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THE COMPENSATORY BARGAINING SET OF A BIG BOSS GAME

Irinel Dragan and Gianfranco Gambarellj

The bargaining sets have been introduced as concepts of solution
for cooperative n-person games with side payments by R.J.Aumann and M.
Maschler (1964) and sctudied further By many authors. A comparison of
various solutions for games with coalition structures has been done by
R.J.Aumann and J.Dreze (1974). In a previous paper of one of the authors
I.Dragan (1988), a modified concept of bargaining set, called the compen-
satory bargaining set, has been introduced and a combinatorial characteri-
zation of the noncore elements iﬁ the compensatory bargaining set has been
obtained. This characterization becomes particularly simple for some clas-
ses of games. One of them, the class of big boss games, is considered in
this paper.

The big boss games have been introduced by S.Muto, M.Nakavama, J.Pot-
ters and S.H.Tijs (1987); cthe bargaining set and the kernel of big boss
games have been studied by J.Potters, S.Muto and S.H.Tijs (1988). In the
last paper it has been shown that in the bargaining set Mil\ of a big boss
game there are only core elements. The present paper presents (n the first
section the definition of the compensatory bargaining set, to make the pa-
per self contained; in the second section the characterization of the non-
core elements in the compensatory bargaining set of a big boss zame is de-
rived (Theorem 2.5), without .any use of the general characcerizition men-
tioned above. The case of the 3-person big bossgames is considersd in the
last section, where the set of coalitionally rational noncore el!emencs in
the compensatory bargaining set is determined (Theorem 3.1). The last result
is motivating the entire study by showing noncore payoffs enjoving some ctvpe

of stability.
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L. The compensatory bargaining set.

Let G = (N,v) be a cooperative n-person game in coalitional form.
N 1is the set of players, 1\1' =n, and any SEN, S # @, is called a coa-
lition. The characteristic function v is a real function defined on P(N),
the set of subsets of N, and subject to v(®) = o. Any partition $ = (Sl"'
..,SP) of N 1is called a coalition structure in G. The set of admissible

payoff vectors for q'f is

Fg =1 x| xer, x(s) =vw(s),¥sed§, (1.1)
where x(S) = >_ Xi o The set of admissible payoff vectors for G 1is F, the
=
union of all ies Fj for all coalition structures 53: . The triplet (N,v,F)

is a constrained game in the sense of Aumann/Dreze (1974). The core of such a

game 1is
Co(N,v,F) =-? x | xeF, e(s,x)<o, ¥ seN i, (1.2)
where for every xe&€F the excess function is defined by
e(S,x) = v(s) - «(s), Y sScN. (1.3)

The compensatory bargaining set of G will be a subset of F consisting of
all "stable" payoffs. To define the stability principle we need some results.
Lemma l.l: Given a coalition structure J) and a payoff XEES , a coa-
lition Ce&& a’ can provide rbetcer payoffs than in x for all its members
if and only if e(C,x)> o.
Proof: If C can provide better payoffs than in x, there is an yeRc,
c =) C/(, such that y(C) = v(C) and yi> X V i €C. Then, e(C,x)>o0 follows.
Conversely, if e(C,x)>o, then we can define yeRC by
yi=xi1-e(C,x)/lC[,\\7(i€C (1.4)
and from (l.4) we have yi>xi,bLiGC, as well as y(C) = v(C).
Definition.l.2: A bargaining proposal against xGFJ is any partial
coalition structure @ = (Cl""’ck) with e(CJ.,x)) o, j=l,...,k. A partial
coalition structure of G 1is a set of nonempty pairwise disjoint subsets of N,
which may cover N or not.
Lemma 1.3: Given a coalition structure j and a payoff xeF ,, there
is a bargaining proposal against x if and only if x & Co(N,v,F). ¥
Proof: The result follows from Lemma 1.1 and Definiton 1.2.
Now, Lemma 1.3 explains why any core payoff will be considered in the fol-
lowing as a stable payoff; it remains to explain when a noncore payoff is stable.
Let @ = (Cl""'ck) be a bargaining proposal against x€&€F 5, x € Co(N,v,F

. I
and denote C =N - (k! , m :', N -C |; let K, be a nonempty subset of C,_,
o 1 o j

J

j=l,...,k and K

Cj
k K..
j=1

1
Definition l.4: Any yeRm such that

Y(Cj)=v(Cj), j=l,..o0k , yiS>X; , 1€K, yi> x;, 1i€N-Cg (1.3)
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is a bargaining distribution for é , profitable for K.
Note that there is a bargaining distribution for 73 , profitable

for some K, 1i.e. the system (l.5) 1is consistent for some K, if and
only if G is a bargaining proposal against XeF‘:f , x & Co(N,v,F).

The proof goes like in Lemma L.l with a slight change in (1.4), namely,

for every Cj and KJ,SCJ. , K. £ 0, we define
_ Hie
yi~xi~e(Cj,x)/IKjl , Ti Kj (1.6)
y. = X, , Yiec, - K,.
170 i j

Note also that if 700 is a bargaining proposal against x€&F p,
x & Co(N,v,F), then the set of bargaining distributions for f " pro?itable
for various K, is an infinite set BD(% ,x).

A pair (y; &) consisting of a bargaining proposal £ and a bargai-
ning distribution y for 5, profitable for K, may be called a multi-
objection of K against (x;3), because it is a slight extension of the
objections suggested by Au—ann/Maschler (1964), section lo.

In words, a bargaining proposal is a partial coalition structure that
can provide better payoffs than in x for some (or all) players belonging
to each of the coalitions Cj' j=l,...,k. The distribution of each excess
e(Cj,x) to the members of Cj depends on the general interest of the play-
ers in Cj to make their coalition "viable'".

In our model of compensatory bargaining set, a bargaining proposal z

against x includes also a commitment: ''nmo player in ¢ has the free-
dom of leaving &, unless there are groups of players from each Cj
willing (and being able) to pay the compensation e(C,,x) to C.". To
counter :,f another partial coalition structure 2D should be able:
first, to pay the outcomes offered in x to all players in 5 ; secondly,

to pay the compensations e(Cj,x) to Cj and, perhaps to offer something
more. We define now carefully what will be called a compensatory bargaining

counter proposal.

Q .
Definition l.5: Two partial coalition structures =) = (Dk' ,Dq)
and é: (Cl""’ck) are ''crossing' one the other, if
c.N (G o+ 0, =1, .00k
J h=1 (1.7
b N (1 ycos o N
h ' ; , yee Qe
j=1
Note that there may be pairs D, , Cj such that Dhﬂ Cj =0 , even
though (1.7) holds.
Consider < = (Dl""’Dq) a partial coalition structure crossing

a bargaining proposal ‘G against xg Fi; , x & Co(N,v,F), and suppose
% different of & , i.e. no coalition in :(j' is also in ﬁ
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q o'

Denote p = n-(JD y m' = | N - D l, and let zeR be a
o R=1 "h . o
payoff vector for players in (;?) , i.e. we must have
= = Lgie s e 5
Z(Dh) V(Dh). h=1, v q (1.8)

Now, such a payoff takes care of the obligation of paying all players

in % at least as much as in %, LF

2, %%, » \-/iEN-DO. (1.9)
<«
Further, % will be able to compensate o , if
S ( N
_zi—xi)}e(CJ.,x), j=l,...,k. (l.lo)

=
ie€C.N(N - D)
| (o]

i i A = - i -
Obviously, if we denote - z, X5 bL‘LGN Do' then 3 could

counter [; , i1f the following system derived from (1.8), (1.9) and
(l.lo) 1is consistent
2 2, = e(Dh,x), h=lgsse5q;
1€Dh
Jal
2. 2 oy ie N - D, (1.11)
A | o
B il
- 3. »
iec.0(N-D ) i 2 e(Cj,x), jelymsw sk

j o
In this case, Ej can pay .Q-i = Xi + 6i , 1eN - Do.

Definition l.6: A partial coalition structure % , crossing a
bargaining proposal Cj against xe F:;r; 5 x & Co(N,v,F), and different
of [,'_'; , 1s a compensatory bargaining counter proposal against Zf & LE

1
(L.11) is consistent. Any zeR™  defined by 2, = x; ’/31 , 'LEN—DO,
where /8 c r" is a solution of (l.1l), is a compensatory bargaining

counter distribution for a%
g 5
Note that =) depends on x and , but does not depend on the

bargaining distribution that Z‘;; intends to make for its players. Hence,

>

either a compensatory bargaining counter proposal against S5 does not

exist, or else a counter proposal is countering simultaneously all bargai-

ning distributions for g . Note also that in the last case, whatever
bargaining distribution for \J is chosen, C\} is able to give to all
former members of Zj their share in Z)) (those members are getting

also compensations).
Now, the stability principle is introduced as follows:
Definition 1.7: An admissible payoff x for a coalition structure
oJ° is compensatory stable (c-stable), if
either x & Co(N,v,F) ,
or, for every bargaining proposal :j against x , there is
compensatory bargaining counter proposal SZ) against Tj
Definition 1.8: The compensatory bargaining set, Mc , 1s the set

of all c-stable payoffs.
Obviously, we have Co(N,v,F) € M. , hence if Co(N,v,F) # @
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then M_ £ @. At least two existence problems could be stated:

first, for a given coalition structure df , do exist xE-F;F which
belong to MC ?7 second, for a given coalition structure df , do

exist xG?Fﬁf which belong to Mc - Co(N,v,F) ? In the last section
of the present paper we shall show that at least for some games and
some coalition structures we can give a positive answer. This will be
done by using a combinatorial characterization of the noncore elements
in the compensatory bargaining set. In general, there are a lot of con-
ditions to be checked, but for some classes of games a practical tool
can be derived from the general result. In the second section, we shall
consider such a class, the class of big boss games, but the characteri-
zation of the noncore elements in the compensatory bargaining set will

be derived only from the definitions of the first section, when we con-

fine ourselves only to admissible individually rational payoffs.

2. Bargaining proposals and compensatory bargaining counter

proposals for big boss games.

A game G = (N,v) 1is a big boss game, if
(a) G 1is monotonic, i.e. SZ<T = v(S)< v(T);
(b) there is ioé.N, called the big boss, such that
io &S => v(S) = o;
(c) for every S such that ioe S, we have

V) - w(S) 3 2 [ v - v(N-Fip)] . (2.1)

For example, in a 3-person L€s big boss game, if we take iozl,
then to satisfy (b) we must have v(2) = v(3) = v(23) = o. To satisfy
(a), when we denote v(l) = h, v(12) = a, v(13) =c, wv(123) = d, we
must have

o <h £ min(a,c) § max(a,c) §$ d. (2.2)

<

To satisfy (c), we have only one condition, namely for S = ?L f, which
a+c > d+h. (2.3)
We have proved a result to be used in the next section:
Lemma 2.1: A 3-person big boss game is a game
v(l) = h, v(12) = a, v(13) = c, wv(123) =d, v(2)=v(3)=v(23)=0
in which
o €<h < min(a,c) & max(a,c) & d, a+c>2d+h . (2.4)
Now, we intend to give a characterization of the admissible indi-
vidually rational payoffs in Mc - Co(N,v,F) for a big boss game. Pre-
vious lemmas are needed.
Lemma 2.2: In a big boss game G, let x be an admissible indi-

vidually rational payoff for a coalition structure df . If for some
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coalition S we have e(S,x)> o, then ioeS.
Proof: If io & S, then -e(S,x) = - x(S) and because x is
individually rational and G is monotonic, from xi>/o i \fiEN,

we get e(S,x)so.

Lemma 2.3: In a big boss game G, let x be an admissible indi-
vidually rational payoff for a coalition structure AF and x & Co(N,v,F).

Then, any bargaining proposal "g against x and any compensatory bar-

C ; .
gaining counter proposal J against é’ should each consist of
exactly one coalition which contains io.

Proof: Every coalition in a bargaining proposal should have a

positive excess, hence by Lemma 2.2 we have £ = (C) with ‘Loec
Now, 1if ko) is a partial coalition structure crossing & and dif-
ferent of ‘S , the system (l1.1l1) could not be consistent when there

is Dhes.(\) with e(D )< o. Hence, if % is a compensatory bargaining

X
counter proposal agaiist Tg) , then every coalition in must have a
positive excess. So, by Lemma 2.2, we have E) = (D) with iOE D
Obviously, CND # @ , so that 2‘ and f are crossing one the other.
Lemma 2.3 says that in a big boss game, if xeF;; , x & Co(N,v,F)
and x is individually rational, then there is no multicoalitional bar-
gaining proposal against x and for every bargaining proposal against x
there is no multicoalitional compensatory bargaining counter proposal.
In our search for c-stability we can confine ourselves to pairs of coali-

tions C , D with positive excesses and containing io.

Lemma 2.4: In a big boss game G, let x be an individually ratio-
nal admissible payoff for a coalition structure o . If Z = (C) with

iOéC is a bargaining proposal against x , i.e. e(C,x)>o , then
<) = (D) with ioe D, D#C, 1is a compensatory bargaining counter
proposal against é , if and only if
e(D,x) > e(C,x) . (2.5)
Proof: Under the assumptions, L,:/ = (D) is a compensatory bargai-

ning counter proposal against g , 1f and only if the following system

derived from (1l.11) is consistent:
i%D Iﬂi =edx) , 820 , Viep, (2.6)
Z /?’i 2 e(C,x)
ieCnND

Now, if (2.6) 1is consistent, then we have
e@x) = LA = LA - 2 po2 e (2.7)
i€D ieCOD ieD-C
i.e. (2.5) holds. Conversely, if (2.5) holds we may define
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g e(c,x)/ | cnpl if i€ CcND
B :-2 i L o (2.8)
‘ le(D,x) - e(C,x)1/ ) D-C| if 1€ D-C and D-C#0
Obviously, (2.8) gives a solution of (2.6) , which is consistent, hence
ET = (D) 1is a compensatory bargaining counter proposal against Ef

Now, Lemmas 2.3 and 2.4 are helpful in proving the following:

Theorem 2.5: In a big boss game G, let x be an individually ra-
tional admissible payoff for a coalition structure ﬁf . Then, we have
X & Mc - Co(N,v,F) 1if and only if

H = max e(S,x) > o (2.9)
S

and H is reached for at least two coalitions which contain io

Proof: If «xe MC - Co(N,v,F), then there is at least one coalition
of positive excess, so that H will be positive. If H 1is reached for
exactly one coalition C°, that coalition should contain io by Lemma 2.3.
If Y = (D) is a compensatory bargaining counter proposal against
t;: (c™), then by Lemma 2.4 we must have e(D,x);;e(C+,x) = H, which is

impossible. Hence, 5) has no compensatory bargaining counter proposal

and this contradicts the assumpyion :(6MC - Co(N,v,F). Conversely, if
there are at least two coalitions CI and C; such that H = e(CI,x) =
= e(CE,x)) o , then both CI and Ci can be used for bargaining propo-
sals against x and iOE CI/?CE . By Lemma 2.4, éfl = (C{) is counte-
ring E?z = (C;) and viceversa. Moreover, any other bargaining proposal

Ef: (C) 1is countered by Zfl and Z; ,» because e(CI.x) =
= E(CE’X)‘Z e(C,x), hence x € Mc - Ce(N,v,F).

Theorem 2.5 shows that for a big boss game G, to determine whether
an admissible individually rational pavoff x for a coalition structure
579 belongs to MC - Co(N,v,F), the computation of H is needed (confined
to coalitions which contain 18. If H = max e(S,x) 1is not positive,
then xe&Co(N,v,F); if H 1is positive, chgn by Theorem 2.5, either H
is reached for a unique coalition and «x é;Mc, or H is reached for at
least two coalitions and we have xcEMC - Co(N,v,F).

Note also that Theorem 2.5 holds when the admissible payoff x 1is
supposed to be coalitionally rational instead of individually rational.
This last result will be used for finding the set of coalitionélly ratio-
nal admissible payoffs belonging to MC - Co(N,v,F) , for a 3-person big

boss game in the next section.

3. The 3-person big boss game.

Consider the 3-person big boss game G defined by
v(l) =h, v(12) =a, v(13) =c , v(123) =d , v(2)=v(3)=v(23)=0
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where by Lemma 2.1 we have

< d, a+c>d+h . (3.1)

o< h € min(a,c) < max(a,c) < >

N

We intend to determine the coalitionally rational pavoffs belonging to
Mo - Co(N,v,F). As these payoffs are also individually rational, we

shall consider all possible coalition structures and use Theorem 2.5.

1) For Cji = (123), a coalitionally rational payoff x&eF, ,
>

if any, belongs to Co(N,v,F). J
2) For dﬁ = (1,2,3), the unique admissible payoff
o — } = 5
(Jl) x, = b, X, = 0, Xy =0,
gives as possible positive excesses
e(l2,x) = a - h, e(13,x) = c - h, e(123,x) = d - h. (3.2)

By (3.1) and Theorem 2.5, we have xé€ MC - Co(N,v,F) 1if and only if

d=a>»c, or d = e >a, or d=a=c>h . (3.3)

3) For éj;lz (13,2), the coalitionally rational payoffs should
satisfy

X - X3 = ¢ Xy = 04 X3 h, xBZ o (3.4)

and the only possible positive excesses are
L e(123,x) =d - ¢ . (3.5)
By (3.5) and Theorem 2.5, if xeb% - Co(N,v,F) then we should have

e(l2,x) = a - x

a - x) = d - c. This equality and the admissibility give

(G}) X =a=+c- d, Xy = 0, X = d - a

Now, (3.4) are satisfied, because a - c -d2 h and d - azo

follow from (3.1). Moreover, we have e(12,x) = e(123,x) = d - ¢, hence
the last necessary condition, H»o, 1is c< d. It is easy to see that

c<d is also sufficient for (UE) to be in MC - Co(N,v,F).

4) For cﬁ; = (12,3), a similar computation shows that
(Ta) X =a~+c- d, X, = d - c, Xy =0
is the unique coalitionally rational pavoff admissible for iﬁ , which
belongs to Moo Co(N,v,F) 1if and only if a<d.

5) For 55 = (23,1), the unique admissible payoff is (U}) and
we get the same result as for the individual play.

The considerations given above prove:

Theorem 3.1: 1In a 3-person big boss game G
v(l) = h, v(12) = a, wv(13) = c, v(123) = h, wv(2)=v(3)=v(23)=o0,
the set of coalitionally rational admissible payoffs in MC - Co(N,v,F)

consists of the following payoffs:

(§)  x;=h, x,=0, x,=o0, for 601:(1,2.3), if d=a=c > h;

then, (U}) for dflz(l,Z,B) and
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-

(Tz) XI:ar‘c—d, XZZO‘ X3=d~a for 0/2:(13,2), if d:a>c;
then, (¥) for Efl:(l,Z,B) and
(03) xlza’c—d, xz:d—c. X4=0 for ,5%:(12‘3), if d=c > a;

then

(TZ) for fz and ('T,}) for 653, if dpymax(a,c).

Note that in the proof of Theorem 3.1, beside the individual ratio-
nality conditions X2 h, X, 205 x3'>o, the other conditions included
in the coalitional rationalitv conditions have been used only in the
search for c-stable payoffs for 5f; =(123). Therefore, for all the other
coalition structures the results stated in Theorem 3.1 are still holding
when the words ''coalitionally rational admissible payoffs' are replaced
by "individually rational admissible payoffs'". However, there is a family
of individually rational admissible payoffs for éj; =(123) which is
c-stable and should be added to the new statement.

Theorem 3.1 is showing noncore payoffs belonging to the compensatory
bargaining set of a game, hence this concept of solution is meaningfull.
0f course, the existence problems stated above remain open.
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