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UNIQUENESS OF THE CAUCHY PROBLEM
FOR SOME ABSTRACT DIFFERENTTAL EQUATIONS (1)

8. Zaidman

Introduction. In this work we present some results about the Cauchy probiem for
differential equations in Hilbert spaces with unbounded operator coefficients, The
equations are of the sccond order and there are natwral applications to some partial
differential equations,
L. We consider the second order differential eyuations in implicit form:
Bu™{t) = Ault) + f1) (1.1}

where A, B are linear operators with domains D(A), I{B) in the Hilbert space H.

Given a real interval [0, T] we assume that f{-) e C([0, T; H) and we lock for
solutions w(t) € C(10, T1; H) such thar uit) = D(A), te 10. T}, Aul-)e CUO, T]: H):
w(t) e D(B), Butye OO0, T]; Hy vt e IXB) and Bu" = Au+f on 10, T]. Tosolve

& Cauchy problem means here: given uge D(A) and vye M(B), find a function ut) as

above, with supplementary properties: w(l) = ug, u'(0) = v,

Theorem 1.1. Assume that operators A and B arc symmetric and that: (Bh, h) > 0
Vhe D(B), h=8, (Ah,h) =0, ¥ he DA

Then two solutions u(t), v(t) with same initial data u,, v, and same right-hand

side f{*) coincide on [0, T}

Proof. If wit) =u() - w(t) we obtain: Bw"(t} = Aw(t), and wil) = w(l) = 8.
Conzider the “energy” E(t) = (Bw', w') - (Aw, w).

We shall use the following:

1) This paper was prepared while partially visiting the “Cenwre de recherches mathémangues” at jhe
Université de Montréal and was also supported by  grant of the NS E.R.C., Canada
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Lemma 1. Let P be a linear symmetric operator with domain: DIP) in the Hilbert space

H and let plthe Cl{[l]. T H), oty e D{P), Ppe C(0, T]; H). Then the derivative %

(Pa(t), p{1) exists and = 2Re(Py, ) = (Py, o) + (', Pp).
In fact, we have
(Pp(t+h), (t+h)) - (Po(o), (1) = (Po(+h), gl+h) - @(1) +
+ {Ppl(t+h) - Pod, @) = (Pp(u+h), lt+h) - @) +
F (p{erh) - ipled, Ppln).
Then we divide by h and note that (Pg){t+h) — (Pp)(t) as h — 0. We obtain the result

rcadily.

We shall apply this result twice: to the function (Bw’, w') and 1o (Aw, w) (itis

gasy to check that all conditions are satisfied), Accordingly we obtain relatdons

;‘ilt_mw, w) = (Aw, w) + (W', Aw).

{‘;—t (Bw', w) = (Bw' w"} + (w", Bw').

Therefore the derivative of the funcdon "energy” exists too and we have
EfD) = (Bw', w) + (w", Bw') - (Aw, W) - (W', Aw)
= (w', Bw") + (Bw", w') - (Aw, w') « (W', Aw)
= (wh, Aw) + (Aw, w' - (Aw, w) - (w', Aw) =10,
Hence E(1)=E(0), 0 <tsT. On the other hand
E(@) = (Bw'{0), w{D)) - (Aw(D), w(0)) =0,

hence E(ti=0, 0=t=T. Accordingly, we get (Bw'{t), w'(1) =0 ¥ e [0, Tl. Hence
wit)=08 Ve [0, Tl and wi)=w(l)=8% 1< |0, T]. |

In the following theorem we shall eliminate the hypothesis: "(Ax, x) <0 ¥V x =
I3{A)"; the method of proof will be bascd on some convexity properties enjoyed by the

function (Bwit), wit)).
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The precise statement is as [ollows:

Theorem L.2. Let us assume that operators A and B are symmetric in the Hilbert space
H, with domains D(A) and D(B) and that (Bx, x)>0 ¥V x e D(B), x# 0. Consider a
function w(t)e C[0, TI: 1), sugh that: wit) e D(A) n D(B) ¥ te [0, T, Aw() and
Bw(t) bothare in C([U. T); HY, w'(t}e D(B) and Bw'e ([0, T|; H); w" < D(B) and
Bw™() = Aw(), ve [0, T w(l) =wi{0)=98. Then wit)=8 Yi1e [0, T]

Proof, We define F{t} = (Bwit), wit)). We can apply Lemma | and get: Fi{t) exisis

and = (Bw, W + (W', Bw) = 2Re(Bw, w".
Now, in order to differentiate ' we need an extension of Lemma 1, given now as:

Lemma 2. Let P be a linear symmelric operator with D(P) — H and ler @{t), wit)
two functions in Cl{‘[ﬂ', Tl H), such that @), wity e D(P) ¥ 1= [0, T] und
Ppe C{U, T]); H). Then the derivative %{Fqﬂ(t}. Wit exists and = (P, ') +

(', Pyr),
We have in fact

(Pple+h), Wwit+h)) - (Pplt), with) = (Pylt+h), wit+h)-wit))
+ (Peplt+h) - Poplt), win)) = (Pepl+h, wit+h) - with)
+ (@(t+h) - {0, Py(th.

Using continuity of Po we get the result,
We shall apply this result to (Bw, w') and (w', Bw) (for (w', Bw) we wnie it

as (Bw, w') and note that ;";‘-[Bw, w)= %{ {Bw, w'_}; tien

%{Hw, wi=(Bw, w" +0(w', Bw')={w" Bw)+ (Bw' w),

Thiss we gel



U6 Unigueness of the Cauchy problem

F'(t) = (Bw, w") + {w', Bw') + {(w", Ba) + (Bw', w)

= 2Re(Bw, w") + 2Rcfw', Bw') = 2Re({w, Bw") + 3(w', Bw

= 2Refw, Aw) + 2{w', Bw") = Z{Aw, w) + 2{(Bw', w",
Let us introduce again, as in previous Theorem, the function E() = (Bw', w’) - {Aw, w).
Looking back at the proof in Th. 1.1, we see that (1) = E(Q) ¥ 1= [0, T] (evenif
no negativity condition on {(Ax, x) appears; this condition is only used at the end of
that proof). Also, here again E{(0) =0. Hence E) =0, te [0, T] and (Aw, w)=
(Bw', w). Ttfollows: F'(1) = 4(Bw', w)) and then FF' - (F)* = HBw, wiBw', w') -
4[Re(Bw, w)I*.

MNote now that on 1){B) ihe expression (x, yiy = (Bx, y) is a scalar product.
Hence we get ix, }']nli = (%, %ply. ¥)g. % y= D(B), which becomes [(Bx, Hll P
(Bx, x)(By, y); thcn

IRe(Bx, y)i* < I(Bx, y)i* < (Bx, x)}(By, y), x, y & D(B) :
and it follows that

[Re(Bw, wil* < (Bw, w)(Bw', w'), ¥ 1e [0, T]
and then .
FF'-F220 on [0,T].

Our next goal is to establish: F{ty=0 in [0, T], We only know that F(0)=0. Assume
Flty = 0 in [0, T). I follows, 3, e (0, T) where F(r,) = (). Hence, again from
continuity of F(t) we find an interval {e, d) = (0, T) where Fit) = 0. Let «=inflc' =

(0, T, Fl) >0 in(c', d)}. Then ax<c. Also F(H>0 in (ce, d) and Flo)=0.

Consider now the function t— £n F(t) in (o, d), We see that
! i)
(tnpy=FE-Fsq
B

It follows that t— £n F(t) is 2 convex function in the interval (o, d,
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I we take an interval [ey, d;] « (@, d), and any 1t {erg, dy ), we have

d (58 l‘|i—t :
o an - = 1l.
d-a, ! oo, d,-a, d,-e,

Accordingly we obtain

B F( S g B+ g4 B
Rl 3 | | Et}_dIE n {I'}+l:|_l-ﬁl_ n [ﬂ.[}
Finally, fet oy }o. As 2n F(c)) — -= we get an obvious contradiction. Therefore

F(O = (Bwit), with =0 Y e [0, T] and consequently with =8, 1< [0, T]. a

Our last discussion in this section is about an explicit second onder differential
equalion, precisely u"{t) = Auft) where now A lsa skew-symmetric operator. A naw

method is uscd in order to get the usual uniqueness result. We have thercfore following:

Theorem 1.3. Let H be s Hilbert space and A a linear operator in H, with domain
D(A). Assume rclation (Ah, k) = -(h, Ak), ¥ b, k € D(A). Let uf) e CX(0, T); H),
such that u(t) e D{A) ¥ te [0, T], u'fn) € D{A), W =o' =0, u(t)=Au®) on
|®, T). Then ufty=98, 1 [0, T].

Proof. We introduce a function w(t) = c""u[t} where & 15 4 roal number. We have
wi0) = 0; w() = e™u) - ke Muft) and w(0) =0, We also haver u(t) = e™w(r),
w() = heMwit) + eMwi), u'(0 = A%eMwin + MW + M0, Thus, the relation
w'{t) = Au(t) becomes lzc;"w{:} * zle:‘lw'{t} + n“w"r’t‘] = gM Aw(t) and then
12wl + 24w + w'lt) - Aw(t) = 8, 0<1<T, or ilso [w'r) + Alw(n)] +
[ZAw'{t-Aw)]) =0, te [0, T

Let us note the

Lemma 3. In any (prejHilbert space H, the cqualiiy (a+y) = 8 => RHe(x, y) <0,

In fact, we have
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0= Ix+91" = 11 ® +lyl? + 2Re(x, y),

fience the result. Therefore we derive the incquality

Relw'+iw, 2Aw"Aw) < 0

and also
Re 2w, w) + 24 'Re(w, w) - Re(w", Aw) - A2Re(w, Aw) <0, *

We now sce that
2Re(w", w = %{w‘, w) 2Relw, w') = %{w, wl

also from (Ah, k) = (-h, AK) it follows (Ah, h) = -(h, Ah) = -(Al, h), 2Re(Ah, k) =
(Ah, ) + {h, Al =0. Hence [Re(w, Aw)=0.

From (*) it emains oly
A % Iwiinl? « 2 ‘.jdfn wit)l? - Re(w", Aw) 20, 1 & [0, T]. (*%)

L2l us consider the denvative #{w'. iAw) applying Lemma 2t P = iA. Thus
! :
-:-il.t{iﬁw', wl = (1AW, W)+ {w", iAw), We get di(w', Aw) = AW, W o+ (w", Awd
i

Taking real parys: ftl—[JRch‘, Awlr=Re(w", Aw) Thersfore (*%) becomes

ALwiol® + 20 Ywi)? - LRetw', Aw) <0, e [0, T).
dt i dt

We see that, inroducing the function Qu(0) = Alw' ol 2 + 37wl - Fe(w', Aw) we
have Q)(1) <0, D<t<T. Hence Qu) SQu(0) (120) andalso Qy(0) = 0. Thus,
=0, 0=<T.

Now, if L>0, Qu <0 implies A7 Jw(t)]® - Re(w, Aw) S0, 0<t<T

which becomes l]c'ﬂ‘rll () f? - [Rc[n"'-“u' - he My, A{e"‘ll.t}} =0 and also

o) ? - Requ' - Au, Au) S0
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andl then
Wutol? - Requ', Au) S 0.
Thus
fu(oi? £ L, Auo)l, 01T
A
Thisismue ¥ A=0. If k=3 oo we pet ohviously (=8 on [0, T). ol

3 In this short section we present an ‘absmact” version of the result conceming unicity in
the paper |31, The method of proof here is the “eigen-vectors” method. This scction is
indcpendent of 2]

The equation here <udied (again a second order equation) has the following form:
u"() = -Afuft) + 2h w' @) - 2ku'(y) + (1), where h> (0 and k=0 areconstants. 2.1y

Ty Hilbert spaces v and H are given, such that ¥ = H also i vector space Sense, L'
is dense in H and the immniersion ("identity mapping’) of ¥ into H is continuons. We
<hall define below a ¢lass of weak solutions of (2.1}, where fit) is given in Lz{[{]."[']'. H

+nd one looks for u(ty= €0, THE V) ‘[he initial data u(0) and w(0) are givenin V.

“I'he operator A cumes From 4 sesqui-linear continuous form afu,v) on V,thatis
z mapping W, v yafu, v), V=¥ i, lincarin u, anti-lingarin ¥, such that lafu, vil £
oyl yll vl Precisely, if N={ue v, v—alu,v) is continuous in H-norm}, we can
write a(o, v} = (AM, Vg forue N, ve ¥ which defings . linear, usually unbounded
operator A with domain D(A) =N c V. Now, the weak form of the equation (2.1) 1528

follows:
T T T T
U LT n ’ = -z F " : < 2 i :
_[ﬂ ('), i)yt ju afuft), eyt Iu hal (1), @lthd kjﬂ{um wifydt

7, gy =0, ¥ 90 =n
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where n( e ¢'fn, Thn®=n(T)=0 and v < 3 £2.2)
(this equation is formally deduced from {2.1) multiplyin

£ scalarly with @(t) and using

some partial integration, s wel] a¢ relation a(u, v) = (An, v)). About the operator

A and
the sesqui-lncar form 4 we make a few more assumptions:
) (Av,wy=atu, )20 vye DIA): sy, v) =a(y, 0y, w uve V.
ii}

There exists a sequence )< V which is complete both in

V oand in H, and an
increasing fequence of real {positive) members
il Ell {12 frn Sll'l was —H

Issuch 3 way that

ﬂtcul ‘l"] = l“{ﬂm "r}ll

(2.3)
holds, ¥ ve V.¥n=1q, 2. [

(this implies: Ehe [MA), (Ae

w V) = (A v,
ate =1, 2,

Yve V, henge Ag =)
Nowif u(t) = C'qjo, T); vy fs a solution

and w() = u'(0) =
8 we must establish that wiy =g Yie [, T Because of completeness of {c“};' in H

of (2.2, with £ = a8

-

we have u(r) = 2 (uth, e je, = 2
i 1

Ualthe, where the series is strongly (pointwise)
convergent in H dnd ajyn

|u{t}l‘;'| = }: b, 0< 5T (2.4)
|

We shall fng ordinary differentig) equations verified by everv fu

do that, we ke “test-funetions”

nction (1), In order 1o
1) of the form @ =ne
and NO)=n(Ty=p

w Where n(0 e €', 7y

We abtain from (2.2 twith = aj:
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T T T
[ W, eun'@dt- [ atua, eoneodt- 20 [ s, e node
1] (1] o
T

<2k @), edun®dt=0, n=1,2,... (2.5)

I ug{th = (uith ), we have wy(t) = (u'{th e )y and also
aluft), e,) = ale,, ult)) = An(e,, ult)) = A (ult), e,) = Au,(1)

afu'(t), e =m0, n=1,2, ...

Therefore (2.5) becomes
T
_ln (o (E(E) - [Aqu(0)-2hA 07 (0 - 2kuj (i de =0,
(2.6)

¥ ne 'O, Tl nO)=n(M=0.

This refation (2.6) has as a known consequence:
(1) existsand = A u (1) - Zhd (1) - 2ku(t), 01T
T
u {0+ 2(hA +Hodug (0 + A u (=0, 0=tsT.

Nate also that u (0) =u,(0) =0, n =12, ... Hence u,(t) =0 in [0, T], ¥
n=1,2, ... and it follows that u{t) = i uytle, =8 an [0, T]. Ol

1

3. Int his section we give a (hopefully) non-mivial example for the sitvation expréssed in

Th. 1.1.. The Hilbert space considered Hin LZ[I]. 1] ({vector space of sguare - integrable

complex - valued functions on [0, 1]). Next, in order 1o define operators A and B we

[irst take:
D(A) = lp e C[O0, 1], ¢'(0) = 9'(1) = 0]

diip

and on this set we pui: .-‘n.q;:d—z. We shall see that A is symmetric and (Ag, pi=0 ¥
%

pe DA).
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In fact;

Vo e 1 d ey b
(e ) = [ 0"0F0ix= | L (g0Bo0lx - | @' 0FT 0o

DB - 900 - [ tgldx = - [ lg'to)fax <0
{iL s null for ¢ = const).
Also
1 xe H S
A0 W) = [ 0" Tlxkdx = [ @' (0hx =
[, LT dx+ [ poovxidx = [ pei 000 = (0, Ap)
i dx ) o 0 ;
for @, we D{A).

Next we shall define an operator B as a multiplication operator by a conveniently chosen

function,

Precisely, we consider a real-valued measurable funciion pix) defined on [0, 1],
stich that p{x) > 0 a.c.on [0, 1]. (Forinstance, one conld take pix) =% for Dex=<1
and X irrationnal, p(x) =0 for x ratonal; thisjsa non-negative unbounded function,)

Then, define D(B) = (pe L[0, 1], p. pe L0, 1]].

On this set we put Bp =p. 9. Now, B is symmetric. as P 15 real-valued, Fur-

1
thermore we, have (B, ¢) = I., px)o0OIPdX 2 0; also (B, @) = 0 => px)le()i = 0
ae! as p(x}=>10 ae, hence =8 in inﬂ, H, Thus (By, @)=0 if pe H, 9#0,

We now consider solutions of the partial differcntial equation

2 2
p{xlg—z":g—'; for 0<xsl, 0=, (3.1
/| X

We asume: u(x, 1) e C([0, 1) = [0, T)) u,(0, ) = u,(1, ) =0, O<t<T

plx)u, & LY0, 1] (with respect 1o x). (3.2)
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We now associate, as usual, to such a sulution ufx, t), 4 function 40 from 01T 10
L0, 1], in the following way:
u(1)(x) = ufx, 1).

That W1l = Cl{[ﬂ, Th Lzll'l. L]y s seen asin [4] - (26.3). The partial denvative u,(x, 1)
defines V(1)(x) = ufx; 1) which is the strong {I_.i} denivative of Uit). Also, in the same
way, we see that uyx, 1) defines wit) = {u,{t)){x) which is Li[{.'ll, 1 ]-continuous and

alsnis u'(t) (is strong sensc). Thus relation une CI{[(}, TN H) is proved.

Wext, U(t)e DIA) ¥ t: this means uix, tje DAY ¥ 1, but o igassumed in

Cz[ﬂ, 1] with respect to x, and we also assume u (0, £} = o1, 3 =0, t= [0, T]. Also
1

Au=u,, (% & CHO, D, T and this again implies In ru“{x. tHh) - u (x, Oifde — 0

1
as h—= 0, thavis Au= C(0, T H). Next, condition ju pg{leut{x, Oidx < +os means
that ()= D(B), 0£(<T, Then Bu(l) = plxdulx, t); this is L0, 1]-continuous for

1€ [0, T], a5 seen in the following lines:

Mote first that
! - .. ! vl 2
ID Ip{xdutx, t+8) - plxjudx, Olfdx = J-u IpCedi®hoy(x, t+8) - ufx, OFFdx. 3.0

The expression under integral sign converges, for almost all x e [0, 1] 10 0,25 § = 0.

W can write also

146 _
uy(x, 1+8) - ulx, 1) = I o gl E)dE,
which implies-(if, for instance, 8> 0)
1rd L= .
oy, 148) - s 11 < L g, B)IdE < il L gty B%E)? 5
L+
Iy {x, t+8) - ufx, 1 <3 J o linggx, E)CdE,

The expression under integral sign in (3.3) is therefore estimated by
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| 3 j'u-ﬁ 3 ' = jl‘l5 3 3
pOOIT 8 ), luy(x, EWdE =8,  Iptx)i i, x, £)i*aE. (3.4)

But from the equation (3.1) we find that p(x)ugdx, t) = ug,(x, ). Thus (3.4)is

1+6 .
B f, hi(x, E)ME s < if §< 1

{which we can assume, and where C= hirgfx, E) < 20}

Su
[0, §] n?ﬂ. T

Thus we can apply Lebesgue's dominated convergence theorem and derive Lz[{J'1 1] -

continuity of the funcdon BA' (1).

i

Finally, the condition u"(t) & D(B) is easy 1o obtsin: 8"(t) is represcnted by
uy(x, 1) and it belongs to D{B) il plxdu,flx, 1) € Ll[ﬂ, 1] which is true becanse
plxduylx, 1) = u,,(x, 1y & C(0, 1] « [0, T]). Therefore, using Theorem 1.1 we get now
that the solutions of (3.1) and (3.2} with initial daa uix, 0) = 0, ufx, 0y =0, 0sx=1

are nullin [0, 1] = [0, 1),

4. Now we shall first give two (different) examples for the situation covered hy

Theorem 1.2

Take 2 R" a bounded open set with regular boundary and then H = L‘*(n}_

We shall take operator B the identity mapping In H. Then define operator A on

D(A) = [pe CHE). @ =0 on 302 (4.1)
by
A = -Ap, (4.2)

Itis known that A is symmemic and (Adg, wl.fru].z 0 ¥ e MA)L Consider solutions
of the partal differeniial equaton

Uylxo by +Au(x, th=0 for xe {1, D=7, (4.3)
We assume that

wix, e CHT + [0,T]) and ulx, )=0 for xe I O <r<T, (4.4)



5. Zdaidman 54
The associated vector function (1) belongs 10 IMA) Y i [D, T}. It also belongs
o CH0, TI; H) as casily seen (its strong derivatives are represented by u,(x, t) and
uy(x, t)). The strong continuity of AG(1) follows because of equality AT(t) = u"(t) which
is obvious. Therefore, if we also assume that u(x, 0) = uix, 1) =0, x e 02, we derive

that u(x, 1) =0 in Q = [0, TL.

Next we give another application o Theorem 1.2 by a small change in the example
(3.1} Precisely, we now consider solutions of the equation
plxugyix, = -ug,lx 1), O=x<l, 0=1=T. (4.5)

We assumme also:
-
uix, e €0, 1] % [0, T, w0, ) =u, (1, ) = 0,0 <t <T

plxulx, v = L0, 1] g sup ploolut, =giae Lo (46
ig

plxjuis, () belongs o Lf['ﬂ', 1] J

1
Again consider 11=L%0, 1]); A=- d_z defined on the same 1D(A) as in Example of
dx

section 3. (A is symmetric and A 2 0). Then (Bg)ix) = pxiplx) where plxip(x)
where pix) isa real-valoed messurable function on [0, 1] swech thae pix) =0 ae on
[0, 1], and IXB) = (9 & H, pp = H). We have seen that B is synunetrc, and thar
(B, @)>0 if o H, =20,

Next consider the vector-valued function u(r) represenied by uix, 1), (1<151 =
LY0, 113, Again, we know that Gty e C0, T3 H). Now i) e D(A) is obvious from
definition. Next Gfthe D{B) mcans pixiuix, 1} & Lz[l]. 1] which is in (4.6); continuity

b3
of AR which is represented by - —a ;{J; 4 15 obvicus again (ue {,‘I [0, 17 = [0, 1
%

continuity of Bu(t) represented by pixjuix, 1) is easy:
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- [
| Bu(t+h) - Bl = Iﬂ Ip(x)u(x. teh)-plxulx, Hids.

For almost all x (where p(x) < 4=}, the expression under the integral sign — 0 a3

h — O TFurthermaore (for small h),

IpCx g, t+h) - plxiulx, 0 = 2p0afute, e + 2iptaugx, oF
<dpix)e L0, 1] (01T h<O if t=T).

Henee we can apply the dominated convergence theonsm.

Now @'t} is represented by ufx, t); from (4.6) it follows that ity = D(R),
N=1=T. As for H-continuity of Bﬁ'{t-], it reduces o LIII'I, 1]-continuity of p(x)udx; t),

which was proved in secton 3.

The relation 4"(t) & D(B) means plxhiy(x, )& L0, 1] thatis -u,(x, 0 €
Lz[!], 1] which is ohvious. The equality Bu'(t) = AU(t) becomes pixdu,(x, t) = -u,,(x, 1)
which is (4.5). Therefore, if uix, 0} =ulx, 0)=0,0 < x = | wec obtain, applying
‘Th. 1.2 that u(x, 1) =0 ¥ te [0.T] in L -sense: J'; lu(x, tNdx = 0, Using continuity of

i we find uf; =0 ¥xe [0 1], te [0, TL

Finally we give a simple {namral) example for the situation in Th. 1.3, The Hilbern
space 11 is again 1.2[0, 1] over the complex numbers. On the set D = [p e C[0, 1),

@ =up(1}=0} consider the operator A given by Ap=1 d ‘E-. Yoe D (Itis known
dx

10 be a skew-symmetric operator). Then consider solutions uix, th e CE‘{[{]. 1} = [0, TDH

3 3
of the equation 9 i <yd L, 0sx<], 0T, such that u( 0 =u(l, ) =0,
ot ax

N=t=T.
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The function U{1) assecised o uix, 1) belongs to ct (10, T); H); also Wy &
D{A), 0 <1 =T is obvious. Next 0'(t) represented by ufx, 1) belongs 1o Czil]. 1] as
ue C the relations udD, th=udl, t) =0 follow from af, t} = 6(l, ) =0 Ve wmking
denvimive with respect to . The equality u™(t) = Ault) reduces o uy(x, ) = fu,,(x, 1).
Thus, if we assume that wix, 0) = nix, ) =0, 0=x =1 it follows that u(x, 1) =0,

O<1£T, D=x=2l.

RESUME

Dans ce mavail on présente ceriains résuliats concernant 'umcié dans le
probléme de Cauchy pour équatiens différenticlles dans les espaces de Hilbert avec
cocfficients opérateurs non-bomés,

Les équations considérées ont la forme: Bu"{t) = Ault) ou u"(t) = -Afu()
+ Zhu'(1)) - 2ku'(t), avec des hypothdses convenables sur les apérateurs A et B.

Des applications & unicit du probléme mixte - Hadamard - pour ceraines
équations aux dérivées panielles apparaissent dans les secrions finales du wavail,
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