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COINCIDENCE DEGREE 1IN BIFURCATION THEORY

AN PASCALI

The operator theory provides an abstract Eramework to investigate
differentlal or integral equatloms. In this way, by an adeguate choice
of wunderlylng function spaces, many problems can be rewrltten as a
semllinear operator eguation

Lu = Fu (1)
where both linear operator L and nonlinear perturbatlon F carry a real
Banach space X 1into another Y. When L i3 deflned on the whole of X
and is invertlble, the solving of (1) reduces to the determinatlion of
the fixed polnts of the map T = L_IF and can be tackled by using de-
gree theoriesa for wveector flelds., However, L 1is often not invértihle =
= indeed in 2ame contexts invertibility lIs the exception. Ta study (1)
vhen L™ does not exist, J.Mawhin [8) introduced In 1972 the ecothet-
dence. degree of the pair [L,Fl. Moreover, this eguatian gains an ouk-
stapding operator feature vhenever the hypothesss upon nonllnear map-
ping F interact with thd tolpological and spectral properties of
the linear operator L.

our flpal purpose 1s to unify some recenl trends concerning the
concept of blfurcation, startlng from an elgeninterval of a character-
istic value of odd multlplicity for the nonlinear eigenvalue problem
Lu - & Au + FlAh,0) ¢ G(a,u) =10 £2)
where the spectral parameter A ranges over a r:al compact interval A,
F and G are nonlinear perturbations with G{x,u) = o(lul) for u — a,
and F(A,u) = g"ul, while L and A are selfadjoint operators, L. being
generally assumed noninvertible and A stronuly positive deflnite in

4 Hilbert apace. Our approach is based on some spectral analysis ela-
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ments of linear polynomlals equatlon ln the form

Lu - A Auw = 0O, (3
called also linear gperator penclls ([4]1), which actually corresponds
to the linearized egquaticon when F = 0. The key iz to find sets of
hypotheses upon the pair (L,A) whlch assure that the characteristic
valuyes are isolated. Two alternatives are presented. We have paid a
particular attention to estimate the eigeninterval lengths.along this
line,some recent results, due to A.P.Makhmudov and z.5.Aliev [71, be-

come. transparent.

1. Prerequisites of the Coinclidence Degree.

For a llnear operator LiO[(L) = X —— ¥, we denote by =(L) the
multty of L defined as Lhe dimension of MN{L) = ker L = L (0) and
by [{L} ‘the deficiency of L defined by

codim R(L) = dim coker L = dim ¥/R{L]) = dim R{LFL,

where R(L) = Im L = L{D{L)}). A (possible unbounded) lin=sar operalor L
is Fredhelm if R(L) is a cleosed subspace and both (L) and #R(L) are
finlte, The integer |Ind (L) = dim ke? L - dlm coker L 18 called the
[Fredholm) index of I,

From naw on, we suppose that L is a Fredhoiw operator of index zera.
In this case there exist projectors P:i:X+—X and Q:¥+—Y such that

Im P = kee L and Ker § - Tm L.
S5uch a palr of projectors [P,Q) is called =xact with respect te L. Let
J:Im @ p— ker L be an algebrale lsomorphism. Thereby the product
I e — ¥ is compact. Because X and Y can be written as the
direct topologleal sums
X=%er P + ker L and ¥ = Im L + TIm Q,

the operator L + JﬂP:X —— Y is5 a bounded l.ijection and so a topo-
logical isomerphism by the closed graph theorca.

We notice that the restriction sE L to k- P n R{L), dencted by

LP, ias an lsomoephism, 8¢, its (algebraic) invicoe HP:RELI —s D{L)
makes sense, and we can define the generalized inuerse of L by
HP,D = Kpﬂi o ¢ B

It is =zasy to check that JQ + Kp a is an algebraic isomorphism Erom Y
r
into DIL) and, Eor every x = D{L},
(30 + K, 1'% = (L + J 'PIx,

P;Q
Horeover,wlth the equation (1) we associate the intermedlate mapplng
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HJ:HJ—-I' ¥ defined by

HJu = Pu + (JQ + KP,QJFU'

and we can state the
Equjvalence Thegrem. For all u = D{L) r1 D(F},
{al Lu = Fu = u = MJu F
By 1 - HJ}u = (JdQ # KP,QJtL - Fid,
For a detailed proof of this theorem we refar the reader te [5],
Lemma III.4.

A mapping T!&F —— ¥ |5 called L-comgact if QT:01 —s ¥ is con-
tinuous, QT(0) is bounded and KE,QT:E —s ¥ 15 compackt on every
bounded domain 2 < ¥.

Bemark l.Assume that Fi{l —— Y is L-compact. Then M; is compact in 1.
Under thls hypotheses, the =olution of the eguation (1) reduces to
the finding of flxed polnts of the compact mapping My
Let us denote ¥ = J ‘P, Then the egquation (L + ¥)x = ¥y 13 egul-

valent to the system
1

Lot - Bix = (I = Qly, 4 "Px = Qy.
We also easily check that (L + WJ_1¢'= 437 % - ana
M= (L ¢ W Liwa By,

Now, 1f Fifl > ¥ is an L-compact mapping such that Lx # Fi{x]

Eor all x s D(L) n &3, then the colncidence degree of the palr (L,.F)
on  ls deElined by

di{lL,Fl,Q) = dequ[I — i+ W e F;,ﬂ,u], (4)

where dequ stands for the Leray-Schauder degree.It is not hard to ve-
rify that the eguatloen (1) does not depend on the particular cholce of
the lsomorphism J. The colncidence deqree, so defined, has most of
expected propertles,for example, LE d([L,Fl,f = 0, then thete exists

at least one solutlen ef (1) in ©.

2. LINEAR OPERATOR PENCILS
The Investigation of blfurcate solutions fur the operator egquation
{2) regulres some spectral elements related to the flrst-order polyno-
mial eguation
L - Xau = 0, {3)

where LiD(L) —— ¥ and A:X —— Y are lincar operators.
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We say that X = E 13 a characteristic uwatue of the palr (L,A) 1LE
ker (L - AA) = {0}
and ‘A is a regular covalus of (L,A) 1f the inverse [ = lA}_l Bexists
on ¥ and it is continuous, A solution u & ¥ of Ehe equation (3}
corresponding to a charactecistic walue: A 1a called a characteristic
funcliion of (3).

In virtue of the equivalence theorem, we obtain
®

ker [L — ALl = ker [I — HJ!KJI
b ]
wheze M, (A} = P + A{JQ + Ko a]h. We specify the atructure of the set
L
of characteristic values of (L,A) under the following hypotheses:

(4) L ls & Fredholm operator of lndex zeco;

() A:X —— ¥ is & linear L-compact operator.

Lemma 1. A number X & B |s gither ‘a characteristlc value or a
regqular covalue for (L,A).
Indeed, Eor x = DIL) we have [I Mgtxdlx = (JQ + Ky u}EL = AAYRG
&,
By (iL]), HJth le compact and so it has a continuous lnverse when
A 1s not a characteristic value of (L,A). In that case, we have
- & -
(L - a8) "% = rro- i) Re v k)
-1 J e,0
whence (L — AA) is continuous together wlth KP Q° L
L

We denote henceforth the set of all characteristic wvalues by 'C(L,A}.

on R % C(L,A), consider the resolwvent &iAl = (L - kal_% The map
E[()) sablsfies the Eollowing resolvent identiby
RIX) — Bl = (K - p) RIX)AR(u).
Tndeed,
Blx) - Rip) = RIAIL - pAR{p) - RIZJIL - MA)R{u) =
= R{MILER{Y) - pAR{p) - LE(M) ¢ AMAR(p)) = (A - plR(N)AR(H).

Moreover, to any M & C(L,A) we attach the product AP= (L - phi_lh

called the spectiral operator for (L,A). Taklng into account that

(L= 27" = 11 - Mi017' 3 4 ¥, o)A
ve inEer that A#:Kr——+ X is compact, due to «j-(Eld.

When L = I is the idepntity operator and &4 is compact it is well
known that C(I,A} is a dlacrete set, However,if ker L r ker A # {0}
then CII,A} -can be the whole real line. We hava the fgllowing alter-
native:

Propogjtien 1. C{L,A) is #lther B or¥ an at most countable 3et wllth
ohly one possible acumulaklon point at inEinity.



Dan Pascall 315

Brggf. If C(L,A) # R, then there is p & C{L,A] and we can vrite
L - M= (L= @A)IT —(X - W)L - wh) '8l
Thus, the characteristic values for (L,A) are just translates by u
of wsual characteristic values of the compackt mapping a“. Due to kthia
the proof follows at once from the Riesz theory ([4]).m
The Eranslation CI{L,A)} = + Ctl,ﬂ“] allows ws ta define the
mutiplicity of A = Ci{L,A) by
mir) = dim ker (I - (A HIA (5]
where w & C{L,A}) 1is acbit¥acy and n(A] iz Lhe =msllest Integer such
that

nfa)

n ntl

ker [T - (n - A = 5 i R
[ { M “] ker IT (™ p]h“}

Under the transversallty condltion
Alker (L - AR)| m ImiL - AA) = [0},
it 13 proved Ln (9] that the multipllcity (5) s eguivalent to
mid) = dlm ker (L - AA).

In the Erame o0f the coincidence degree theory we will introduce alscg
an lndex for isolated zeros., As above,let F:!00 —— Y be an L-compack
mappling and let a = (1 be an isolated zere of the eguatlion (L + Flu = 0.
There is an open ball B{a,ra} in X wlth center & and radius £,
such that

(L + F} Yoy m Bla,c ) = (0}.
By walng the extision property uf the coeincidetice degree, the integer
Y ALyF)Yal = U4 m di (L,F),Bila,c}]
E + 0

iz well defined and Lt is called the coincidence Lndex of (L,F) at a.
A consequence of thls definltion ls khe followlng generallzation of

Leray-Schauder formula for the index of llinear operators [9]:
Eropogitien 2. Suppese that C{L,A) = B for ; palr (L,A), satisfying

(4)-{i), and let [hl‘hEJ n CiL, &) = [hu}. Then

CCTERT PRI (-1:9a:[L,x2a;1,
where v ls the multblplicity m:hﬂ}.

1N BIFURCATION RESULTS.

Let H be a real Hilbert space with the inner praoduct [(*,*} and th?
vorm N0, L,A:H >~ i be two linear operators with: L noninvertible
and DR(L) = Dl{A) S H, and let A = la,b] be a compact interval.We Iln-
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vestlgate the nontrivial elgensolutions, i.e. eigenvalue—elgentunctian
pairs (Au) e A x H, u#0, of the parameter equatlon
Lu - A&y # F(X,u) + G{x,u) = 0 (6]}
where the nonlinear L-compact perturhatlens F,G:tA » H ——= H satlsfy
the following assumptions:
{a) GlA,u) = 2(lufl} as u — o unifermly vith respect to A e A;
(b F{A,*) 1is bounded, i.e. there is a constant -k > 0 such that
HE(A, ulll < k Bl ¥ (h,0) & A = H. (7)
In particular, we are interested in Einding the blfurcatlon points,
i.e. [hn,ﬂj acumulating nontrivial solutions of (1). on the product

E = A x H, we take the norm
i
WA, ujll = [ I & pui® ]?

An elgensolutlan of (8) is a pair (A,u}) € E. Clearly, (A,D) lIs a
solubtion and Shu (A0} =2 A} 1s the line of Ethe so-called krivial
solutjons. Let hu be an elgenvalue of (3) of add multiplicity. The
classical Krasnosel'skil theorem (8] asserts that Lf F is differen-
tiable at o = 0 ‘and F'{hﬂ,ﬂl = 0, then Au ls a bifurcation poipnk
Erom the Erivial solutlon line; in other words, for any &£ » O, there
exlats a pontrivial eigenseolution {X,u) such Ehat Wik — kﬂ,ujﬂ £ =,
Sometimes, hD is also called s Branch-poing.

In the case F = 0, it is well-known ([15]] that bifurcation poinks
of the nonlinear equation

Ly - Adu + G{A,u} = 0

fan nccur among the characterlstic values of the llnearized eqguation
{3). In general, If a perturbation F is involwved, the usuoal lineariza-
tlon is no lenger wvalid. When the characteristic values of (L,A) are
isolated, we will flnd an elgeninterval centercd In every character-
istic value of odd multiplicity, whose tength ‘ependz an the conskant
k In (7); which contalns at least a bifurcation polnt of the lnitial
equatlon (6). Wlthout loss of genetrallty, we may replace F + G by P,

Given kuE CiL,A) and gbo, let Jihﬂ,pj = | e R | |An - kﬂl <2 t.
We also denote by Hr the Intersectlon of the ¢losed ball of radlus £g
in H with the domaln D(A), Br= [ v € D{A) | vl = ¢ }, and by anr
its boundary, Assume that C{(L,A) # R and for o L{L,A) set
clu) = inE | B = p avl | v & D(AY, Iyl = 1 b

THEOREM 1. Assume that ({)-[i) in See.2 hold. Suppose that F is
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an L-compact perturbation satisfying hypothesis (b) and let RDE ClL,A)
be of odd multlpliclty wikth
dist (x ,C{L,A) \ A 41 > 2k,
Then, given any r > o, Lhe equation
Lo - A Au + F{A,u) = 0

dadmits an elgensaolution :kr,ur} wikth xre [ank,k0+k| and '“:“ I

Proof. Let = = dist ihu,ElL,hi Y {1011 -k >0, K-= ku— (k +:5},

A = Ayt (k + &) and netice that dist{r,ClL,A)) = dlasb(K,E{L,A)) = kee,

We assume by cenbradiction that

| KoAu of F{AN,u) = 0
for all u = L dd Ao« (A Al. Then there i5 a homotopy joining
L - A A+ Flth,*) and L - & por ¥(K, ) and thereby, by the homotopy
Invariance property of the coincidence degree,
deg (L - A A+ F(A,*),B ) = deg (L - K & + F(A,*),B,). (8}
On the other hamd, for all t < (D,Y] and u = Er'
ILu - A Au + EF(A, =)0 2 cgh)lull - EIF(A, )0 2= [e{A) - kiflul > =slhul,

and, 4gain by Lhe homotopy lnvariance property, we obtain
deg (L = X3 P‘ir'}aﬂr’ = deg (L - A A,Eri.

Mow observe Lhdab, since A = Q(L,A), we have Lu - Adhu = 0 QEE
u =0, and therefore cliL, 2801 = 0,

The arqument used ftor L - AA + F(A,*) applies to L - *A + Fix, =)
as well, so that Efrem (8) we infer ELIL2M) 0 = (L(L,®A) ). Bince
[a, X1 metn,a) = fh b and X is of odd multiplleity, Propesition 2
yields 1f(L,AA)] = - ¢[(L,AA)]. This contradiction proves the claim.m

Degree Lheeretlc arguments provide not only exlstence criteria Eor
biEurcation polnks but also information regarding the behavior of solu-
tion branches. Set

5'= S5 W {c{A,B) = {(0})
=4 (huleR <X | ix,u) =0, u=0 }

vhere: ‘BUA,0) = Lu — RAn + Flx,u). Let 51 be the component (maximal
o
connected subset) of 5' meetlng J{x_ k) % (D).

THEQREH 2. Under the hypotheses of Thesrem Ly Sk iz an unbounded
subset of J(A_,k) x H, =

The procf follows Rabipnowitz iflubal bifureation theorem (15}, Th.3.2)
by mean of stralghtEorward adaptatlons.
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4, EHERGY SPACE

Later on, we confine purselves to operators acting on a real Hilbert
space H with the inner product ({+,+) and corresponding norm #®-l. Let
T:D(T) =H —— H be a linear symmetric, depsely defined, and ztrongly
monolone pperator, namely there is a conztant © such that

(Tu,u) = cllul®  for all  u'e B{T). (9)

We extend T Eo a maximal monotone vperator, L.e.with no proper monotone
extensiens in D(T) = H. This extension Tp:iD(T) +—— H l= self-adjoint
and colncides with the sg-called Friedrichs extension,([17],pp.B827).
On the other hand, we define the snergy space Hy as the completion of
DIT) wlth respect to thé so-called energy Lnner product fu,vjp = (Tu,v).

&
Let us denote by H Ehe dual space of H The tange of the energy

m b
&
extenslon ToiHyk—s Hp leaves the original space H. The imbeddings
&
HTE H = HT are gontinuous and 7T © TF = TE. In fack, TE is the duality
map of Hrrlr that means a linear homecomorphlsm with

_ 2
ITEu,uI = II1.|IT for all u-= HT'

It follows that gl = é Tl
for all £ = H. T

i i
— - - 2
[t can alsa shown that HT = DiTFj and HuHP = HTFI for all u & HT'

Proposition 3. ([17],pp.127) 1IE the Imbediding Hp = H is compact,

Ehen the operator TE’:H —— H i3 compact,

This result is crucial In our study of the cigenvalue problem
Tu = Au + F u s Ty, =R,
In 1ts generalized form

Tou = Au + F u € DIT.), A e

We derive u = ATgiu ¢ T 'F and, in particular, when F = 0 , by

Propositlion 3, we easily deduce

tor all u « D{T) and T;'E = T_'¢

T E

Corgllary L, Assume that HT lz compackly imbedded in H. Then

(a) the oparator TF:D{TF] EH — H haz a countable system of
eigensolutions [hn,un} which containa all the sigenvalues of TF;

(b} all elgenvalues of TF have £lnlkte mulktiplicities. Furthermore,
h& 2 forall neM and hn —% + @ as || — m}

{c) the elgenfunctions Iunl form 4 complete nrthogonal system in HT.
Similar extensions for nonlinear operators,of course making appropri-

ate changes in the deflinitions have been glven by W.V.Petryshyn [13].
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We suppose herefrom that D{L) = D(A) € M with O{L) dense in H.
Having in mind the applicaticons (see [12]),we consitder that both L and
A are selfadjeint and strongly monotane nperators.We also assume that
L - A4 is selfadjolnt for severy XA = A.We construct the energy spaces
HL and Hl and denote henceforth by L and A the corresponding
Friedrichs selfadjolnt extensions.

Proposition 4., Suppose that lf, iz compactly imbedded in Hy. Then
ta') the eguation (3) has a countable set of characteristie values;

(b"} all characteristic values have a Einite multiplicities,The only

acumulation point of C(L,A} 1s infinity;
lc') the corresponding characteristic fenctions Eorm a compléte or-
thonotmal systems In each of the spaces W , H, , H

L A°
Proof. Since A" is defined on all of H wve can apply tt to eqgua-

tien (3] and obtain a generalized eguation

A'Le - Au =0, uwe Hy o (10}

where T = A'L is a menotone operater in W,. In fact,
(Tu,u), = thdLu;u1A = (Lu,u} = u;luu* ¥ u = DIL).
a4

This enable us ba introduce the enecgy space with inner product

1u,vrT = Ty
this space coincides with HL' since
tu,vlT = {II._lI..u,.'lrl’l [Lu,w} = Iu,v]L.

The monotone operator T can be extended to a maximal one in H“.

hAssuming Lthat this éxtemsion has been carried oukt, by generalized cha-

racteristic values - functlons of (3) we will understand Ehése of (1a),

Moreower, the hypothesls that every bounded set in HL iz compackt In

Ha agtees to the condition that HA is compactly imbedded in H in

Corollary 1. Thetshy, Propesition 4 follows easily from Corllary lL.m
Results of thls type are basically due te 8.0.Mikhlin [10] and have

extended to large classes of general operators by W.V.Petryshyn [141],

Finally, fof any A ¢ R and L a =elfadiuint operator, ls well-
known, the (solation distence Eormula
disti{d,e(L)) = ML - A7) *u;

where o{L] denotes the spetrum of L. This rulation is géneralized

i

in [7) to linear operator penclls involving a pair of selfadjoint
oparators (L,A)
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L ~ aa) 4 o< &, d ; (11)
ci dist(x,ClL,A) )

vhere the constank oy lz as In (6).

Indeed, we write
T A 2
(L = AA) = A°(A “La = KI)A", (12}
B S |
Since A “rLa 2 s a selfadjoint cperator, we have
-1 _. o —_
A 2L ® - XD)7Y = tdise s A

i i
i i 3

1 o _ —
But (12) Implies (L - aa)™" = A7%(A7"LA™" - a1)7"A"%. Since IA
Ehe estimate (11} follovs.m

-2
"

g & .
%

Results of Sec.l are particularized in (7] to the caze ¥ = § and
X = Hh.dEEcrlbed dabove,
Bz in [1], with any = 5 o we associate the approximats eguation
Lu - AAu + F(A, u|%u) = 0 (13 )
which is eguivalent to the equation
u = Hﬂ{u}
where M_(u) = Pu ¢ A(JQ + K, _JAu + (30 + KF;Q}F{L,[uiEu}. Because P

F,0Q

and JG are pperators of finite rank, iz :ompact and, by hypoth-

KP Qh
,
esis b), Fix, |a]|%a) = of{lul}, the classical bifurcation theory invalv-
ing L-compact perturbatlons ([B] or [91) ensures bhe existence of a
solution pair {hsr,usrj A = &Br for any pusitive number « > o.
For brevity, we dencte J, = [ Ao :&; W+ :; ], vhere ¢ = B
Broppslbjon 5. Suppose that l&n} is a sequence of posiklve numbers Con-

verging to zero.If there exista a sequence Lix ,ub It of solutlons of

n n
{lJE} such that [{hc fU, )} converges te  (u,U0) in E, then u e I, .
n n
Rroof. We let w & A and use Ehe followling notations
u
= =
v = n and B8 N R e B g s
n n &= & =
TR T n n n
- &
n n
== - 3
Then Lun hanhvn * Fn and HFnH = k. For sutficlently large n,
-1 b | )
v e (L - h¢nhj Fn and so 15 I{L - helfj k.

Since AR(M) ls closed and defined on H, It is also a bounded operator
by the closed graph theorem. From the resolvent identity It Follows that
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HRﬂhﬂ Il — IR{u)l as n + wm and theceby 1 =2 L= pAJ_IH K. Taking

n
into account (ll) we derive dlstip,C(L,A)] < h; and hence p e Jl. L
(o

How we conclude our maln result

THEOREM 3. Let A be a linear monotone maximal operator.Assume that
hypotheses ({]-(é&) in Sec.2 hold for ¥ = H and X = HH' vhile F(k,*)
is an L-compact perturbatlon EulEilling conditiom (b). Let hn e Ci{L,Al
be of odd multiplicity satisfying

dist (A_,C(L,A) \ (A F) > c—f
Then the aguatlion
Lu - AMu + F{A,u) = 0
admita an unbounded continuum 5 of nontrivial solutions emanatling

kN
Erom the egeninterval Jy “

0
The proof makes use o0f the cdompact imbedding of HA in H.

In conclusien, we mention briefly & basic simple example to which
the above bifurcation theory can be applled. .

We conslder the nonlinear eigenvalus problem

i
Rult) = A f Kit,;s) ulst ds 1 P{k;ult),u’{t)}),
o

with a set of separated boundacy conditions

au(0)+ fu'(0) = 6,
Full)y+ Su'(l) = .0,
where fa” + ﬁrzityz + 62: » 0, Here By = (pltiu*)*+ gltiu ia a

regulay Sturm-Liouville operater, where p 13 3 positlve, contlnucusly
differentiable functlon,and gq is a continuous function on [0,1]). The
kernel ¥ = L®((0,11 = [0,11) while F(Ax,*) iz a bounded perturbation,

In the same splelt, exlistence results for p slbtlve solutlons of semi-
linear elliptic eguations can be ohtalined. The complete treatment will
appear ln a fubture paper [12].

Proposition 5 stimulates a deeper lpnvestigation of the above egua-—
tions by means ol A-proper mappings. For branchlng of sclutlons Ecom
characteristic values, thls approach ls outlined in [16]. A definition
of the topological index Eor A-proper operators Is Inktroduced Inm (111,
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