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THE MINIMAL TIME FUNCTION FOR THE NONLINEAR

DIFFUSION EQUATION

Viorel Barbu

Abstract. Tne oroves that the minimal time function associatecd with
the nonlinear eocuation y, -Af(y) = u is continuous on Ll(_Q) under suitable
conditions on (3.

o

1. Introcduction. We shall study here the minimum time problem for the

nonlinear system

1.1 2L -ABY) =y in 2x (0,00
y(x,0) = yo(x) (¥) x €L

u@(y) =0 in 5.% (3,00)

. N )
where (2 is a bounded and open subset of R and JB is a continuous, nonde-
creasing function on R such that (3(0) = 0. The input function u belonas to

constraint set
.2 U = Juet®™@x 0,00): lut, 0] € ¢ ace. (x,8)€ 2 x (0,000 %

Ccuations of this type arise in mathematical cescription of a flow of gas in
porous media, population dynamics and other physical problems. '‘oreover, the
classical two phase Stefan problem can be rewritten in the form (1.1) where \.\B
is the enthalpie function

Bor= Aq(r +¥) for r &% 3(r)=0for -¥<r <0,

b zol,r forr>0,

It is well known that the operator AO : Ll(ﬂ_) — Ll(_Q_) defined by

(1.3) Ay = -DB(y) (¥) yeD(A )
D(a ) = fye Ll plyewl i, b pinettad)
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is m-accretive and densely defined on Ll(ll) and so, for every Y€ Ll(il),
prablem (1.1) has a unique mild solution ye C([O,T];LI(IL)) (see [5],[11),[12.
In other words, for each € > 0, there exists an € -discretization of (1.1)

on [0,T], 0 = ty Sty S S ST upug, Uy €~L (IL) and v, vy, Vg

€D(A ) such that t. - t. ;, < £, T -t < ¢ 2: S\\u(s) -u; Il ds < € and
o i i-1 — n— 3 £y

Bv(t)-y(t)\ <€ for t€l0,T7], where v(0) = Vg v(t) v; for te [ti-l’ti]

VitViy
tl ti-l

(1.8) + onia uy for di=)3244.450

Here ||+ | is the usual Ll—norm in Ll(fL). It is readily seen that any mild

solution y satisfies (1.1) in the sense of distributions i.e.,
T

3
(1.5) - ( + BN dt = (x,9)
OS_(SLth py Ydx dt oSJSLwdx gt + g-ycrrx dx

for all ~T€P2 I(JLXEO 7)) such that “f (x,7) =0 on (L and Y =0 on

2;11 X (0,T). Moreover, if 1lim S JB(s)ds = +mand y_ EH 1(11) then
r| = m ]FI O

ye Cc(lo,T)H" (.(D) and?-le\. CRIILE (.(L)) ﬁ(y)é' HERE H (,(L)) for every
¢ £(0,T) (see [7) and [ 2] p.206).

Let us denote by y(t,yo,u) the mild solution to Eq.(l.1) and define
T(yo,u) = infit; y(t,yo,u) =0 } <+

where T(yo,u) =0 if y(t,yo,u) # 0 for all t > 0. The minimal time function

associated with system (1.1) is defined by

(1.6) Dly,) = inf{T(y_,w; u € uy,

Here we shall study some continuity properties of the minimal time function
There is an extensive literature on the minimal time function associated with
finite differential systems (see for instance [4] and the bibliography given
there) and its relationship with theory of viscosity solutions for the Bellman

equation. For some infinite differential control systems related results have

been proved in [2],[8],(9].
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2. A controllability result. We will prove here that each y ¢ L)

can be steered in finite time into origin by a certain input function u given
in feedback form. To this purpose consider the feedback law u = —f’sign y and

the corresponding closed laop system

(2.0 2L -AB(y) + Psign y30 in QX (0,m)

ot
y(x,0) = yo(x) (¥v) xe
P =0 in 32 X (0,00)

where sign y = y/|y| for y # 0, sgn 0 = [-1,1]. In the space X = Ll(_Q) con-

sider the operator

(2.2) Ay = -DOB(y) + By (¥) ye D)
where
o) = {yelha; pieud ), Agye L}
and
By = {fGLm(IL), }(x)Esign y(x), a.e. xE_”Z_JZ_
By Theorem 1 in [83 we know that A is m-accretive in I_l(Q.) and so for every
yoe Ll(ﬂ.), Eq.(2.1) has a unique mild solution ye C([D,cn);Ll(.Q_)).
We will prove now that there is a finite extinction time for the solu-

tions y to Eg.(2.1).

LEMMA 1. For each Y5 LP(Q) there exists T < 'l\\yon © such
L)
that y(t) = 0 for t > T.

Proof. By the Crandall-Ligget convergence theorem (see e.g. f?], p.104)
y(t) = %1_90 ye (£) in Ll(ﬂ) uniformly on compact intervals of [J,o0) where Y,
is the solution to difference eguations

y (8) + &Ay (%) = Ye (t-¢) for t > ¢

Ye (8) =y, for t <0

or eguivalently
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(2.3) Ye(x.t) -fA\p(yE(x,t)) + pEsign y (x,t)3 yE(x,t -€£), (V) xen, t2€
ya(x)t) = YO(X) (V) X € (L 'tio
S =0 in 0.2%(0,0) .

We note that B(y, (1)) €L(QNHL(Q) for all t. We set wix,t) = |ly o £t
| ¢

and note that for all te [0, J"IH Yol 7] we have
L

CD<_.

(2.4)  wix,t) - EAﬁ(w(x,t)) + Efsign wix,t)3w(x,t-€), (V) xeq, t>£&

w>0 in 9ax(0,m); wix,t) = |)y_|\ (V) x€q, t<0-
o'} oo
L
To conclude the proof we will show that

(2.5) |y£(x,t)| < wix,t) V) xeq, tefo,f‘ll\ Vo“, m(ﬂ>)'

To this end we subtract Egs.(2.3),(2.4), multiply the result by

(ﬁ(ys)—ﬁ(w))+ and integrate on (0. We get

(2.6) Sy (w0 Ly () - pu(t)) ok <
Q£

2 g(ye(t -€)-w(t -8)( Blyg(t)) - pw(t))dx, (¥) t >0

oA

because (}(ya) -$ (w))"e HCIJUL) and \ﬁ is monotonically increasing. Keeping

in mind that y, (t -€) - w(t -€) <0, for 0 <t < ¢ it follows by (2.6) that
(2.7 (e (1) - wit)( Plyc(t) - fw(t))" = 0 for te[0,€].
(

For te(0,e] we set E, = {x €2; y,(x,t) > w(t)}. Then by (2.7) we see that
ﬁ(yé(x,t)) = ﬁ(w(t)) on €, and so by (2.3) we infer that

yE(x,t) = y,00 -PE < w(t)  (¥) xe Ey .
Hence Ye S W in . x([0,¢]) and reiterating the process we conclude that y : W
on x[0,7] where T = f-ll\ y_\l as claimed.

In particular, it follows by Lemma 1 that the feedback control u =
= —f sign y transfers yoe L®P() into origin in finite time. More precisely

we have
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THEOREM 1. For every y ¢ L® (Q) there are Tel0, \f-ll\ Yol o ]
- L%
and ueU such that y(T,y ,u) = 0. If in addition B€ C'(R\ 0) and

(2.8) ﬁ'(r) ZCIrId-l (¥) TeRr

where o()%‘izthen every y. ¢ Ll(ﬂ) can be steeread into origin by an input

tunction u ¢ U,

Proof . If yoé L®(Q) the conclusion of Theorem 1 follows by Lemma 1.
If y €L} and (2.8) holds then S(t)y_€L®(L) for all t > 0 (see e.g.[6 ],

[13)) and

_ Z

) Y&
where C is independent of Yo Here S(t) is the nonlinear semigroup generated

N
2.9) |\ sty < Ct
Olle(rL

on L1 by A, i.e., S(tly, = y(t,y,0). Then by the first part of theorem
there are ueu and T = E+f_l \sce)y I\ such that y(T,y ,u) = 0 as
P ) ©
claimed.
In terms of minimal time function CP , Theorem 1 amounts to saying
that

(2.10) P(y) < 7)) 2

and Py ) < oo for all ye L if p satisfies condition (2.8).

(V) y, € LX)

3. Existence of the optimal time controllers. An input function u € U

is called optimal time controller for system (1.1) if y(CF(yD),yo,u) = 0.

THEOREM 2. Under assumption (2.8) for every P8 Ll(_f'l) there is at

least one optimal time controller.

Proof. Let y € Ll(ﬂ.) be arbitrary but fixed and let {uns cU,
lttnBCR+ be such that t —- T =CP(yO) and y‘(tn,yo,u) = 0. We set y_ = y(t,yo,un).

Multiplying formally the equation
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Y,
3.1 % -ABly ) =u in (X (0,0)
Dt n n
Ya(x,0) = y (x) in Q5 @B(y) = 0in 3.2%(0,m)

by ty, and integrating on (2 X (0,t) we get the estimate
t

t
t S yr"(x,t)dx + S Slyn(x,s)ld-l] Vyn(x,s)l’dx ds < CJ Sy;(x,s)dx ds,
)
Sk ¢ B RO
and this yields +

G2ty S Iy ot
Q0 oL

dx ds < C (¥) t>0

where C is independent of Yor (The justification of this formal calculus can
be done approximating Uy and by smooth functions.) On the other hand, since
according to a result due to Baras [lj(see DA], p.95), the set {\yng is rela-
tively compact in C([O,T];Ll(_.l)) we may assume that yn(t) —> y(t) uniformly
on [0,7) in the strong topology of Ll and u, = u weak star in LP(ax(0,T)).
VTo conclude the proof, it remeins to show that (y,u) satisfies Eq.(1.1), i.e.
y = y(t,yo,u). To this end fix JG (0,T) and note that on the interval [3: TJ
Yo is a strong solution in H_l(f?-) of the equation

yo(t) +B¢(Yn(t)) =u (1) a.e. teld,T)

) &)
where q}(y) = é( f\}(r)ds)dx and a¢fy) = -AB(y) (see e.g. [2], p.67).

0~ ‘
Inasmuch as yn(t) — y(t) strongly in Ll(ﬂ_) ]H—l(_ﬂ_) for t > 0 we infer by

standard device that ye wh2( [OF,T];H_I(:L)), }(y)e LZ(O'N,T;HCIJ(_Q)) and
vt + 9P (y(t) = ut)  ae. tels,T],

Hence y is a mild solution to Eg.(l.1) en every interval [or,T] and since
y€ C([O,T];Ll(_{l)) we conclude that y is a mild solution to Eq.(l.1) on the

whole interval [0,T).

4. The continuity of the minimal time function. We shall prove here

the following theorem.

THEOREM 3. If condition (2.8) holds then the minimal time function
Hsldev continuous on L1(1L).
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Proof. Let y_ and z, be arbitrary but fixed in LY@ . As seen above there
is u € U such that y(‘f(zo),zo,uc) = 0. We set z(t) = y(t,zo,uo) and note that
by Lemma 1 and the obvious inequality

(4.2) F ) < €+ P (sery) vyell@), e>0
we have
Plrg) L€ PBEy) < erqlz) ~PISEIYP(z),y,u5) <E+Plz) +
-1
X SO CRRATRL I
and by estimate (2.9) this yields
2
(4.3) Plyy) <€+ Pz, + ¢ € e YT (25 g0 ZNED)
U@

where C is independent of € , Yo and z . On the other hand, we have

" y(‘f(zo)’yo’uo) - y((‘)(yo),yo,uo)ﬂ I_l’ ot “yo_zou Ll(_a)

and substituting in (4.3)

o "?‘Z yseec € e ezl Tcm

If choose ¢ = \\y =z \\ o where 4 2/§Nc(+2), we get

(4.4) ]?(yo) -zl < Clly -z il NI“Z N L)
) LD
as claimed.
REMARK 1. A result of the nature of Theorem 3 can be established for the minimal
time function‘l’ corresponding to control system
] ) .
(4.5) q—%-Ay +§(y)9 u in X (o,m)
y(x,0) = y (x) in A%
y =0 in oLLX (0,m)
where 3 is a maximal monotone graph in RXR such that D(‘P) = R, Oéf(O‘ and
the 1nput function u belongs to W, If denote by S1 t) the contraction semigroup
in L ’;4) defined by the solution to homogeneous problem (4.5) then it is well known

that _N
2
S, (t)y < Ct y ¥ 20, y €L 'm.
“ "1 O“Lm(ﬂ) n o“ Ll(

On the other hand, as seen in (3], @y,) < o for all V& Ll Then mrguing
as in the proof of Theorem 3 we get
5 - N/2
Y &) it*T(Zo) +C € Nyg-z o0 1 vE> 0
Lo
and therefore

[ Fg) -l <clly-2 \\ 2+N VY02, €LY
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