2 - kernel

We are now able to formulate our basic result regarding the ultimate be -

havior of the solutions of equation (E)

Theorem 1 . Assume that the matnix kernel k(f,s) of the equation (E) sa-
tisfies the conditions a) , b) and ¢) of Lemma 1 . Moreover , Let the gollowing
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monotonicity condition hold for the operaton K :

T ,
(18) [ ¢ (®x)(s) +n x(s) , x(s) yds 2 O,
o]

forn any £ 2 0 and x € LZ(R R"Y) |, where n is a neal number such that n < 1.

Assume furthen that

+

(19) f(y) = grad U(y) , where U e C(l)(Rn , R) ,
satisfies
(19" lim U(y) =« as |V || > o »
and Linally
n 2 n
(20) g e C (R, ®H) N L°®, , ®RY

Then any sofution of the equation (E) s defined on R, , it remains bounded
there , and Lts Limit set agrees with that of a convenient solution of the orndi-
nany difgerential equation (2)

Proof . Indeed , let y = y(t) be a solution of (E) , satisfying the initial
condition (IC) : y(0) = yO € R" . Such a solution does exists in some right
neighborhood of the origin ( t = 0 ) . We shall prove first that y(t) is actually
defined and bounded on R+ .

Let us multiply scalarly both members of (E) by y(t) . One obtains after in-
tegrating both sides of (E) from O to t ( t > O in the neighborhood where y(t) is

defined )
=

(21) [ Cy(s) + Xy)(s) , y(s) ) ds + U(y(t)) =
o

t
UGy%) + [ g(s) , y(s)) ds .
o

One has to take into account that

t
[ ¢ Ey(s)) , ¥(s) yds = U(y(t)) - U(y") ,

o
which is a consequence of assumptions (19) on £f(y)
Let us take now into consideration the condition (18) on K . One obatins

from (21) after elementary transformations :
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t t
(22) - [ ve)lds + Uye) < Y + [ g(s) , y(s))ds ,

[e] [e]

IN

where 6 =1 -n > 0 . Since

s : - PP T 2
(23) [ Cgle), y(s)rds < 2 [ v(s)“ds + 2877 [ jgls))ds
(o) o) o

(o)

by combining (22) and (23) , one obtains

ol 1 s 2 o -1, 2
(24) 2776 [ yy(s) fds + UCy(r)) < UY) +2 87 [ ys(s))” ds

o o

From (24) one can see that no solution of the equation (E) can have a fi-
nite escape time . Indeed , the right hand side of (24) is finite , independent
of t , while the existence of a solution with finite escape time woulf imply the
fact that the left hand side in (24) must be unbounded above (see condition (19')
in Theorem 1) . Therefore , any solution of (E) must be defined on the whole R+ 5
and must be bounded on that halfaxis . In other words , there exists a positive

number M , such that

-(25) I y(e)lIIl < M, te R+ i
The number M in (25) depends only upon U , g , and yO

Another conclusion one can draw from (24) is 9 € LZ(R s Rn) , for any so-
lution of (E) . Indeed , since any solution y(t) remains bounded on R+ , there
follows that U(y(t)) is also bounded there . Consequently , (24) implies the

boundedness of the integral in the left hand side , which is really what we

claim *

©

(26) [ y(s) ll2 ds = A < +
o

In order to prove the second statement of the theorem , namely , that the
1imit set of y(t) agrees with that of a convenient solution of the system (2) ,
one has to follow the same procedure as in the paper [ 4 ]. See also [ 1 ; Ch.
3 ] . The family of functions { y(t+h) ; h e R+} is uniformly bounded on R+ :

Moreover , from (26) one easily obtains the estimate

t ’

(27) Iy =y 1S |f IyCidu | = A
s

where A is as in (25) , and t , s ¢ R+ are arbitrary . From (27) one sees that

the family { y(t+h) ; h ¢ R+ } is equicontinuous on R

T and consequently ,
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there exists a sequence { hp ¥ 4 hp > ® as p > @, such that

(28) llmp e y(t + hp) =z(t) , te R, ,

uniformly on any compact interval of R+ %

We shall prove now that the function z(t) in (28) is a solution of (2) on
R+ , while its limit set coincides with that of y(t)

Let us fix an interval (t , t+h) in R+ . Simple calculations on (E) lead
to the following relationship :

t+h ) t+h t+h
(29) [ { y(sth) + (Ry)(s+h )} ds + [ f(y(sth ))ds = [ g(s+h )ds .

. P P " P . P
Since y(t+hp) converges uniformly to z(t) on each compact interval of R, ,the
Lemma 1 and condition (20)lead to the following consequence of (29)

t+h
(30) z(t+h) - z(t) + [ f(z(s))ds = 0
t

But (30) is equivalent to (2) , due to the fact h is an arbitrary number

Let us denote now by Y the limit set of the solution y(t) of (E) , and by
7Z that of the solution z(t) of the system (2) . First of all , we notice that
Z CY . Indeed , if Z(tk) N/ , taking into account that z(tk) = 1lim y(tk+

t') asm > » , we obtain for some subsequence {t' } C {t' } ,
m my L

= . 1
z = llmk o y(tk + tmk ¥ s

with tk + té > o as k > © ., This shows that z ¢ Y
k

Let us assume now y € Y . Therefore , y(tk) +> yas k5 o , for some

, with t, > « as k » » . Denote by z(t) the solution of (2)

sequence { t K

xJ
with z(0) = y . We can prove easily show that y(t + tk) converges to z(t) as

k > o , uniformly on any compact interval of R+ . Choose now a subsequence

{ tkm} c {tk }, such that tkm > Ztm . Then tm = tkm - tm > as m 4 o , and
= _ - _ _ o E
ByCe +t) - z() | I y(tkm) Z(tkm 20 >0
as m > o . Hence , y = limm .. y(tkm) = 11mm e z(tkm - tm) e Z

Theorem 1 is now completely proven
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Corollary . If we preserve the conditions of Theorem 1 , and assume fur-
ther that the function U(y) has only a finite number of critical points (i.e. ,
where f(y) = 0 ) , then any solution of (E) approaches one of those critical po-
ints as t > ©» , This follows easily from Theorem 1 , if we take into account
the fact that é(t) > 0 as t > , and therefore f(z(t)) > 0 as t > . See
[ 41 or[ 11 for details .

Remark . The positivity (monotonicity) condition (18) , involving the ope-
rator K + nI , is the usual positivity condition on the space LZ(R 5 R" ) . Of
course , it can be rewritten introducing the kernel k(t,s) . In case of convolu-
tion kernels , an equivalent formulation of the positivity condition can be ob-

tained by means of the Fourier transform of the kernel (see again [ 1] and [4]).

It is interesting to investigate whether the approach used above , for
establishing the ultimate behavior of solutions to integrodifferential equations
can be extended to higher order systems . Without aiming at the greatest genera-
1ity , we shall consider the second order integrodifferential system

t
(31) 7(t) + Ay(t) + [ k(t,s)y(s)ds + £(y(r)) = g(t) , t e R,
o

where k , £ , and g verify the same kind of conditions as in Theorem 1 , while

A is a constant n by n matrix with real entries , such that
2 n
(32) (AY 5 ¥) > mjyl~ ,m> 0 , yeR .

Let us multiply (scalarly) both sides of (31) by &(t) . One obtains

(33)

o

L3+ Cayo) , 30 +CRIE) L F(©) )+

¢ £(y(e)) , y(&) > =C g(t) , y() ) ,

and integrating both sides from 0 to t ( t > 0 ) there follows

t t
(34) Lagen? + [ a3 dds + [ (K3(s) , y(s) Vs +
(o] (o]

t
Uy(e) = T I501° + U((O) + [ (g(s),y(s) ds.

o
Taking (32) into account , (34) leads to

2 to. 2 Lo .
Lis@n® +n [useiPs + [k , Js) ds +
o o

(35)

t
U(y(t)) « -% 15012 + U(y(0) + [ (g(8),7(s) y ds
(o]
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Using the same kind of estimate as above for the integral of the scalar
product in the right hand side of (35) , one obtains from that inequality

1 . 2 n fr s 2 t . )
(36) =gyt + 2 [ gyt + [ Ry(s) , y(s) yds +
2 g .

U(y(t)) < %— 17C00 12 + U(y(0)) + 2m i 1g(s) 1 %ds
[e]

Combining (18) and (36) one obtains

1 - 2 m t . 2
(37) 3 Iy + (-5 - ) [ Ny as + Uy(r)) <
(o]

L. 2 -1 2
21317+ UG(0) +2m™ [ ygle)ids
o
for any t positive , for which the solution is defined . But (37) leads easily to
the conclusion that any solution of (31) is defined on the whole halfaxis R+ 5
and it is bouded there together with its first derivative (which belongs to the

space LZ) , provided
(38) m - 2n > 0 .

Considering equation (31) , one sees that ;(t) is represented (on behalf
of our hypotheses and on what we have found above) as a sum of bounded functions
Hence , y(t) is also uniformly continuous on R+ . By repeating the same kind of
arguments as in the proof of Theorem 1 , one finds out that for any solution y(t)

of (31) there exists a solution z(t) of the system
(39) z(t) + Az(t) + £(z(t)) = 0 ,

such that lim y(t + tk) = z(t) , and 1lim - &(t - tk) = z2(t) , uniformly

k > o k>

on any compact interval of R+ . The sequence { tk} satisfies tk > as k » o |

Furthermore , in the (phase) space of 2n dimensions , where the couple (y(t),y(t))
belongs for all t e R+ , the 1limit sets for both (y(t),&(t)) and (z(t),i(t)) are
the same .

Summarizing the discussion conducted above in regard to the system (31) ,

we can state the following result

Theorem 2 . Considen the integrodifgerential system (31) , and assume that
k., 4, and g vernify the conditions of the Theorem 1 . 14 the matrnix A s such
that (32) and (38) hold true , then any solufion of (31) 4s degined and bounded
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on R, , together with its st denivative , and the Limit set of any solution of
the system (31) agrees with that of convenient solutions of the ordinary difgeren-
tal system (39)

The procedure used in proving Theorems 1 and 2 can be slightly modified ,
and applied to many other classes of integrodifferential equations . Again with-
out main concern for the greatest possible generality , we shall consider the
first order integrodifferential equation
t

(40) y(t) + [ k(t,s)y(s)ds + f(y(t)) = g(t) , te R,
o

under the initial condition (IC)

The hypotheses we shall make on k , £ , and g will guarantee an ultimate
behavior for the solutions of (40) of the same kind as in case of the '"reduced"
equationn (2) : &(t) + £(y(t)) =0 .

Local existence for (40) , (IC) is relatively an elementary matter . We
shall be concerned only with the ultimate behavior of solutions . It is worth to
point out that we shall drop the condition (19) imposed on f(y) in the first two

theorems of this paper

Theorem 3 . Considen the integrodifferential system (40) undern the follo-
wing assumptions

1) zhe matrix-valued kewnel k(t,s) is continuous from & into LR M),
and such that

t
(41) lim [ Tk(t,s)lds = 0
o
and .
(42) f ( Ky(s) , y(s) Yds = 0 ,
o]

fon any £ > 0 , and any y e LZ(R+ , R
2) ¢ "> " s a continuous map , and verifles
(43) CE£(@ ,y) 20, yer ;
3) g 4s such that
n

n 1
g €C (R , R) NL(R_, R)

Then any solution of the system (40) is defined on R, , 44 bounded there ,
and its Limit set agrees with that of a solution of the system (2)
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Proof . Let us prove first that any solution of the system (40) does exist
on R+ , and is bounded there .

Multiplying (scalarly) by y(t) both sides of (40) , one derives after an
integration is performed

t

(44) %—( iy - 1y%1%2 ) + [ Ry(s) , y(s) dds +
(o]
t t
[ £(y(8)),y(s) Yds = [ (g(s),y(s) >ds .
(o] (o]

Since the second and third terms in the left hand side of (44) are nonnegative ,

according to (42) and (43) , from (44) one derives

2 2 t
(45) Iy < 1y°1°+ 2 [ |[<g(s),y(s) ]| ds
o

for any t > 0 , for which y(t) is defined . Since the right hand side of (45) is

a nondecreasing function , (45) and Cauchy's inequality imply

[eS]

(46) v2e) < 1y%? + 2v(e) [ lg(s)lds ,
(o]

where

(47) Y(t) = sup { ly(s)l 5 0 < s < t}

The inequality (46) implies obviously

(48) vy < Uy%1% + ( Ig(s)ids)?} 2 + [ ig(s)ids
(o) [e]

for any t > 0 , which shows that y(t) must remain bounded in the future . Of
course , this means that y(t) can be continued to infinity , while the right
hand side of (48) provides an upper estimate for Ily(t)l

Next , the boundedness of y(t) on R+ implies the boundedness of y(t)
This is clear from (40) , if one takes into account our hypotheses on k , £ , and

g . Therefore , y(t) is uniformly continuous on R+ , which means that the family

{ y(t+h) ; h e R+} is compact in the sense of uniform convergence on any compact
interval of R+ . The proof of Theorem 3 can be further conducted exactly as the
proof of Theorem 1 , provided we can show

t
(49) lim_ I/ k(t,s)y(s)ds I =0 .

o

The conditions on k(t,s) have been deliberately chosen in such a manner that (49)

hold true for any y(t) bounded on R+ , which is immediate on behalf of (41)
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Theorem 3 is thereby proven .
Remark 1 . An inspection of the proof shows that conditions (42) and (43)
can be replaced by a unique condition of positivness , namely

I
(58 [ ¢ Ry(s) + £(y(s)) , y(s) yds 2 O,
[e]

for any t > 0 , and any y(t) bounded and continuous on R+ i

Remark 2 . The procedure used above in investigating the ultimate behavior
of solutions of integrodifferential equations , can be adapted to the study of si-
milar problems for equations with infinite delay of the form

t
(51) y(©) + [ k(t,9)y(s)ds + f(y(t)) = g(b) ,

which can be reduced to the form (40) if an initial condition of the form y(s) =

yo(s) is assigned on the negative halfaxis
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