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UNIQUENESS OF BOUNDED SOLUTIONS FOR SOME ABSTRACT
DIFFERENTTAL EQUATIONS

S. Zaidman

Introduction In this work we present some results about the "uniqueness of bounded
solutions" for differential equations with unbounded operators in Hilbert spaces. As seen
for instance in [4] - ch. 5, § 1, there are classes of interesting differential equations of the

form: u'(t) = Au(t) in Banach or Hilbert spaces which have u(t) = 6 as the only

solution which exists and is norm bounded on the whole real :ine (norm boundedness can

t+l
be replaced by "integral boundedness"” of the form: sung I Hu(s) l2ds <+ o) .
teR

In this paper we shall present some more results of the same form which are found

essentially in the papérs [11,12].

1. We start with an extension of a proposition appearing in Th. 2.1 of [5], from the case of
bounded and constant operator A to the case of unbounded and time-dependent operator

A(t). The precise statement is as follows:

Theorem 1.1.

Let be H - a hilbert space; A(t) , afamily of linear operators, defined on D(A(t) € H,
te R.Letbe D = £k D (A(), and assume that operator A(t) is symmetric for al t,

on D.
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Assume also that 3 m <0 such that (A(t) x,x) <m llxﬂ2 ,VxeD,Vte R. Letbe
v(t), R = D asolution of the differential equation v'(t) = A(t) v(t) on R such that

vyl <L, te R .
Then v(t) =6 Vte R .

Proof. We have, taking scalar products, the simple relations:

V', v(©) = (AWD v(D), v(1)
v(®,v'®) = (v@©, AW vO) = (AQ v, V1)

It follows that:

g; Ilvoll2 = 2a@ vy, vy < 2m v 12, te R, (m<0).

Let us integrate between -nand 0 (n € IN) . We get the estimate

@ -1 vem Ps2m | o IPes

or

fvi-mll? - lv@ll?221ml f ves) 1% ds ; hence f vy 1*ds

<

1 T 2
ST tveny 112 - v 112

We assumed that v is bounded on R ; therefore we get

,rHv(s) l|2dsSc,Vn = 1,2..., hence f”v(s) ||2ds<+oo .
-n

o

On the other hand, we see that t — H v(t)||2 is non-increasing. Hence

lvio) I = | vO)ll for o <0, and we get

j) lvis)I2ds > |v(0)||2.n = + o0 as n— oo, if v(0) =6, a contradiction.
-n
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On the other hand, if v(0) = @ = ||v(t)|| <6 forall t=0. If however v(i) =8 for

some t< 0, we integrate again (now betwen -n and 1), and obtain immediately J]
-n

lvisHyl2 ds 2 v ll? @ + n) ; this again converges to + o as n — oo, which

contradicts finiteness of the integral f vs)ll? ds . o

oo

2. In this section we present "Theorem 1" in the paper [2] (in [4] - Th. 1.3, p. 74 we have

given a particular case of it; now we explain the complete result).

Let us first remember some elementary facts about time-dependent strongly differentiable

linear unbounded operators.

Thus, let B a Banach space, and A(t),a<t<b, afamily of linear operators in B with

common definition domain D . Assume also that % (A(t) x) exists, strongly in B, for all

x € D. Define, Vte(a,b), an operator
A(t) on D , by the relation: A(t)x = % (A(x) ,VxeD .

We see that it is a linear operatoron D .

We shall have to use a certain (known) result, precisely:

Lemma 1. In the Hilbert space H consider a family of linear operators A(t) , defined for
te(a,b) andon D C H; we assume strong differentiability (as above) and symmetry :
(A(®) h,k) = (h, A(t)k) ,Vh,ke D,te(a, b). Consider also a function ¢(t) e C! (a,
b; H), such that ¢(t)e D Vte(a,b) and A()o(t) € C%a, b; H) . Then the derivative

%(@(t), AMQ) exists and = 2 Re (¢'(t), AQQD) + (ADQ(D), ¢(0)).

The proof is quite straightforward.
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We put ¢(t) = (¢(t), A(t) @(t)) and note that (for small h)

O(t+h) - (1)

(p(t + h), A(t+h)o(t+h) - (1), AD@(D) =

(@(t+D) - @(1), A(t+h) @(t+h)) + (9(0), A(t+h)p(t+h) - ADQ(D) =

(p(t+h) - o(t), A(t+h) o(t+h o(t), A(t+h)(t+h) - A(t + h) @(t)) +

(o) , A(t+h) ot ) ov) .

Then

1O - 90) = G+ - 9(0), AC+B) () + (M) o, 00,
+ (00, LAC+h) - AD) . (1)

Note also that A(t) x is strongly continuous, V¥ x € D . From all the above we shall
obtain: ¢'(t) exists and = (@'(t) , A(t) (V) + (AW O(V), '(V) + (P(V), AQW) . o)) =
(@'(1), A 9(1) + (@'(V), A(t) (1) + (@(t) , A(®) (1) i

We are thus ready to present

Theorem 2.1. In the Hilbert space H, consider a family of linear symmetric operators
A(t), defined for for te (- oo, ) and for x € D ; assume also strongly continuous
differentiability, and that 0 ¢ o, (A(1), V te R ; also (A®) x , ) 2 - y(0) [|A@) x]|?,
xe D,te R where Y(t) is a continuous functionon R with v(t)<2,Vte R

Let u(t) R - D bea C!(R;H) solution of u'(t) = A(t) u(t).

Then

t+1 -
sup J | um) I2dn<+eo=u =9.
te R .
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(Note that density of D is not assumed!).

Proof. The method used here is based on some properties of convex functions.

We consider the functon

t+1
FO = [ [lum) ?dn

t

We show that is posseses a second derivative F"(t) which is non-negative on the real line.

It is obvious that the first derivative F'(t) exists and =

t4l t+1
luges D12 - luwl? = | L [2an = 2 [ Re @), umpan =

t4l t41
2T Re (A um,umydn =2 ] (um), A um)) dn .

t

Then: F'(t) = 2(u(t+1), A(t+1) u(t+1)) - 2(u(t), A(u(t)) =

t41
2] 4 @m, Amuean .
dn

t

In the expression under integral sign we apply Lemma 1 (note that A(n)u(n) = u'(M)e C
(R;H) ); we abtain

-(%(U(ﬂ), Amum)) = 2 Re (w'(M), AM) um) + (AM) u(m) , u(m)) =

2 | Am) um) 12 + Am) um) , u(n)) .

Therefore it follows:
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41
FoO =4 I Amum I2a+2 T Ao um, um) an2
t

t

41 _
T amum 2an-2 T v | aq) um 17 an =
t t

t+1 5
2 T @y lam umy I2an 20, vee R

t

This shows convexity of F(t). We also assumed F(t) to be bounded on R . It follows
that F(t) is a constant functionon R , hence F'(t) mustbe O forall te R .

We finally see that this implies u(t) =0 Vte R .

Otherwise, 3 tye R , such that u(ty) #6 . As A = 0 isnot an eigen-value of A(ty) ,
it follows A(tg) u(t) #6 . By continuity of A(t) u(t) we find | A® u® [2 >0 in
some interval (ty- 3, ty+ 9).

Then we get
b
F'(tg-5) = 2 J 1 @-yo) I aayum) 12 dn is
L
stricly > 0
which contradicts F'(t) = 0 Vte R a

Levine in [2] - Remark 1 points out to the following slightly different version of the

above result:

Theorem 2.2. In the Hilbert space H consider a family of linear operators A(t), te R
with definition domain D(t) C H . Assume (A(t)h,k) = (h,A(t)k) Vh,ke D(@),t
e R, and existence of the inverse A(t)! ,forall te R . Let u(t), R = D() bea C!

(R ; H) solution of the equation u'(t) = A(t) u(t), te R , and assume furthermore:

the function f(t) = _ST (u(t) , A(t) u(t)) - 2 Re (u'(t), A(r) u(t))
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exists, (t € R),and f(t) >-v(t) || At) u(t) ||2 where y(t) <2,te R and Y(t) is

continuous.

t41
Then, if su I Il um) 112 dn <+ o= it follows u(t) = 6 .
te t

The proof is very much the same as in Th. 2.1. With same notation for F(t) we

again obtain

[

t+1
F'(t) = 2 I % (u(m) , A(M) u(m)) dn

t

1]

But E?T (um), AMm) uMm)) = f(m) +2 Re (u'm) , A(M) u(n)) =

fm) +2 | Am) um) 12 >'@ -y | Amum) 1|2

t+1
Thus F"(t) >2 f @ -y I Am) um) 12 dn
i

The rest of the proof is exactly as in Theorem 2.1.

3. In previous results, the invertibility of the operators A(t) (equivalentto : "A =
Oe o, (A(1)") was essentially used in order to end the proof of unicity of (integrally)
bounded solutions of u' = A(t) u on the real line.

Dropping this assumption seems to imply "uniqueness-modulo constants" that is a result
similar to classical Liouville's theorem in analytic function theory: "bounded entire analytic

functions are constant"
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In this context we present (compare with Remark 3, p. 252 in (2]) .
Theorem 3.1. Let H be a Hilbert space, and D € H a linear subspace. Let A bea
symmetric operator, D — H and u(t), R - D bea C!(R ; H) solution of the equation

t+1
u'(t) = Au(t),te R .Then,if [sulg I I a2 dn <+ e it follows that u(t) =

uy> Vte R .

Proof. One can follow the proof in [4] p. 74 .
With

t+1 t+1 t+1
F() = f [um) I dn we get F'(t) = 4 f I Aum) 17 dn = 4 f llu'em) 1% dn
t t

t

Thus, F"(t) 2 0 on R , hence F(t) is convex and bounded on R and is therefore a

constant function, and this in turn implies that F'(t) = 0 Vte R .

On the other hand, if u(t) is not constant, it follows that u'(t) is not identically null on

R . There is some ty € R such that | (to) >0. As ue CY(R ; H) we find an

+

|~

t0
interval (tg- 8,1ty +8) where |lu'(t) | >0. Then F" (:0-%) = 4 lu'(m |2
to-

|
2

dn >0 strictly, a contradiction with F"(t) = O on R . [}

Next, following Remark 4 in [2] , we shall see that for A(t) = A (time-independent
operator A) one can get the result in Th. 2.1 without assuming symmetry of the operator

A . We state

Theorem 3.2. In the hilbert space H consider a linear operator A, definedon D C H,
suchthat A = A, + A - where A, is symmetric and A- is skew-symmetric on D, and
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furthermore A, is invertible. Assume also that Re (A. x, A, x) = 0,VxeD.

t+1
Then, if u(t) e C! (R ; H), u'(t) = Au(t) on R ,A, ue C(R ; H) and suug I
te
14

Il um) 12 dn <+ , it follows that ut) = 8 Vte R .

t+1
Proof With usual notation: F(t) = I I u(n) ”2dn we obtain

t

t+1 t+1
F@M =2 I Re (u'(m), u(m)) dn = 2 I Re (A, u(m) + A u(m), u(m)) dn
t t

t41 t+1
=2 T Re (A, u(m), u(m)) dn = 2 I (u(m), A +u(m) dn
t t

t+1
Hence F"(t) = 2 I % (uMm), A, u(M))dn . Use now Lemma 1 and get F"(t) = 4
t
[Il
Re (A +u(m),u'(m))dn =
t
41 41
4 f Re (A+u(m), A+um+A-um)dn = 4 f A +u@m) |1 dn
t t
Then we may finish the argument as in Theorem 2.1 above.

Remark 1. In the above result we can replace the condition that Re (A-x,A+x) = 0

V x € D by the slightly more general one:

Re(A-x,A+x) 2 -c” A+x“2 ,Vxe D ,where c<1 .

t+1 t+1
We obtain that F'(t) = 4 I | A+um) [|2dn +4 f Re (A +um), A - u(m)) dn
t t

t+1 R
24(1-¢c) I Il A+um)lI? dn
t
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and we may finish in the same way.
Remark 2. We mention here a quite related result:

Theorem 3.3. Let H be a hilbert space and A a linear operator, defined on the linear
subspace D € H,suchthat A = A +A- ,where A, : D— H is symmetric,
A -:D — H is skew symmetric, and the inequality Re (A, x,A-x) 2-¢ | A+x]?,
x € D holds, with a constant ¢ < 1. Let u(t) € C! (R ; H) such that u'(t) = Au(t) on

R and A+ue C(R;H). Then,if || u@®) || <M, te R , it follows that || u(t) ||
=lu@)]||Vte R . (compare with [3]).

The proof of this result goes on similar lines to those previously given. We have
&i [ uw 12 = 2Re (), u®) = 2Re(A+u,u)+2Re(A-u,u) = 2Re
t

(A+u,u) = 2(A+u,u).

Using again Lemma 1 we find that derivative % (A +u,u) existsand = 2 Re (A +u,

A+u+A-u) =2Re ||A+ull2+2Re(A+u,A-u)

Therefore

izz‘ la 12 = 4l A+u@® |?+4 Re(A+u, A-w)=24(1-0) | A+u@® [|220
dt

This shows that the function t — ” u(t) ||2 ,te R, is convex. The result follows.

4. In this section, we note that second order equations can also be studied from the
viewpoint of uniqueness of bounded solutions (see our papers [6] , [7]) and [2], Th. 2.
The equation studied here will be: Pu"(t) = A(t)u(t), on the whole real line. The first

result appears now as following.
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Theorem4.1, Let H be a hilbert space, and P, D(P) & H — H be a symmetric operator
such that Ph,h)20 Vhe D(P). Let A(t),te IR, be a family of linear operators with
domain D(t) & H, such that A(t) = A;(t) + Ay(t), where A; (t) is symmetric forall t
» Ag(t) is skew symmetric V' t, (x,A()x) >0 Vxe D), x#8 . Let u(t)e C?
(R ; H) bea solution of Pu"(t) = A(t)u(t),te R such that u(t), u'(t), u"(t) belongto
D(P), u(t)e D(t),te R, and Pue C(R;H).

Then , if (u(t), Pu(t)) <c Vte R it follows that u(t) = 0,te R .

Proof. We define F(t) = (u(t), Pu(t)); Using Lemma 1 we get F'(t) = 2Re (u'(t),
Pu(t)) = 2 Re(Pu, u'). Using Lemma 2 in [8] we get F"(t) = 2Re {(Pu,u") +
(u, Pu')} = 2 Re (u, Pu") +2(u', Pu) = 2 Re (u, A;(t)u + Ay(t)u) + 2(u’, Pu’) = 2
(u, A (tu) +2(u', Pu) 2 0.

Thus F(t) being convex and bounded on R is constant. Then F"(t) must be zero. Then
0<s(u,A;()u)+ (u',Pu) = 0 implies that (u(t) , Aj(t) u(t)) = 0 ,te R ; hence
ut) =0 ,vVte R .

A similar result, under slightly different hypotheses is now given as

Theorem 4.2. In the Hilbert space H, let P, D(P) & H — H be a symmetric operator
such that Px,x)>0 Vxe D(P), x#0. Let A(t), te R, be a family of linear
operators, D(t) € H— H, where A(t) = A (t) + Ay(t) , Aj(t) issymmetric Vte R,
Ay(t) is skew symmetric Vte R, (x,A()x)20 Vxe D). Let u(t)e C2(R ; H)
be a solution of Pu" (t) = A(t) u(t), te€ R , such that u,u',u" € D(P),Pue C l
(R;H),ut)e D(t),te R .

Then. if (u(t), Pu(t)) <C Vte R itfollows that u(t) = u(0),vVte R .

The proof is similar to the previous one. With same F(t) we get again F"(t) = 2 (u(t),

Ay (B ut) +2 (u'(t), Pu't)) 20 .
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Hence F is constant and F' = 0 which implies (u'(t) , Pu'(t)) = 0 V t and

consequently u'(t) = 6 Vt, O .

5. In this (last section) we present an idea in [1] which permits further extension of some
of previous considerations. It consists essentially in the remark that for some classes of

vector-valued functions (not necessarily solutions of differential equations) a

certain elementary inequality has as a consequence that S? boundedness

t+1
[s%p I I u(t)[|2 dt<oo} implies u(t) = uy , te R .

t

Let therefore state the following

Theorem 5.1. Let % be a Hilbert space, and D € % a linear subspace. Let u(t), R —

D bea C! (R ;H) function, such that the continuous function di (u'(s) , h) exists V h
s

€D, seR . Assume furthermore that Re [éi_s (u'(s) , u() ';:JZ -a@ | vol?,

t+1
te R , where a(t) isa continuous function, with a(t)<1,te R . Then. if f [l u

t

@ |1* d& <c,Vte R it follows that u(t) = u(0),te R .

(Note that % (u'(s), u(t)) l,—, means gs_ (u'(s),h) for h = u(t) and s =t.)

t+1
Proof. With the usual notation: F(t) = f [ u@) I*?d& we obtain
t

t

t+1 t41
FO = [ ue+DlI%2-lla@l? = f ;—g lla)li? g = 2 I (f—& Re (u'(&), u®)) d&
t
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Now we note that é Re @@ ,u®) = im Re [(u'(E+d), u(§+9)) - ('), u®)] %

- i Rc[(u,@&’ 169 -u(&)]+(u'<&+6; () ,u<§>ﬂ=

Re [l wE) II* +
u(&))'r:é §

4w, u@) kgl = [ v®l2+ Re 4 wo,

Therefore we find

t41 ‘
PO =2 ] (H w® 12+ Re L W@, u@)i _ 5] dg >
t

t+1 t+1
2f U w@El?-aE) | wE) 1f1de = 2 f 1-a@)llueE lI*d 20
t L

Hence F(t) is bounded convex, a constant function on R .

If u(t) is not constant on R , there is some tye R where ll u'(ty) “ >0 and

consequently F" (t5) >0 too, a contradiction.
‘We shall next deduce from the above result the following

Theorem 5.2. Let H be a Hilbert space, D alinear subset of H, and A(t),te R bea
family of linear symmetric operators defined on D, which is strongly differentiable in D, »
. with strongly continuous derivative A(t),te R . Assume also the estimate: (A(t)x, x) 2
-Y(t) || A x ”2 ,xeD,te R, where y(t) <2 (te R)is a continuous function.

t+1
Let u(t), R—D bea C!(R ;H) solution of u'(t) = A(t)u(t) and suppose f [
t
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us)]|? ds < c, te R. Then u(®) = u(0),te R .
Proof. First we note that (u'(s), h) = (A(s)u(s), h) = (u(s), A(s)h) for se R, he D .
The derivative here exists and is equal to (u'(s), A(s)h) + (u(s), A(s)h) , a continuous

function.

Next we compute -ad; u'(s) , u®) g, = _c(ii—s (A(s)u(s) , ut)) =y = g-s- (u(s) , A
EuM)eee = @O, AQUD) + (), AQu®) = | v 12+ @, A®u).

Note also that the operators A(t) are symmetric on D(V t &€ R), so that the expression

right hand side is real.

We have then estimate

Re dls W), u®) e = [ w®l? + e, AQue) = || we ||

-y A® uw I1* = a-yo) | v 12

If at) = y(t)- 1, wehave o(t) <2-1 = 1 and previous theorem is applicable.
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