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DIRECT PRODUCTS OF MEASURES

Carmen Vlad

The purpose of this paper is to give detailed analysis of pro-
duct lattices and their associated Wallman spaces, and to investigate
how certain lattice properties carry over to the product lattices.In
addition, we proceed from a measure theoretic point of view.We note
that some of the material presented here has been developed from a
filter approach by F.Kost [5], but the measure approach lends itself
to generalizations to non-two valued measures, and, in addition,leads
to an easier treatment of the carry over of topological style lattice
properties to the product lattices, mainly by making systematic use
of the support of a measure.This also enables us to get in a more di-
rect and simpler manner results of M.Kerner [4], and to get exten-
sions of his results ( see Theorem 12 ).Finally, by selecting speci-
fic lattices in topological spaces, one gets a variety of applica-
tions in the two valued case to topological completeness matters,
while in the non-two valued case to measure compactness questions.

We begin with some notations and background material which will
be used throughout.

1.Background and notation

We follow the notation and terminology in [1].Let X be an ab-
stract set and & a lattice of subsets of X.It is assumed that ¢,Xxel
We denote by at), the algebra generated by &£; G(£), the @'—algebra
generated by £ ; J}Jﬁ), the lattice of all countable intersections
of sets from Z; GZLii), the lattice of arbitrary intersections of
sets of ﬁﬂ;g(iﬁ), the smallest class closed under countable intersec-
tions and unions which contains &£ ;s(Z), the lattice derived Souslin
sets; M(L), the set of finite valued bounded finitely additive mea-
sures on Q(&L).A measure /ueM(o‘C) is called: @-smooth on L if Lneo"c s
n=1,2,..., and LnWﬁ implies /M(Ln)——)O ; @-smooth on A(L) if Anéa(ct),
n=1,2,..., and An¢¢ implies #(An)—ao ; T-smooth on £ if for every
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net de}, LdeSC’, such that L |@, we have p(L,)—0 ; L-regular if for
any A€QA(L), A(A)= sup fﬂ(L)/ LCA, LGJC}.We tacitly assume that
all measures are non-negative.In addition we denote by MR(Jﬁ), the
set of L -regular measures of M(ZL); M@(J:), the set of G-smooth mea-
sures on X of M(.L); Mz(x), the set of Z-smooth measures on &

of M(L); M%(JC), the set of &£ -regular measures of ME(L); ME(JS),
the set of &£ -regular measures of M(&) which are also $-smooth on
L« [{L), IR(&C), Ig(SC), and IE}Jﬁ) are the subsets of the corres-
ponding M's consisting of the non-trivial zero-one valued measures.
For xeéM(L), the support of A, s(w)=N{LeL/ /A(L)z/u(X)}. £ is replete
if for any ueIS(L), g0, S(49.

We next recall some lattice terminology and some well-known
lattice characterizations ( see [1],([2],and[3]). £ is called: delta
lattice(d-lattice) if &£ is closed under countable intersections;
disjunctive if for xe€X and L1€JC such that xéLl, there exists LZEJC
with xeL, and Llf\Lzz @; separating if x,yeX and x#y implies there
exists L&€d&L such that xelL and y¢L . &£ is a compact lattice iff S(w)#f
for every ﬂeIR(Jf). L is a normal lattice iff for eachIAEI(JC),
there is a unique YeI, (<L) such that us?on L.

If xeX, then /u'x is the measure concentrated at x:

P (B)= i(l) 2 i;i where A€Q(ZL)

and K €I.(L) iff L is disjunctive.
I,(&£) is the general Wallman space associated with X, a subset
R g p
of M,(&£).The Wallman topolo on I (L) is obtained by taking all
R P gy R
W(L)=?/461R(=t)//l&(L):1% , where Les as a base for the closed sets.

2.The Finite Case

Let X,Y be abstract sets and let a‘Cl be a lattice of subsets
of X and cfz be a lattice of subsets of Y.We denote:

(VM= L, x L, ={L, x L,/L &L L, e, }

(2) L =ZL(M), the lattice generated by 772.

We have:

(3) AM=A(L)

(4) Sglf)= Spip)
(5) Ig(7)= I4(L)
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(6) IR(%:IR(Z)

The proofs of all these are quite direct and will be omitted.

Theorem 1 Let X,Y be abstract sets and let ofl, xZ be latti-
ces of subsets of X and Y respectively.Then

Ip(ZLy) x Ip(L,)=I (L)

Proof. It is easy to see that d(otl) xa<£2)=d( ofl X cfz)

Note that since ({( ofl) and ofz) are algebras, so is

a(ofl) xa(fz) and each element of a(ofl) xa(fz) is a finite dis-

joint union of sets of the form:
Ap x Ay with AL€Q(L,) and A,€AL,)

Therefore, for Béa(ufl) X d(efz):Q(oC’l xxz) we have:
B= UA X A , disjoint union and Aiéa(xl), A';ea(xz)

Now, let KEI, xl) and )’éIR(ofz).Since/u defined on d(xl) and
Y on 62<°f ) /4x>’ defined on a(etl) x AL )=Q(o'f1 Xo‘fz)

2
Suppose that /LLXV )=1; then x> (A l ]é)—l for some i. But, by
the definition of a direct product of measures we get /“ B)(AE):l,

and sxnce /Land Y are zero-one valued measures,
/l(A =1 and )’(A2
From /(GIR(of,l) and )’éIR ;Cz) it follows that there exist LICAJI'

with /ll(Ll):l and LZCA% with AL,)=1, respectively and Llé"tl
L,eZL,

Therefore /cxv (Ly x L2)=/<(L1)>)(L2)=1 and L; x L, € m .
If we let

M=L1 X LZCAjl‘ X Ajz'CB , then

pHxY (B)= sup§/¢xv (M)/MCB, Mem}, which shows that /(XJ)GIR('»?).

Conversely, let HElx (M) = x) and define /Ay on Q(xl) by

My (A)=HA x Y), AeQL,)
Since j is a zero-one measure on a(::tl xxz), from the above defi-
nition it follows that /“-1 is a zero-one measure on a(xl), i.e.
/ul =] IR(le).Suppose that /41(A)=1=/-L(A x Y); since /u—is &L -regular
there exists A x YDL, x L26772 such that M(L, x L
/4(L x Y)=1.Then

2)=1 and also
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/‘- 4)=p(Ly x ¥)=1 and L;CA, which proves that /tleIR(ctl).

Similarily, let define /’-2 on a(iz) by

/4 )=M(X x B) Bea<x -Then, as before K, € IR(ofz).

Now, for any Aea(o‘Cl) and any Bea(ofz) we have:

Foq x Ay (A x B =K (A) A, (B)=f(A x Y)M(X x B)=

=l (A x YIN(X x B)]= [ (ANX) x (YNB)]=/A(A x B)
which shows that /‘L=/l-1 x/‘2 , and therefore IR(';(l) X IR(;CZ)leQC).

Theorem 2 Let X,Y be abstract sets and let ‘:Cl’ a'tz be latti-

ces of subsets of X and Y respectively.Then
G 6 G
IR(JCI) X IR(otz):IR(otl x °t2)'
Proof. Let ueI¥(£,) and Ye1Z(L,).
K @G-smooth on Q( xl) implies that for Alnea( otl) with Aan” we

have (A, )—=0 ;Y G-smooth on QI efz) implies that for A, eQL,)
with Aan), we have )’(Azn)—>0, n=1,2,.

Let consider now the sequence {an of sets from a(ofl) xa(-fz)

Then, as in Theorem 1

k . .
i i .
an.lkalAln % 8o disjoint union with All‘néa(atl);

; i i .
Suppose that Bn+¢,1.e. Al X A2n¢¢ for all i.Therefore

i
A2nea(o€2)

i )
Ay ¥ or A§n+¢ or both.

k. . k . .
1 L I 1
/,exv(B )=f1x)’[\_=J (A7, X Azn)]=i2=11ux))(A1n x As )=

G
/uAln Zn )—>0 , therefore /(X)’éIR(xl xxz)
Conversely, let /Aélg(.,‘ﬂl X xz) and define /&1 on a.(xl) b
[ (B)=fla x ¥), AealX)). .
If fAn} is a sequence of sets with Anéﬁ(otl) and A_|@, then

Al X Y|{@ and since /(616( :Cl xxz) it follows that /L(An x Y)—>0.

Therefore /l-l(An)—-»O and then /tlé Iel(cfl).
Defining A, on a(.xz) by H,(B)= (X x B), BeQ(L,) and taking
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{Bn.ﬁ a sequence of sets Bnea(:(fz) with B_|@ and since Iuelgbfl x;fz)
it follows that A X x B )—>0.Then Jo (B )—>0 which shows that

/Azé Ig(otz)- Since /L= K X/LLZ we proved that

G
16(051 Xotz):IG(otl) x I (082) and by the previous theorem,
the statement is proved.

Lemma 1 Let Jfl be a lattice of subsets of X and let sz be
a lattice of subsets of Y.Then:

a) If f=f x4, €1(L, x L,)=1(L
S(M=S( () x S(M,);

b) If 931 and xz are compact lattices, then &£ is compact.
Proof. a) S(/Li)=/\{Li exi/ﬂi(Li)=f'-i(X)} 1,2
S=S(fy x My =Ny x Ly€XLy xLy /ULy x Ly)=p(X x 1)}
S(py) x S(K))= /\le X Lz/Lleq‘Cl,Lzé éCz,lul(Ll)=ﬂl(X),/“2(L2)=/42(Y)k
But p(Ly x Ly)=f4 x (L) x Ly)= M (L) (L)) and  A(X x ¥)=
Py % P (X x V) =p4 (X)f4 (V) sthen S(A)) x S(K,)= S x /).
b)S(/Uf)=S(/01) x S(/llz);éQﬁ, since S(/ll-.l);é(b, xi being compact.

l) X I(cfz) then

Theorem 3 Consider the spaces IR(ofi) with the Wallman
topologies tw.l(.xi), i=1,2.It is known that the topological spaces
(IR(xi),twi(o'Ci)) are compact and T,.Then the topological space
(L

(IR(xl) x Ip(€,),tW,

Proof. Since I;(&£;) and Ix(&£,) compact topological spaces,
le (/l)aé(b and sz(sﬁ)#(b where

sp (= N{ug L) e wl(xl)//z(wlu,l)):l}

sz(§)=f\fw2(L2) € Wy(L,y)/ $Hy(Ly))=1} . We have:
AW (A =p(A) , pelp(Ly) , A€QUL,) , pelp(W (L)) and
VW, (B))=Y(B) , velp(L,) , BEAL,) , Pely(W,(L,)). Therefore

1) x th(;ﬁz)) is also compact and T,.

/u.xv(wl(A) X WZ(B))=/¢xv(A x B)=M(A)Y(B) ; /2 X {;(Wl(A) X wz(B))=

=5 (W1 (A))3 (W, (B)) =(AIV(B) i.e. pixy = x el (W, (L)) x Tp(H,y(L,))

1 R

-~ ~ ~ ~ ~ %
S‘f’xx(!<x7)=8z,xxz(/u,x y)=Sx’ (lq_) x S_fz(v)aé(b which proves that the
product space Ip(Lj) x Ig(L,) is compact.
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To show that I_(L.,) x I (L,) is a T, space, let Yel_(L)
R 1 R 2 1 R
and suppose /k;é))
Since M=f4 x M, with /‘1,7 €I, "tl) and Y= Y x, with ))l,))zeIR(afz)
we get /Llaé))l and /ILZ# V- There exist L. ,L e;C and L

~

13 2,L2€,‘62 with

HL W (L), YEW (L) 5 Yew, (T)) ,ﬂlewl(fl)'
flzewz(Lz) s yzewz(sz ; ))zewz ’]:,2) 5 /uzéwz(ivz)‘. Therefore:
P (L) o (L) =1, Py (Ly)=D(Ly)=0 f (D) /42(L -0, vl(i'l):v (Ty)=
which implies /uéW(Ll x Lz),))r:W(Ll X L YeW(L, x L Iuew x Lz)'

Theorem 4 Consider the space IR(xl vaz) with the Wallman
topology t(wl(a‘ﬁl) X WZ(JCZ)) for the generated lattice &£ . Then the

mapping T:IR(ctl) X IR("‘CZ)_“)IR(J:l XJCZ) is a homeomorphism.

Proof. We define T by T(/(,v)=/4x)) ,/cGIR(otl),YGIR(x
Clearly, T is one-to-one and onto ( by Theorem 1).

2).
Next, we show that T is closed. For this consider
(L) % Wy (Lo)=fpel (L) /kL =1} x{yel (L£,)/P(L,)=1} -

= f(rrergL,) x (L )/ ax ¥V (Ly x L,)=1}
The image of wl(Ll) X WZ(LZ) under T is

{qu))e I(L4) x 1R<.r2)//uxv (L; x L2)=1} = W(Ly x L,

W

)s

T is also continuous, since

T‘l(w(Ll =T eel (L, xX,)/eL, x L, } §quvel L, x5/
fexV(Ly 1} §(Iuv GI (L) x Ip (Jﬁ ,u(L W(L,)=1} =
Jpelg (L) /MLy )=1 | xfver (.:cz)/v(Lz)=1§= Wy (Lg) x wz(L2>,

therefore T is a homeomorphism.

Theorem 5 Suppose that o\Cl is a normal lattice of subsets of
X and ‘:CZ is a normal lattice of subsets of Y.Then £ is a normal
lattice of subsets of X x Y.

Proof. Let /(GI(:Z) and )’,geIR(éC) such that msd,M<@on L.
Since /(:/ll XIAZG-I(-Cl) X I(otz) s )’=)’1 x))ZE-IR(-fl) X IR(otz)

and §=fl foGIR(-tl) X IR(xZ) we get

e x/lzsvl x))z and /41 x/‘f-zsfl xg’z on of .
Then /-Lisv.l and /“15391 on eﬁi , i=1,2. But since £ i are
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normal lattices Y,=¢, and 7’2=f2. Therefore ))l x3)2=fl sz
i.e. ‘)’:f which shows that £ is a normal lattice.

Lemma 2 Let a‘Cl be a lattice of subsets of X and let sz be
a lattice of subsets of Y.

a) If .fl and xz are disjunctive, then L is disjunctive;

b) If "tl and Q'CZ are separating, then L is separating;

c) If we define

pry X x Y—>X and pr, X x Y=Y , then PTq is
£ - ,‘Cl continuous and pr, is x_,tz continuous, i.e.
prIl(xl)Cat and prgl(xz)cx.
(The proof is quite direct and will be omitted).

Theorem 6 Let Jil be a c;; replete lattice of subsets of X
such that 6'(‘,3 f etl) and let ,fz be a J, replete lattice of
subsets of Y such that O (2 )-1f J:Z). Let 55 be a lattice of
subsets of X x Y such that otCJﬁCtof Then ot is replete.

Proof. We must show that for any/kelg(li), S(p) £0.

Consider the projection mappings:

pry: X x Y->X " and pr,: X x Y—>Y which are Jf JC
and £- sz continuous, respectlvely, since oCCanr is at oC
continuous and pr, is Jf —sz continuous.If we define the mapplng:

1?%55)—-»1?(&51) by S;Lﬂiﬂprzl where /4elg(j¥) , then
/uprzlelg(otl) and similarily Iuprzlelg(otz).Since otl and etz
are replete Squpril)#¢; Sgupr£1)£¢. Now, on Jfl xécé we have:
oy’ x ppry (L x Ly)=ppr]t(Ly ppryt(Ly)=A(L, % Y)A(X x Ly)=
=#L(Ly x VI x Ly) J=pl (L x L)X x ¥)]=p(L, x L,).
Therefore

/U'Przl X/“pral:f‘- on o and then S.‘C(/")=S(,‘4Pr11) @ S(f‘prgl) L¢
which implies 3-2:(/‘)14(25, since from fctx we get Sz(/u)=sx(/")'

Before presenting the next theorem, we introduce some of
notations and background used in the proof. Let X be an abstract

set and let &£ be a lattice of subsets of X.
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) £ is measure replete if for any /LLEMS(J:)
follows that S(m) )£0.
(8) I£X£ is a d-lattice then M
S(p)#@ for all pmeMy L) ¥ o 20 "
(9) If Lis a separating, disjoint lattice then My (L) =Mz ct)
if and only if S(ﬂ)%Qﬁ for all/(éMG’ ), p#>0.
(10) Letf(eMg ),/+20.Then pe is called L-tight if for every
€>0 there exists a KEX(L) =X-compact sets, such that g (K')<&
The collection of £ -tight measures is denoted by ME (L)

R
and we have: R(JC)CM (L) CM6(£)CM (L)

Theorem 7 Let QC be a lattice of subsets of X and let cfz
be a lattice of subsets of Y such that each X, (i=1,2) is d —lattice
separating, disjunctive, normal (or TZ)’ tight and G(oﬁi =§(o€i
Let &£ be a J, separating and disjunctive lattice such that

,/u#O it

6’(.2:)~M§(£) if and only if

LiL, xxz)caCch:tE and let ﬂeM;f(,Z:). Then /LQME(J:)

) 4 .t N . .

Proof. By hypothesis MR(xl)—MR(ocl), MR(otZ)—MR(otz) i.e.
’tl and ‘2:2 are strongly measure replete. We define the mappings:
p/;l: Mg(l:)—)Mg(l:l) and 5;2: MRG(:C)——>MEI($C2) by:
~ -1 6 t -1 t
PT f=ppr] T =MD (L )M (S, )5 BT =ppr) =p, € MZ(L )M (L )
. t t .
Since KEM (L) and M€M (L,), there exist Klek(otl),xzek(.tz)
such that

,u.1 2/4 (X)= and ,u2 K, ) 2[4, (Y
By Theorem 2 5( /u. can be extended unlquely to ))EM (t,t) =M (tSC)
and similarily 4, can be extended to pY €M (tx ) and ) to)’é (téa

S
Now, to show that /J-GME(@C) we must show that for Kl X KZGKGf’)xM;Cl)
we have f (K, x K,)Z> M (X x Y)-2&

<o

But: /tc“(Kl x K, +2£—,a*[(1< x YIN(X x K, ]+2£—))[(K1 x Y)N(X x Kz)]+
+2€=V(K, x Y)+£+)’ X x Ko)+€-Y[(Ky x ¥) U(x x Ky) 129, (K )+E+2 (K
E-V(X x Y) /‘1 +£+/(2(K +£—)’(X X Y)?/(l E+£+/42 —E+<E—-/((X X Y
—ft(X x Y)+a(X x Y)—/((X x Y)=&(X x Y). Therefore/‘léM .t)

Note that/t =% on tJdl and similarily /Ql on txl and

#;:yz on tx
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Example 1 Let X,Y be topological spaces and let 07 be the
lattice of open sets of X and Cﬁ be the lattice of open sets of Y.

Consider the product space X x Y with a base of open sets given by
{Ol X 02/01€C££,02€092§. We have (0, x 02)':{(x,y)GX x Y/ (x,y) &

€0, x 0,)} =f(x,y)/(x,y)E(X x 03) or (x,y) (0} x V)}=(X x 0))U
LKOi x Y)=(X x Fz)L/(F1 x Y), thereforegrct(éﬁ(.?a X 3:2))(: F
where 521 is the lattice of closed sets of X and Erz is the lattice
of closed sets of Y. Thus we have Er:t(Jf(5z X 3Z

Example 2 Let X and Y be topological T31 spaces and let %

and ﬁf be the corresponding lattices of zero sets. Then for the :
product space X x Y we consider a base of open sets

fZi X Zé/zle'%l’ 226%21’ such that any open set from X x Y is of
the form:

— ! 7 Y ) Vi L
O‘E{Zii x Z,, and any closed set is F=0 _4D(th x YUK x Zoy)€

(%, xZ,)) and therefore Fat(L(Z, x Z,))C F which
implies that ?‘:t(x(z’l X-%z))

Lemma 3 Consider any topological spaces X and Y such that
X and Y are T3% and let ifl and 252 be replete lattices of subsets
of X and Y, respectively. Consider a lattice of subsets of X x Y,
call it Z such that L (ZF, xZ,) CECtL(Z, x,%z))=?’
Then by Theorem 6 Z is replete.

Just for comparison with an example in Kost[5] we add:

Lemma 4 Let X be a discrete and infinite set.Then
Bx x ) £BKX x B(X

Proof. We use the theory of direct product of two spaces

w1th X=Y and ;f éf Ef ag? .By Theorem 1 we have in this case with

Xaf “Ax) x? x &f(.% XZ'X CﬂXXX and °%XxX:ﬂXXX)

that IR(jZX X IR(ifk = Ruii xﬁfk =1 R . Lis an algebra, since
as in Example 2 for Zlé,% ,226.2‘3{ we have (Zl X Zz)'ecf,.But then
£ semi-separates (X x X), since any algebra semi-separates any

lattice containing it.

Now , suppose that G X x X) @(X) x @ where I (ﬁ&x) G(X)
and I (o%\( % P(X x X).Then since IR(? X I ﬁX

we get IR(?(X X X))=IR(=Z) and therefore the mapping:
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Pl P x X))—>Ip(L) is a homeomorphism.Since £ separates

P(X x X) and since P(X x X) is an algebra, it follows that

L ﬁX x X). But X infinite implies X x X infinite and g(x,x)/xexz#
A

X

B; /A BeP .Theref (X x X )£ (3(X) (X)
“ X } erefore F X @ XG

3.The General Case

Let {X.(Lle/\be a collection of abstract sets (A an arbitrary
index set) and {L be the lattice of subsets of X, for all «.
We denote

) Onzﬂnoﬁﬁ{_[:ﬁa/L*Eogand [,=X, for almost alldk.
Theorem 8  TTIp (L) =1 ()= (TTL,)
Proof. First, we note that Wa(%)ﬂ(ﬂ{ha(ut) and that
— Y «
Tl—a(cf) is the collection of all finite cylinder sets i.e. if

Aéﬂ-a(of) then A is a cyllnder set for which there exists a non-

empty finite subset F= { 2,... X k of A and a subset E ET['Q(I’
Foer
such that A:Pgl(EF), where

P ZTTX,(-—-"TTX =Xy, X X,,X....x Xg and B, :UX,(""X*
Now, let KEI. () for all <€A with A:QUL), X€A and define:

M= TTk eU;RJL e Ty 3 |
Let AGUQ(&;) with «(A)=1.Then (D-/L.)(A):(U/Q(PF (Ep))=1, i.e.
P N
Ly -——--=-- > TJAL) -2~ >{o,1t
Thus for Eg eTlAL,) we get
oEF
(TT/(-P ) (ER)=(TTAQ) (e (Ep))=(TT ) (Ep) =(fx Ay, x. oo /%) (Ep)=

As in the finite case we get EFDLJ'X I_Mz_x...x Ly, where L,(L-C-QQ-
and /-:(SL,(L- )=1 for all i=1,2,....n.

-1 -1 -1
Then A=Pp  (Ep)DPL (L x Ly,x....ly) and (Pp(L, x....x Lg))=1,
which shows that
Ik(A):sup{/«( El(Ld'x...x L.z.\))/Pgl(Lg. X...x L, )CA and
Py Ruxans Ld\)eﬂ& =mt
Conversely, let w€l( TTQZ:() and deflne /‘(J. on G o‘c(
by: KLA) AxTT-qP,Aeaué 1e/(AT/4(P°L ))

pen- i
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Since M is a zero-one valued measure on CZ(TTJf it follows from
the above definition that IKGI -If A(A)=1, then ‘H(P A))=1
and since /L is of- regular, there exists FIL such that

DTJLPGm and /L'I(_A]-L )=1. then PoLl L,L)CP A) and /&(L,L)=

=IA(P,( L ))=1.Therefore A (A)=sup ?/&(L )/LOLCA,L‘,Lngti.e. /QGIR(;C;)
Now, if B GCVL, we may consider B=P."(Ly, x....x Ly) and

then T\"/&B)— TT/u) L,(, x Ly))= TT/Q Ligi, BwwwaX L-(.\)
(a,Xl X/‘%{.. (Leg, X voux L«(a =4 T féz;lq - A lu.) /<<P°<. Logy)) -
/L(P,“ L)) . If Uﬁ(B):l, then p( Po(‘ Iy))=1 for all i.Therefore

-1 .
f f\PJ (L))=1 and M(PL™(Ly x....x Ly))=f(TTly)=1, i.e. A(B)=1
Thus IR 9/(=U/Q on 770 and then /“-:U/(‘L on T;Ta(%) .

Theorem 9 The mapping T: IIIR(J;)——>IR(IJ%Q=IR(SC) defined
by  T((Ae )='l;]'/(,(, is a homeomorphism.
Proof. T is one-to-one and onto.

(&£), 0 ) with the

Consider now the topological space (I W
o

R
Wallman topology obtained by taking all

(h*)éfgﬁlR(J;)éﬁéL*)=lt, Eisgias a base for closed sets and
the topological space (I (L) G?w). First, we show that

TTW ) ) =W( TTLd), where W(L,)=I; (35 for almost all «€/, since
h*-xd_for almost all o
Let (f)y € TIW(L,) =[TIHET R () ALy =1, €L and L=X, for almost

all it {(fwe 1 <Tra€ /T\'/V(D'L* deag,for almost allet b= Xy}
=?UII&GIR U{L)/U&(UL‘,( -1} WL,

Slnce T is one-to-one and onto we have:
-1
W)= f TTaet g (T Tt Tt ) =18=2 (A € TTTR (L) A1) =
where Eﬂ Xg_for almost allel= TTW(L

Therefore T is continuous and hence a homeomorphism.

Lemma 5 Let o, be a lattice of subsets of X, .Then if
a)f€=IT/&eI('[;ToCL)=UI(8§‘), we have S(&)=TTS(/) .
b) &€, disjunctive for all <€A ,then <L =-§C(I|_‘xd_) is a disjunc-
tive lattice of subsets of IIK*.
(Proof omitted).
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Theorem 10 Suppose that otdis a normal lattice of subsets of
X, for all <€A .Then L =I_('[_]'°'£°L) is a normal lattice of subsets
oL
of UX.L

(Proof omitted).

Theorem 11 Let &, be a J—, replete lattice of subsets of Xy
such that ©(£)-= _?ch,() for all :f-.Let Z be a lattice of subsets of
UXJ such that LEEctL.Then L is replete. -

Proof. We must show that for any /‘Lélg (L) » S(k) £0.

Consider first the projection mapplng Py TTX -->X_ which is L ~Lo
continuous for a].l £L€A,Since ofCeC P, is ;@ -£, contlnuous for all X.
Now, let fLGIG and define the mapping

,t)--;xg(.f,‘) by  Rp=prgt 1)
Then /(P —&616&) and on ']—]—4“;( we have

T]'/(,P —'IT/& _, where /Lc is the restriction of s to I TTJC) Since
by Lemma 8 S( /l. TTS (%) and since each JC:LJ.S a replete lattlce,

/L )#@.Since o‘Cco‘C ctd ,S(f)=S (k) and therefore S /4. )#@ ,which
shows that ;C is replete.

We next consider a case which has application to Borel-com-

pletness and in which the assumption of Theorem 11 that Lctl
is not assumed.

Theorem 12 Let {Xi} ioo=1 be a collection of abstract sets and
let ’Zi be the lattice of subsest of X.,i=1,2,...,n,.. Suppose that
°ti contains all singletons, thatzvot.l is ad_-lattice, replete agﬁi
that O(£L g?(et for all i.Let J be a lattice of subsets of 'ITX.L

i=1
~ns

such that <L dt(_l—l—ef )Cx Then £ is replete.
oo Proof. Lef fels(Gt) and consider the projection mapplng
Pi:TTXi——>Xi which is oL-oL; continuous for all i. Since etC,f,
i=1

~y
it follows that it 1is uﬁ—c;ﬁi continuous. Now we define the mapping

~ -~ e
1§<.5>-->15<,t.1> by PJ:ﬂPTl where ftelg(et). Then /,,le

= d
/(izlk'xi where x=(x;); ;€ le an

1, x€A

/Lin(Ai)=20 ’ X}éAi where Aiea(,ti>

i
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2xik6ii for all i, implies thog
%Xllx {xzkx ...... X {xnk T_r{ gc-TTl(S(I; G(TTI )CBG(L)
We have /—thl({ l{ f‘v {X]S =1 .—S e fLP . and since for

inc
~ /=
/lélg(o‘f,) we define /“1(Al =fA; x TT XJ), 143, A€ a(«lfi), we get:

_1 oo J=1
[P ({Xik)=ﬂ({xi} x TTl J=1, 145.
For fxlkx {le Xevous X { ‘t}i_ 6 ) we have o
i x gl e x fxgl x TTA) Tréx =TT p Qxdo=
='i'1[/4({x.l} X 'Jlgl Xj)]=l ;therefore B
§x 1} X §X2} )lqj ...... % fxn}x..C/];ﬁlAieﬁOG(.ti)/xieAi all i and
i= i=1
fc(‘\'\' A; }
Con51der now Lée‘C with /L(L =1.Then since /l-(({x {x k coa)=1
we must have fx boxo.o.x {x .CL.

Therefore fl)— 2L/Ik(L =1 LEI}#Q)

We give next some examples of products of topological lattices

Example 3 Let X, be a topological T3;2 space and let o?;: i
the replete lattice of zero sets for all «eA.Then each X, is said
to be realcompact.Consider now a lattice & of subsets of U Xy
such that U,’vaCiCt(U.'Z;L) .Then, by Theorem 11 Z is replete and
therefore UX,,_ is realcompact.

Example 4 Let X, be a T2 and O-dimensional space and let é:%
the replete lattice of clopen sets for all «£€A.Then each X, is
N-compact.Consider any lattice f of subsets of TTX such that
T'chgct TT{)CC .%)_9‘ ,as in Example 2. Slnce all Bx are

a]_gebras we have (ﬁ() -19( (&) .Each Qreplete implies that S(A)#¢
for all«€A  yhere /&EI (@

Let /‘(élg 6 IG g) Then we have
B‘ .
/upd /K,(e I (g;() and /l()='I;I' S(/l(,();é(b. Therefore gls

replete.
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