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LIMIT PROPERTIES FOR TRANSOM M-MEASURES

Eugene Roventa

ABSTRACT: One of the aims of the present paper is to introduce the notion of
convergence for sequences of fuzzy sets without using a topological structure
on the reference set X. Also, some results concerning operations with
convergent sequences are mentioned. The essential part of the paper is devoted
to the study of some important limit properties and counter-examples connected

to some functions called transom M-measures.

1. SEQUENCES OF FUZZY SETS

Let X be a reference set and [0,1] the closed interval onm the real line.
Throughout the paper (X,B,p) will denote a measure space, where f§ is a oc-algebra
of parts of X, and p a finite, positive measure on (. A fuzzy set F is a map
from X to [0,1]. The family of fuzzy sets is a lattice with respect to the
following operations: ACB & A(z)< B(z), AUB & A(z)VB(z), ANB & A(z)AB(z),
CA & CA(z) =1 - A(z). A fuzzy set F is called pf—measurable if for any
«€[0,1], the set {zre X|F(z)>a}epB. The class of all measurable fuzzy subsets
of X is denoted by M(X,ﬁ). The terminology that will be used is the one given
in [5]. We call sequence of fuzzy sets each application s:N - [O,I]X. In many

cases the application s will be identified with the set {s(k)}keN, or with the

indexed notation {Flc}kEN or {Fk}.

Definition 1.1. Let {Fk} be a sequence of fuzzy sets. Then the fuzzy set F*

(resp. F,) defined by

Ft

I>8

o - 0 0 =
vV F resp. F,= V AN F o (z
I it () (resp. F, ikl £(2)

is called the upper (resp. the lower) limit of {Fk}

n
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Remark 1.1. Obviously F,‘gﬁ*.

Definition 1.2. The sequence {Fk} is said to be convergent if F,=F*. 1In such
a case, the two above mentioned equal sets will be denoted by F and F will be
called the limit of {Fk}' If {Fk} converges to F, the notation f}—ef will be

used.

It can be easily shown that

Proposition 1.1.
(i) F,—F implies CF—CF.

(i) 1f E,—E, F—F then E,UF,—~EUF and E,nF,—ENF.

2. THE MAIN RESULT

Let 1nT:ﬁ7LY,5) - R, the transom measure given in [5] (where
my V= p(T(F)) and T(F)={z€ X|0< F(z) < 1}).

Lemma 2.1 (i) If {F,} CM(X,3), FIF and H(F,)=H(F), k€N, then

(i) If {Fp} CHM(X,8), F\IF and Z(F,)=Z(F), k€N, then
mT(F) :kl_gno mT(Fk).

Proof. (i) From the hypotheses we deduce that T(F):IC‘E?IT(F,C) and T(F)IT(F),

hence u(T(F))=limu(T(F,)).
k—o0
(ii) We follow an analogous argument as for part (i).
The following counter-example shows that the equality
mp(lim F ) =lim mp(F)).
T(b*w ) wal 7(F)
does not hold for any monotonic sequence, without making some supplementary

hypotheses.

Let 0 if wok

Fuo)={ z-k if k<z<k+l
1 if z>k+1
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It is easily seen that mp(F) =1, keN and kl—io“é mp(Fp) =

mT(kl_i;noi‘k) =mp(0)=0.

Also, the equality

mS(L-l_i;“o Fk) =lim ms(_k)

k=0

where mg(F.)=u(S(Fy)) [5] does not hold.

Indeed, let

F()— 0 if r<k, z2>2k+1
=01 if k<zr<k+l

Then we have mg(F,)=1, k€N and lim mc(F )=1. How

en 5( ) Jir S( %) ever

ms(kl_i;noi‘k):rns(é)zo.

Theorem 2.1 For each sequence {Fk} C M(X,3) with H(FL)=H(F,)

H(}",n):H(Fk), k>n, n€N where [:“'n:k?’? Fk. the following inequality holds:
=n

mp(Fy) < lim inf mp(Fp).

et

Proof. From i",‘((z:):a\/C
n=1k

*):kl_ir’no mp(Fy) =1lim inf mp(F7).

el >

mp(
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but

and

an(I) ve get Fp1F,. Using lemma 2.1 (i) we obtain

However, 1—'“',,(1)51’71‘:(:), k>n and from H(I.""n)zH(I.'"k), k>n we have mT(F;l) SmT(F‘k)

for k>n. Therefore, lim inf mT(I:"’n)_<_lim inf mT(Fk).
Remark 2.1. The Theorem 2.1 holds under the more general conditions:

H(F,)C H(Fp) and H(Fj)=H(F,), k>n, neN.

n

Il DY

1
Indeed, we have

. ) 0 - 00 0 -

mp(Fo)=( U N F,)=upu(T( U n Fr 8

T( %) (n=1k:n k) B( (n: —n Ic))

Taking into account our hypotheses it follows that:

1k

- 00 © - . o - ; o0 -
mp(Fy) =u(ng lT(anFk)) Z“Qié"oT(anFk)) —,}_ggno#(T(kgan))-
Further, having in view the monotonicity of mp it follows that

mp(F,) gkl_i;nou(T(f’k)) =lim inf mp(Fp).

Theorem 2.2. For each sequence {Fk} CM(X,8) with Z(Fiy=2Z(F¥%

H(F%)ZH(I.’IC), k>n, neN where F’,{:k)k,? Fk, the following inequality holds
=n

lim sup mT(FIC)SmT(F'*) .

and
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Proof. From F*(z) F, (1) =X I.'“;;(z) we have F;{lp*. Further, from lemma

2.1 (i1) we have
'"T(F‘)i}-io'“o mp(Fp)=lim sup mp(F7).
On the other hand Fi(z)< Fj(z), k>n and H(F.) = H(F}), k>n, hence
mT(Fk)SmT(F’,{) for k>n.
Therefore

"

lim sup mp(Fp) <lim sup mp(Fp) -
Remark 2.2. Theorem 2.2 holds under more general conditions:
Z(F*)gn'§’12(i',;), H(F)) = H(Fy), k>n, neN.

Indeed. we have

00 © 00 =
F*) = n U F)y=u(T( N u F
mT( ) mT(n—lk:n k) M (nzllc:n k))
Because H(F;:):H(l?'k), k>n implies H( koL? Fk)::H(kOL_? -Fk)' i#j our hypotheses

allow us to infer that
P o0 00 _ ) 00 - e 00
mp(F)=u( F 1T F)=u( L 7T F) =1imu(r( T Fo).
Since H(Fp)=H(F,), k>n it follows that
mT(I-"'*)zlim p(T(i’k)) =1lim sup mT(Fk).
Remark 2.3. From H(Fk):H(F,), keN (resp. Z(Fk):Z(F*), keN) we obtain

H(F})=H(F,), neN (resp. Z(F!)=2Z(F*), neN) because

= . - (o e} -~ -
H(F',,):{xeXlklgank(z)z1}:{1:€X|Fk(:):l, kzn}zkgnH(Fk)zﬂ(F,)
and Z(F) =0 2(F))=2(F*) .
k=n
The conditions H(F))=H(F,) and H(F}), neN, k>n from Theorem 2.1 are
equivalent to H(Fk):H(F.), k€N and therefore we can replace them with the

latter.

The following counter-example shows that an analogous equivalence does
not hold between the conditions Z(FY)= Z(F*), H(I."';.:):H(Fk), neN, k>n from
Theorem 2.2 and the condition Z(F'k)zZ(F*). Let {r,r,--r},~--} be the ratic s

from (0,1). For each r, we define:
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0 if zeC(03)

¥
) 1 : Tk k3
Fulz) = 5 if IE(O.—Q—)U(T,i)
r. 3r
1 if re(£ 5k

One sees that mT(i’k):%—rk, therefore we get lim sup mT(Fk):% If F;{zkgoni'k,
then
. 3 . 3
} 0 if zeC(03) B 0 if zeC(0,3)
Fi(z) = - and F*(z)= -
1 if ze(0,d 1 if z€(0,3)

hence T(F*)=¢. It follows that

mT(F*):0< lim sup mT(Fk):% .
Corollary 2.1. For each sequence {F,)C M(X,8) with H(F,)=H(F,), Z(Fp)=Z(F*),
H(F;;):H(Fk), k>n, neN where F’,;:OL?kF‘k the following inequalities hold:

n=

mp(F,) <lim inf mp(Fp) < lim sup mp(F)) < mp(F*) .

Theorem 2.3. For each convergent sequence {i‘k) C M(X,B), }—“k-oi', with
H(Fy) = H(F,), Z(Fj)=2(F*), H(F})=H(F,), k>n neN, where Fj=T F,, the
=n
equality
el =gy
holds.

Proof. Theorem 2.3 results directly from Corollary 2.1.

CONCLUSIONS

As was stated in the introduction the main purpose of the present work is
to discuss the limit properties of transom M-measures. It is of interest to
observe that, there are limit properties that hold for measures on crisp sets,
which are not true in this new context. This fact appears natural if we take
into account that for measures on crisp sets these properties concern the

characteristic functions of crisp sets while M-measures are related to the
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membership functions of fuzzy sets and the structure in J is quite different

from that in M(X,0). On the other hand these differences are due to the

special properties of transom and support functions. To establish the

supplementary conditions which will assure that these limit properties are

satisfied, the usual four sets attached to a fuzzy set, the transom (T), the

support (S), the zero part (Z) and the height (H) are used. Throughout the

paper the differences with re--ect to measure theory on crisp sets are

highlighted.
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