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Existence of Bounded Solutions for Systems of
Discrete Equations

Mohammad 1I. Moadab

The aim of this paper is to obtain seme existence results for bounded
solutions to discrete equations of the farm

{l] Lntl = .Atu + bn-p

in which n.€ Z,, where 2, = 0,1,2,... and {z.} stands for the unknown
process, with values in 8™, A is a square matrix of order m with real entries,
and {b,} stande for a given discrete process, with values in the same space
as {z.}.

In {4], the existence of hounded solutivns on Z to nonlinear diserete equa-
tivne of the form

(2) Znet = f{ny2n)

has been discussed in detail, and in [1]; and [3], the existence of bounded
solutions has been assumed in order to prove ather qualitative properties.
Also in [4] the existence of hounded solutions on Z, or #, to linear equation

E:ﬂ Loyl = ﬁ'f:n =+ ﬁ‘np

has been proved. Our interest here is to prove the existence of bounded solu-
tions on Z, of discrete equations of the form (1), and obtain some (ormulas
of representation of such solutions. o prove the existence we will use the
method of iteration. In analyzing the iterations, we must refer to the indi-
vidual elements in the iteration sequence. We will let r, denote the starting
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guesa, oy denote the first iteration and so on. The ilerations will be as follow:

Tg = niftal — gucsa,
zy = Aro + bo,
(4) Ty = Azy b = %2 F Aby + 5,
£y = Az i by = fisil'n + .n].}bg + Aby 4+ b,

Th = A::,.-. + hﬂ_g — Aﬂﬂfu + .‘1"_1EI'|3 I An_th 5 peads o b,-|_|..

The lazt equation above can be alen writlen when A~" exists,

{5] Ty = }lq[.\!g + }l_.ﬁu + A_!&q B i = rl_nbn_1[q

If | 4 |" approaches zero s n incressesand the series in the brackets
converges, then r, approaches zero as n increases. If | A |* diverges as n
increages, then except for special choices of zq, {z,} will diverge(unbounded).
In order to make the discussion casier, we will note that the matrix 4 is
equivalent to a matnx of lower triangular form, via a linear nonsingular
transformation. In other words, there exists a square nonsingular matrix P
of order m, such that P-"AP = H, has the form

a0 i} {1 I |

d31 @33 L] 0 o
(8) H=|an ag aa 0 --- 0 |,
O] Gm3 Bm3 coe vos fmm

where aiy, @, 833, .- ., A are the cigenvalues of A, Therefore, we can as-
sume A to have the form

.-"I.| (] 1] 0o ¥i¥Te 1]

gy Ay, OB 0 s A
(7) A=|ay am A 0 ... 0 [,

Ty By U8 wee wvn Min

The above reanlt can be found in [5].

We will make use of the fact that the determinant of a triangular{upper
or lower) matrix A is the product of its diagonal entrics. Since the diagonal
entries of the matrix A are also its eigenvalues, in order to obtain the buund-
edness of {z.}, one has to discuss distinct cases of the spectrum of Afthe et
of eigenvalues of 4).
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1 Spectrum of A is inside | A = |

In this case, it can be easily shown that the solution {z,} constructed by
(4) is bounded on 2, anytime {b.} i3 a bounded process. This holds true
regardless of the initial value o5 chosen in coustructing the solution;

Indeed, in case A hasiis spectrum inside the unit circle, one has according
to the well known spectral results

(8) Him | A" M=y = 1, g — maef| X; 1< < m},
This implies that the series
(9) 2. |4
=10

converges(the root Lest).
This property allows us to show immediately that the solutions {z,} con-
structed by (4} is bounded on 7, as soon as {#,} is bounded there.
Assuming | b, |= 8 n = 1, one has from the last equation (4)

(10) | 2o ] A7 || 20 | +B(14 | A |+ | A" ),
0r s
(11) |2 [Slaa | +83 | A% ],

=0

for any n € Z. islarge enough. In any circumstances, (1] can be written as
(12) sup| 2, |€£ 0| 2a | +H08,

for two conveniently cliosen positive conatants € and .
To summarize the diseussion of this case, the syatcm (1) haa only bounded
solutions an £, and the solulion starling af o sabisfies the estimate (12).

2 Spectrum of A is outside | A |= 1

In this crse, we will refer to the formula (5} for the coastruction of the process
[za}, m = 0. Since | A™ | » oo a8 n — oo (because | A" 1"
1 -+ oo}, from (5) we gee that £, can be bounded only in case the quantity
in Lhe brackets tends to the zero element of ™, as n — ~o. In other words,
only in case

— 14 > | ma
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{13} —Egzd_lh l"rl_:aT i "t e

First, let us notice that the series in the tight hand side of (13) does
converge. Indeed, A~' is a matrix whose spectrum lies inside the circle
| A= 1, becanse the eigenvalues of 4" are the algebraic inverses of the
eigenvalues of 4. llence, all of themn lie inside | A |= 1. According to the
result in §1 ahove, the series in the right hand side of {13) must converge (in
the matrix norn).

Il we go back to (5), then we find for ., the following expression

(14) Bo = = A0+ A M Baas + A i b ).

O course, the series in [14) converges in the matrix norm,

Therefore, there exists 2t most cue hounded salntion of (1) on Z., in the
case under consideration,

Actually, we can easily show that (14) represents a bounded solulion of
{1). Indeed, one easily nbtaius

{I-EJ “I:n"'hn:v"‘-ltbn.',l"‘}i_lbn.}.g+"']==n+||

if we take again (12) intn consideration, Hence, we can formulate the follow.
ing conclusion:

In case the spectrum of the matriz A lies outside the unit circle | A |=
1, there erists a unique bounded solution fom Z,) of the system {1). This
sofution 1s given by the formula {14).

3 A has spectrum both inside and outside [A]=1

In this case we refer to the lower triangnlar form (T) fior the matrix A. Let
us mssume that Ay, A, Ag,.o. Ay are the eigenvalues inside | A |= 1, and
Akers Ausa; desgy ..oy A are those that lie outside the cirche | A |= 1. 'This
can he accomplished, ie. this labeling of the eigenvalues, in any case the
matrix A has the property specified in this patagraph. The inspection nf
the proof in |5, coneerning the reduction of 4 to the liwer trinngular form
shows that we can proceed with the eigenvalues in whatever order we choose
to. 5o, we will label them in such a wey that the first & are inside | 4 |< 1,
while the remaining m - k are outside the unit cirele.
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We can actually write the system (1) in the following equivalent form:

[]ﬁ] Ynsa = I"lt!‘fn + €y
and
(17) 2,01 = Auyn + Azz, + .,

where y and ¢ are k-dimensional, while = and d are (m — k)-dimensional:
Tu = (Uny 2}, Bn = (cuidn). The matrices Ay, 4y and Ay are of the types
kxk, (m—k)=kand (m—&) = (m— k), The matriz 4, and 4; are lower

triangular malrices:

A 000 0
ag; Ay O 0
{lﬁ} .-I.| == dz M3y ."I-a_ [] '
LLTS S P . Jl-i.
and
Al ] i} 0
diesapt Akta 0 0
(19) Ay = | peap t@yar Aies 0
By Tonz LT S J'-r-l

The system yniy = Ay | g, has its sigenvalues inside | A |= 1. Therefore,
for any initial values yp one obtaineg a unigue bounded zolution( of course,
we assume {4, } is bounded, which implies the boundedness of both {c.} and
{da} ).

We substitute a solution {y.} of the system in (16) into the system in {17)
for 2,

{2{”’ Zner = My Jﬂl

where d, = d, + Ayy.. Hence {d.} is bounded, Since the spectrum of A; is
outside | A |= 1, there exists a unigue bounded solution {2.} of the system
(17) for each solution {y,}.

Coneluding the discussion of this case, we see tha! there rrisls a number
by, 0 < k < m, such that {1] has a unique solution {r,} which iy bounded on
Z,, and such that the initial data zg,, 1 = 1,2, k, are naigned.
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4 Spectrumofdison|A|=1

We will consider, in this case only a simple exumnple. We chose 4 = [ = the
unit matrix. This matrix has only one(repeated) cigenvalue 3 = |,
The system (1) hecomes

(21) R ik e

and if we choose b, — ¢ —constant £ K™, then we ohtain By = % | mE
Regardiess of the choice of 24, for ¢ 2 0, the solution {za) is unbounded,

5 Nonlinear case

It is poesible to extend the resull in §3 to the class of nonlinear discrete
syetems of the form

[22) Sair = Az, 4 flw,0.), weZ,

where f(n,=,) is & map from Z, » A™ into A™, satislying » Lipschitz con-
dition with reapect to the second argnment:

(23) | flny) = fin2) |2 Ly =

Il the Lipschitz constant L is sutticiently small, then the existence problem
of bounded solution to (22) hes the samne kind of answer as in the linear case,
as seen in §§1,2,3,

For instance, in case where o4 has the spectrum inside the unit dise, if
we assume, besides (23) on fn,y), the boundedness of { fin, D)} on Z,, one
obtains the existence of bounded solutions to (22} regardless of the choice of
o

The proof of the above assertion can be conducted by nsing the Banach
fixed point methad with space of bounded processes on 2. [with values i
fi™}). It suffices to consider the uperation {u,} — {z.}. where

(24) 2oy = Ak, + fin,u,), n 30

and apply the estimate obtained ahove (12).
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cerning the system 2., = A(n)zq, + b, have been obtained by J. J. Schiffer
in & geries of papers in Math. Annalen (vols. 172,177,189).






