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A Note OM THe WRoHTED SHAPLEY VALUE
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Abstract
In Ehis note we present 3 new axiomatization of the simpole
weighted Shapley valufe iotrodaced by F, Kalai arnd D. Samet (1987,

1988Y ‘and we show that the wWeighted Shapley valur satisfies a
symmetry ronpdillon similar to that dnvolved in the definition of

the classic walue dus to L. 5, Shapley (1953).
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IntroducLion

Let ¥ he a4 finite set whose elements are called players and
whiise subsets are called coalilions. We dennte by GIM) the 1inear
space af all games (in characteristic fumction forml}, Ehat is the
st of all functions WiPIN)—— B Wwith wi®) = O provided with Lthe
algebraic operations induced from B, It has been shown by SHAPLEY
11953, p. 310} that the uwnanimitiy games (. =., the Functions
wslﬁfHI———; Fy £5 = PN 52 @), defined by well) = 1 if 5 =T
and wgi{Tl = O, ptherwise, form 4 basis in GiYY and that, far each

v o= GINY; w have

i

Tran HBubtnoariu‘s wopk was damna whithe wimilireg Lihe Daparbment af
Mathamalice of L piwersily of Taxas al Arlingtow, Arlington,
Taxaas Tolis, USA.
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u = 2 g L) e 4 (1)
=FE
wherey for gach nonempty coalition 51 agiu) iz defined by

I=l=I=|
g U =E (=1 Ul T, &3

TES
EalAT and SAMET (1987, 17881 introdured the  concept of
"weighted Shapley wvalue with respect to a weight system”, In what
follows we call simple-weighted Shapley ualue the function

£ mf+xﬁiH? — E" defined by

Fixew) = z ogtud Elxsug) (3
¥
where, for each monempty coalition S and for any x = RE+. Bl wg)

15 the wector in RF of coordinates

X

L
;T%T iF L & 5y
B lacawg) 18]
4] otherwise,
with =(5) 1= ZEE x. Note that S(s,ul 1s exactly the Shapley

value with respect to the simple weight sy=tem [x,{N}}) as definmd
by KALAL and SAMET (1988)1. Also, aohserwe that, for any x in the
diagonal Dy of th $lxyuw) is Bxactly the "wvalue of u" as defined
by SHAPLEY (1953) because the function ${-,v}) is positively
homogeneous.

It follows from Theorem 3 of KALAI and SAMET (198B8) that a
function ¥ GIN)— B catisfiss the conditions of efficiency,
additivity; (strict}) positivity, dummy player and partnership
consistency if and only if there exists a x e EY =uch that
Tlu) = Blxyudy for any v & GINY.

In thi=s note we show that the simple—-weighted Shaplewy wvaloe

ils characterized by a system nf axinoms whirh ia much more similar
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to that involwved in Shapley™s {1353 clasaie defipition of
"noan—weighted" wvalus and w8 prove that the weighted Shapley walue
has a symmetry property analooous ko that of the rclassic.

“mon-weight=sd"” Shapley valus.

The Haln Result
T brder to stale the main result of this nole we recall that
4 coalition 5 15 called corrise of the game & GON) iff

ST = wiTry for any T & PN,

THEOREM. The wimple weighted Shapley valus & (s the unigue
Ffunciion p: ﬂf?ﬂt'ﬁ-ﬂh’l—} Y uhich st isfies the fol lowing
candi L lons:

4., Strong Efficiency: [f the coalition $ is a ;mnam:y

carrier of the game v e GINY, then

z e tayud = wisd, (5
Vs
B. Froporifondal Unanimity: For eoch nonempty coglition 5 and

for any two plavers iy j = 5 ue haue
Mt g ) = x el ugl. (&}

C. Linparity: Ffor sach x & [R':__. gplxyr} is Llinsar on GINY,

Morsover, the weighted Shapley valus T is "symnetric", . e&. for

sach permulation m of N we have

Bap™ = gd, {7}
where, for any en:[RN. Cr=2lc) := (g~ ') and * Ls the
automorghism of F,,.#G(N) defined by n fx,u) := (merul  with
trul{E) 2= wim™5), (5 & POMNI), a5 usual.

PRIONDF: First ‘we show Ethat the weinhted Shapley value

sati=fiss Lhe conditions (4}, (8] and (C). Fo this end, note Lhat,
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for each coalition 5°# @ the coefficlent aglv) defined at (2! ‘is
linearly dependent on U, Therefare, accarding to 1 ) is
linearly dependent on u, i. E.-i =atiafies (). IFf 5 e 3 nonempty
carrier coallition aof the ngame v & G(N)y kEhen each player LoE S

is a dummy playver in L hecause, for any coalition T, we hawve
WETAL Y 2« b ENERULIYY = wlisaf) = wil),

Sincey accgriding ta Theorem 3 of EALAT and SAMET (I19BB): &

satisfies the dummy nlayer and the efficiency conditions, it

follows that

z B (a0l = z B ixyu) = uld) = wis),
VES LEN

.2, § satisfies (4). Dbwinusly, & satisfies (8) because of (4).
Maow; we show that 2 is symmertric,. | ek 0 be a permutation of

M. It folloaws from ©3) and fad) that, for sarh { = N2 we have

z agtul t@s

‘f., “'r. - -
X ) x, P

L

12 JLERr

Using (B) we ohtain

Coemtl 600 = Blmamu) = tmx), ) ggiru) -

Cirx =)
LE T =k ]
Mate that (ax)i5) = xto5) and that aginu' = o, (uwly for Ay
m's
nongmpty coalition 5. Hences
"_"-..—13“-"}
[Bea™) tapw) = (mxd - E p—
Ela=vs)y
LS4
g {20}
= ot bl LS Vo=
:-cn 1, E T {'n_,liix.u Eedh (vl

Tim Yoy
for any © & Ny 1. 2. ® satisfies (7},

It remaing to prowe that the function ¥ defined by (3} and
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(4} is the unigue function from B, xG(M te [E" which satisfies
fAry (B} and (L)}, To this end., suppose that ¥ is annother functign
M . i
from mf;xﬁlﬂl ko R which satisfies these conditions. We show that
Flxiwg) = Plusuwgl, for sach x o Y and for each nonempty coalitian
5. By the linearity of both Tunctions § and T this ‘implies that
¥ = ¥ Mote that any coalition F with 5 = T i=2 a carrisr of the
unanimity game wg. In particular, if § is a plaver and j & 5, then

T2 5y is still a carrier af w, and, actording to condition (d4)

wEe hawe

2 Wlacswg) = wofS) = L= ugiT) = 2 T (cawg )y

e LET
that is 1”(x,w51 = 0 = f,‘xnwhl. whepsver j & 5. NMows suppose that
P = 5 If % consists of a2 <ingle plaver, then: applying again
condition (A} Lo ¥ we obtain that Pilxwuwg) = 1 = $lix,ug},. Assume
that 5 contains more Lthan one player, Thin, Jdccording to condition
LBy We have W ieg) ) T anwgYy T warh o 5. Using

this fact combiped with romwlitinn: (40 appli=d ko T e got

1« wgt(s) = Z o) o R X uig) CEXES )
LR
showing that "p'ltxtlﬂsj J xr.-"x{SJ = EJ{x,wsT Car amy  J = 5. This

completes the proof of the theorem.s

REMARKS. (f) Mote that ronditions (&) -ad (£} are invalwved in
the dEfinitjﬁn of SHAPFLEY's (1953) concept of value., Condition (B}
replaces Shapley's "syamebry"” axlom. If one considers the
rizskriction w of the function § tn the set F wGiN,y then condition
{8 angd Shapley’'s “symmeblry® axiom are equivilent while they are
Applied bn .

tc1? [Observe that the fTunction " &Sssociated to the
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permutation w of N is an automorphi=m of ET+xﬁtN} nrovided with
the topology of pointwise convergence. Combining this  fact with
Theorem & of EALAI and SAMET (1988} and with the Theorem proved

abnves it follows that ewven the weighted Shapley value with

respect to an arbitrary (nnt precessarily wimple) weight system is
aumewhat "symmetric”., PFrecisely, b F dal= Tar (5 e s 300 is a
weinht system and 1F o 1 a permutation of My then
mw 2= AW Sy caa 85,0 s alsa a weiaght mystem and Ehe

A-weighterd Shapleyw walue $, {see KALAT and SAMET (1YHH)) satisfies
the following "symmetry conditlaon":
Trglaul = o lu) LB
for any game u = GIAY and for any weight system
tLti) The awioms (AY, (C) and the symmetry condition (7) do
ot uninguely define a function §: Ef+x@tN$ 5 g Precisoly, the

function =: E), =Gt — B defined by

Stacyul = xgogp bl (B0 ]
whare ptul 15 the Shapley valus 6F ., is a Tunction satisfyling
CAYy 0V ‘and (7) hut nak satisfying (8). This 4i= the tnigue
function from B.,«GtN ta B which satiufiss (A1, (C), (7] and it

it additive and positively homogenenus with respuck Fo x,
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