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Classroom Notes

CHARACTERIZATION OF N PRIME NUMBERS SIMULTANEOUSLY

F. Smarandache
Abstract.

This article presents a necessary and sufficient condition for N numbers,
coprime two by two, to be prime simultaneously. It generalizes V. Popa’s
theorem [3], as well as I. Cucurezeanu’s theorem ([1], p. 165), Clement’s
theorem, S. Patrizio’s theorems [2], and other similar results. In particular,
this general result offers different characterizations for twin primes and for

quadruple primes.

Introduction.
It is almost evident the following:

Lemma 1. Let A4, B be nonzero integers. Then: AB=0(mod pB)&A = (mod

p)&A/p is an integer.

Lemma 2. Let (p,g)~1, (a,p)~1, (bq)~1. Then A4 =(mod p) and B =0(mod

q)«aAq+bBp =0(mod pg)«>adA+bBp/q=0(mod p)<aA/p+bB/q is an integer.

Proof: The first equivalence: We have A=K ,p and B=Ky, with K,,

KyZ; therefore, we have aAq+bBp = (aK,+bK,)pq.

Conversely, if adq+bBp=Kpq, with KeZ, it follows that aA¢=0(mod P) and

bBp =0(mod ¢), but from our assumption we find A =0(mod p) and B =0(mod q).
The second and third equivalences result from Lemma 1.

By induction, Lemma 2 can be extended to:
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Lemma 3: Let p;, ... ,p, be integers comprime two by two, and let a;, ...,
a, be integers such that (a;p;) ~1 for all i. Then:

Alson(mOd pl), ey AnEO (mod pn)
@Z“iAi,H_PjEO (mod py ... pp)
i=1 J#

<(P/D)- i(aiAi/pi)EO (mod P/D),

n=1

n
where P=p, ... p, and D is a divisor of p, is equivalent to ZaiAi/pi is an
=1

integer.
From this last lemma we can derive immediately the GENERAL THEOREM:

Let Pij,lgiSn,lg_jgmi, be coprime integers two by two, and let r;, ...,

Tny @y -.. 5 G, be integers such that a; and r; are coprime for all i.

The following conditions are considered:

(1) Pj:Pin s are simultaneously prime if and only if ¢;=0 (mod r;), for all i.

Then the numbers pij,lgign,lg_jgmi, are simultaneously prime if and only

if
n
(%) (R/D)Y (a;c;/r)=0 (mod R/D),
i=1
where
P= ﬁ ri» and D is a divisor of R.
i=1 m.
1
Remark. Often, under conditions (i), the module r; is equal to I P;j» or to a
j=1

divisor of it, and in this case the relation in the General Theorem becomes:

n

(P/D)AZ(aiciénilpij) =0 (mod P/D),
i=1 =

where

n,m;
P=T] Pij» and D is a divisor of P.
=1

)

Corollaries. We easily obtain that our last relation is equivalent to

n

Zaig(P/ﬁ pij)EO (mod P),
1=1

i=1

and
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pij) is an integer.
1

=3

n

> (agey/

i=1 1
The imposed restrictions for the numbers Pij from the General Theorem are

not so stringent, because if there are two distinct uncoprime numbers, then at

least one is not prime; hence the m;+...+m, numbers might not be prime.

The General Theorem has many variants in accordance with the choices for
the parameters a,, ... ,a,, and r, ... , r,, the parameter D, as well as in

accordance with the congruences c¢;, ... , ¢, which characterize either a prime

n
number or several prime numbers simultaneously. We can start from the theorems
(conditions ¢;) which characterize a single prime number [see Wilson, Leibnitz,
F. Smarandache [4], or Simionov (p is prime if an only if (p—k!(k—l)!—(—l)kEO
(mod p), when p>k>1). Here., it is preferable to take k=[(p+1/2|, where [z]

represents the greatest integer number <z, in order that the number (p—k)!(k—1)!

be the smallest possible for obtaining, by means of the General Theorem,

conditions cj’, which characterize several prime numbers, simultaneously.
Afterwards, from the conditions 0 cj’, using the General theorem again, we find
new conditions ch” which characterize prime numbers simultaneously. And this

method can be continued analogously.
Remarks. Let m;=1 and c; be the Simionov’s theorem, for all i.

(a) If D=1, it results in V. Popa’s theorem, which generalizes in turn

Cucurezeanu’s theorem and the last one generalizes Clement’s theorem!

(b) If D=P/p,, choosing conveniently the parameters a;, k; for i=1,2,3,

it results in Patrizio’s theorem.
Some Examples:

1. Let py, py; ... » P, be positive integers >1, coprime *wo by two, and

<k;<p; for all i. then p;, p,, ... pp are simultaneously prime if and only if:



154 Characterization of N Prime Numbers Simultaneously

% I_‘;(p.-—k,o!(k.-—'l)!-(—1)"*1-}1}_,p.-50 (mod pypy - pp)s

or

) i [p; — k)I(k; 1) —(—l)k"]JI;Il(Pj)/(p'“ e Pp) =0 (mod p; ... pg),
-

v) (o= ki = Dt = (= 1)*¥lp /5,20 (mod p)),

or -

(W) Z p;— k)l(k;— 1) = —1) i]/p; is an integer.

2. Another example (using the first theorem from [4]: p is a prime
positive integer if and only if (p-3)!—(p—1)/2=0(mod p)):

n

Z[pi_S)!‘(Pi— 1)/2]py/p; =0 (mod p,).

1=1

3. The odd numbers p and p+2 are twin prime if and only if:

(p=1)!3Bp+2)+2p+2=(mod p(p+2)),

(p—1(p-2)-2=0 (mod p(p+2

(p=D!+1]/p+[(p=1)'2+1]/(p+2) is an integer.

These twin prime characterizations differ from Clement’s theorem
(p=1D4+p+4=0 (mod p(p+2))).

4. Let (p,p+k)~1, then: p and p+k are prime simultaneously if and only
if (p-l)(P+k)+(p+k—l)'p+2p+k:0 (mod p(p+k)), which differs from I.
Cucurezeanu’s theorem ([1], p. 165): lc.k![(p—l)!+1]+[lc!—(—l)k]pEO (mod p(p+k))).

5. Now a characterization of a quadruple of primes p, p+2, p+6, p+38:
(=D 1)/p+p- D2+ 1}/(p+2) +{(p—1)'61 +1)(p+6) +[(p — 1)!8! + 1)/(p +8) is an
integer.

6. For p—2, p, p+4 coprime integers, two by two, we find the relation:

(p=D'+pl(p=3)+1]/(p-2)+pl(p+3)!+1)/(p+4) = -1 (mod p),
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which differ from Patrizio’s theorem (8[(p+3)!/(p+4)]+4[(p-3)/(p—2)]= —11 (mod

p))-
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