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MINEKOWSKI TYPES OF INEQUALITIES
D. Ghisa

tl. INTRODUCTION
The module of a family of measures or surfaces is defined in
[2] and [8] using an arbitrary increasing function
® @ x - &(x) , x 20
However, for most of the applications, only

r
ér: X+ x , r >0

are used.
It appeared in (3], (4] and (5] that ér are too restrictive

functions. A weaker condition on & , as Az—Birnbaum and Orlicz

condition ([5], ch. 1) under equality form, allows the development
of a general and consistent enough extremal lengths theory. This
condition is: there exists M > 0 such that:
®(2x) = M®(x) , for every x 2 0
Qr fulfills the (strong) Az—condition with M = 2F
A whole family {ér M} of functions fulfilling the strong
]

Az-condition has been described in [1] and it has been shown in [1]

and [5] that these functions verify some other well-known
properties, like Holder, Clarkson and Jensen-Cooper types of
inequalities. It resulted from [3] that the fundamental theorem of
existence of an almost extremal function with respect to a

®-module uses only the strong Az—condition and Clarkson and

Minkowski types of inequalities for &
While ér M verify the first two properties, the third is
’

true only if M = 2F , therefore only when is in fact &

d
r,M
The question arises whether there exist some other functions
® different from Qr , which verify Minkowski types of

inequalities.

In this note it will be shown that such functions can be
obtained using &

r,M
t2. SOME GENERAL PROPERTIES OF THE FUNCTIONS @r M
’
Let us denote for each r €e R , and every M > 0 , M # 1
i nffx 1F M- 2°
S =2 M [['a] - X 0 x>0
n=- 2 n

(1)
¢ n(0) =0,

where X1 is the characteristic function of the interval
n

1= (28,28 | n ez .
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We mention the following immediate properties of the functions
Qr,M .
k _ uk . .
1) ¢r'M(2 x) = M QF'M(X) , ke2Z , x20; ér,M(x) > 0 if
x >0 , except for r >0, 0 <M< 1l and r < 0 ,
M > 1, when ér M(x) < 0 if x > 0
’
2) @r M is strictly increasing if r > 0 and strictly
decreasing on J]0,®( if r < O ér M(x) =0 if
r =0
3) ér M is continuous on JO,®»{ if O < M < 1 and on
[0, if M > 1 ; @r M(0+) =0 if M > 1, but if
_ J4» , if r < 0
0 <M< 1, then ¢F,M(0+) *{=* , if r >0
4) ¢r M is indefinitely differentiable on each interval
127,27
. -1(M . M
5) 1lim_ &' . (x) = r - 2F [ ] , lim_ &' . (x) = r[ ]
x12° r,M 2 <120 r,M 2
It results particularly that Qr M is continuously
»
differentiable on ]0,o( if and only if M = 2° . 1In
. _ .r
this last case, ¢r‘M(x) = x
6) Qr.M is convex on J0,={ if
i) r<0, 0<M<2", or
ii) r>1, M2 2F
and it is concave on J0,®( if 0 <r <1l , 0 <M= oF
Me# 1.
7) If r # 0 , then:
+o ril/r
-1 _ oy M -2
ér.M(Y) -nz-uz [;E + ﬁ_:—T—] XJn(Y) ) (2)
where Xy is the characteristic function of the interval
n
r _ r _
Jn = [Mn %—:—Tl . Mn+1 ;—:—Tl[ , whem r > 0 , and
+1 2F -1 r_
Jn=]Mn i—_—T—,Mn-a—_—rl H when r< o©

Proposition 2.1. For x >0 , y > 0 the following are true:

if i) r >0 amd M > of , or

i1) r <0 and M >1, or 0 < M < - , then
¢r'M(x'y) > °r,M(") . ¢r'M(y) ,

if iii) r >0 and 1 <M < 2° , or
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iv) r < 0 and 2T < M <

¢ u(xy) <@ y(x)

In this last case @r

condition ([7],

, M
page 29) with

Let us denote
H(x,y) = ér'M(X)

Proof:

verifies in particular the

97

1 , then
@r,M(y) -
(a*)-

c =1

¢r’M(y) - ér’M(x'y)

Since for n , m € 2 , we have
H(2"x,2%) = M H(x,y) ,
it is sufficient to study H(x,y) in A = {(x,y) : 1 € x < 2 ,
1l £y < 2}
For (x,y) € A we have
k r
_ r M - 2" r _ M- 2" _ (M r.r kM- 2
H(x,y) = [" e [V =T [;;] xy M=
where k = 0 when 1 < xy <2, and k =1 when 2 < xy < 4 .
2" - M i
H(x,1) = T Qr.M(x) , H(x,2) = MH(x,1) and H is

for each x
ii) implies

continuous in y
conditions i),

It is obvious that each omne of the

H(x,1) < 0 and H(x,2) < 0
and each one of the conditions iii), iv) implies:
H(x,1) > 0 and H(x,2) > 0
Let us remark that for 1 < x <2 , 1 <y <2, xy # 2 we
have:
r-1 25 - M 2
QE g ry [ ) » 1 < ¥y < %
3y 1 r-1 [ r[ B !_] 2" - M 2
ry x |1 v + M=T | '5<Y< 2
which allows us to see that H(x,y) doesn’t change sign between

H(x,l) and H(x,2)
of the proposition is proved.

Proposition 2.2.

The function &

in the two cases analysed and the affirmation

increases when r Iincreases

r,M
from 0 to ® if M > 1 and it decreases if 0 < M < 1 .
Proof: Let 0 < r < 8 and define f(x) by:
n _ _ n n+l
M f(x) = Q"M(x) Qr'M(x) for 2" € x < 2 Then
8 r s r

f(x) = [g;] = [23] + Eﬁ-g—%— for 2% < x < 2n+1 and

x 1%L x 172 n+l
2% . f1(x) = s[——] - r[——] for 2% < x < 2

2" 2"

From 0 <r <s wehave 0 <Z <1 and s - r > 0 It
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1 1
follows that [g]s‘r <1 and hence x 2 2% > zn[g]s'r , which
—%— s-r s-1 =1L
implies L - [E]s r , or [5—] s E , or [5_] : [5_] 5 E
ol s oD s o ol s
" s-1 - r-1
and finally s[——] - r[——] >0 or f'(x) >0
n n
2 2
Since f 1is a continuous function on [2",2n+1[ and
28 _ of 98 _ of
f(zn) = Sg———y— , lim f(x) = M ==———7— the affirmation of the
M -1 xTzn+l M- T

proposition results.

3. ON THE MINKOWSKI INEQUALITY
In this paragraph, it will be shown that for some suitable
values of r and M , ér M c@an be changed in such a way that most

’
of the properties mentioned in 22 still hold and a Minkowski type
of inequality becomes true.

Lemma 3. 1. There is a function Pr M R+ - R+ such that
’

n —
a) Pr’M(Z ) =1, ne2

b) (ka) = Pr,M(x) , x 20, ke2

P

r,M
c) ?r,M = Pr,M . Qr,M is continuously differentiable on
]10,of

d) For M <close enough to oF 5 Yr M is convex (resp.
H

concave) when ér M is convex (resp. concave).
9

Proof: We search for a function Pr M of the form
e (x) = @) | uhere 8(x) = —2_(x - 2")(x - 2™y , if
r,M zﬁn
20 < ¥ < 2n+1 , n € 2 and ©6(0) = 0 . Here a 1is a constant
depending on r and M , which will be determined later.
It is easily seen that 6(2“) =0, ne€2 and 6(2x) = 6(x)
for x 2 0 . This implies a) and b).
From this and the property 1), 22, we deduce that
k _ uk
?r’M(Z x) = M ?r,M(x) , ke2Zz , x20. (3)
If x # 20 , n € 2 , then
_ 8(x%)a, '
?;’M(X) = e [6" (%) Qr,M(X) + ¢r’M(X)] (4)

which implies:
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n r
. _ M 2 =1
lim ¥ (%) = [i] [ « T2l r] (5)
x42
n r r
i;’;n Yeou) [E Za g=-1" Y T g (6)
The right member in (5) and (6) are equal if and only if
r M-2" mM-1
a = . . . (7)
3 M 2r -1
The continuity of ?r M @assures that for this value of a ,
?r M is continuously differentiable in ]0,®[
In the following, we’ll assume that a is given by the
relation (7).
Suppose 2 < x < 2n+1 , n € 2 . Then:
er (x) = 2 (e Zx) 4 Bv ()] & (%) + 8" (x)
r,M r,M r,M
i (8)
+ 20" (x) ¢r’M(x)} w
From here, by computation, we find:
“ _ e(x) M"
Youix) =« 520 B m(®) (9)
where
2 r r
_ x _ 3 X _ M -2
He m(x) = 2“[“[;5 3 - 1][[;3] H=1]
r-2 r-1 (10)
+ r(r - 1)[5—] + 4ar[§— - %][5—] 5
2" gD 28
Now, let r < 0 be fixed and M , 0 < M < 2r(<1) be
variable. Then a > 0 , and for 2™ < x < 2n+l 5
) Mot 2o
ol M =1 M - ’
so
2 -1 r-2
Hr,M(x) > 2aM NI + r(r - 1)2 - 2ar = A(M)
A 1is a continuous function in ]0,2r[ and
lim_ A(M) = r(r - 1)27°2 5 ¢
M-2T
Thus, there exists m > 0 such that A(M) > 0 , hence
m n n+l 5
Hr,M(x) > 0 and then ?r’M(x) >0 for 2 < x < 2 , provided

2¥ - m<Mc< 2F

Similarly, if we keep r > 1 fixed and let M > 2F vary,

then a > 0 and for 2% < x < 2n+1 )
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ol M -1 M-1
so
2" -1 r-2 r-1
Hr,M(x) > 2a g =1t r(r - 1)2 - 2ar - 2 = B(M)
Again, B being continuous for M > 2¥ and
li-r B(M) = r(r - 1) 2r—2 > 0 , there exists n, > 0 such that
M-2

Y M(x) >0 for 2" < x < 2n+1
’
The property 6), %2, and the precedent property c) allow us to

say that in the two cases analysed & and ¢ are both
r,M r,M

, provided 2¥ < M < 2% + n,

convex.

Finally, let r , 0 < r <1 be fixed and M
n+l

, 1 <« M < 2T pe
variable. Then a > 0 and for 2% < x < 2

B o(x) <a el ama2)+r(r-1) - 272 _ 2qp = C(M)
r,M'¥ CWTT ar =

The function C 1is continuous for 1 < M < 2¥ and

lim_ C(M) = r(r - 1)25 2 < 0
M2
Thus, there exists Ny > 0 such that C(M) < 0 , hence

Y; M(x) <0 for 2" < x < 2n+1 , provided g¥ - n

the property d) is completely proved.

9 < M < 2¥ and

Lemma 3.2. There is a function ¢ R - R+ such that

r,M:
ny _
a) Er,M(z ) =0, ne2

k _ ok
b) Er,M(z x) = M Er.M(x) , X 20 , ke2

c) & + € iIs continuously differentiable on ]0,®(
r,M r,M

r
d) For M close enough to 2 , °r,M + Er,M

concave) when ¢r M is convex (resp. concave).
’
It is easily seen that Er,M = ’r,M - Qr.M , where ,r,M is
the function from lemma 3.1, verifies all these properties.

It is said that a function & defined on R+ verifies a
direct (resp. reversed) Minkowski type of inequality, if for any
positive integer m and for any p = (pl,...,p-) .

is convex (resp.

a = (al,...,a-) , b = (bl""’b-) | R: , the following inequality
holds:
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-1 i -1 -1
29 Zp.® | ———n——= < ® (Zp.¥(a, + & zp.®(b. . x
20,0 [-25--1]] ok s P #(a,)) (Sp,8(b,)) . (%)
This is equivalent to saying ([6], page 86) that

é‘l{zpi@(xi}

is, for givem p , a convex (resp. concave) function of the m

variables XysXgyeo o Xy

Proposition 3.1. There are 8' > 0 , 8" > 0 , such that ,r,M
verifies a direct Minkowski type of inequality, if r > 1 ,
ot S'smus 2F , and a reversed Minkowski type of inequality, if
r<1, 2" -8" <M< 2" .

Since Yr.M(Zx) = M'r,M(x) , the relation (%) for 'r,M
becomes

';}M(zpi Y. ula; + b)) < ,;}M(ZPi r. u(ey))
(resp. 2)

* ';}M(zpi r o u(by)) . (1l

Proof: Let u = (ul,...,u-) , X = (xl,....xn) s, P = (pl,...,p.)

be arbitrary but fixed points in R; and t > 0 be variable. Let

us determine uniquely n, = ni(t) , b = n(t) such that
n. ni+1
2 e x., +u.t <2
i i
(12)
Ip; o mi%; + uyt) €« I,

with Jn as defined in 32.
With the notations:

& = [g:]n b = M - 2: ohr
T M ’ TM =T
n,
.- [!_] i 5. = Mni Z: -1 (13)
i~ of : i M=1

let’s put:
_ .1
Xp,M(t) = @ y(ZPy & y(x; + u;t}

(14)
= {aZp,[a (x; + uit)r +B8,)1 + b}llr

The functions X. M 8are piecewise indefinitely differentiable
’

and where x; M(t) exists, it is of the form
’
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it _ _ 1-2r 2 r-2
xr,M(t) = (r 1) Xr M () {la Zp; a; “i(xi +ougt) ]
r
[a Zpi ai(xi + uit) + a Zpi Si + b] (15)
r-1,2
- [a Zpi u, ai(xi + uit) 17}
Let us examine the expression
Sp, B. + b = [Er]n 2T - 1s o omio- oy (16)
& &Py By T M) MTTTI Pj
If there is a t > 0 such that
n.
Xy + u.t =2 , 1 =1,2, ,m
then
n.
n i _M-~-1 n+1
M” < Zp. M = ;;-—:—I ZPI ‘i’r,M(Xi + Uit) < M , for M > 1
n (17)
n+1l M -1 _ i n
M < E;—t—z Zp1 @r'M(x1 + uit) = Zpi M <M , for 0 <M<1
ni
If for at least one index i , X, tut > 2 , then w ="
is replaced by , < " in (17). The first and the last inequality

n,
becomes equalities when Zpi Mt becomes a power of M

n. n.+1
When t increases such that 2 ' < xs + uit <2t , the
o
expression Zpi M does not change and the relations (17) take

. . 2¥ = 1
place with n + 1 instead of n when T Zpi @r’M(xi + uit)
reaches Mn+1 Therefore, we always have:
n,
Tp, M oM 20, if M> 1
n. n (18)
Zpi M - M =<0, if 0 <M< 1
It results that a Epi Bi + b 1is positive if
0<M=<2V, M#1) . (19)
In this case, if x; M(0) exists, we have:
b}
2r-1
XETM (01 " (0) = [a Ep.(a r.,g ) +b] = 2 xr—2
r — 1)a ‘r,M Pilay ¥4 i By % %5 %
r-1,2
a(Zpi a, u, xg )
r r-2
> a[(Zpi a, xi)(Zpi g oug X )
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_ r-1,2
(Zpy @y vy x5 7
r-2 _r-2 2
= a g p.p. a.a. X b (u. x. - u, x.)° 20
i<j 1) J 1 J J J 1
Therefore:
xt q(0) 20, if r>1,0<M=<2" , Ms1 (20)
Xt q(0) =0, if r<l,0<M=<2" , M#1 (21)
In fact, equality can appear in (20) and (21) for Py # 0 ,
i=1,2,...,m only if ug xj - uj X, = 0, i,j = 1,2,..,m
Let us return to the function ?r,M = ér,M + sr,M
It is easy to see that for M close enough to 2T , say
IM - 2r| <7, ?r M is monotonic in the same direction as @r M *
9 ’
The mentioned properties of these functions and the fact that
lim_ ¢ (x) = 0 allows us to write: '
r r,M
M-2
-1 |
<I>F’M(y) = ?I._M(y) + wr,M(y) (22)
where ?;IM is continuously differentiable and
’
1i =0 .
sz "ol =
Then we can apply the mean value theorem for ?;IM(t) and
write:
o x=1
xr,M(t) - Qr,M(zpi Qr,M(xi * uit))
! _
= ¥ m(EPy Yo y(xg +ugt) = Epy e (x4 ougt))
|
+ wr'M(Zpi Qr’M(xi + uit)) = Yr’M(Zpi ‘l’r’M(xi + uit))
d =1
Ze; £ m(x; + ut) 35 ¥, m(¥")
* wr,M(zpi Qr,M(xi * uit)) X
where y! is a point between
Zpi 'P[_'M(x.1 + “it) - Zpi Er,M(xi + uit) and Zpi ?r'M(xi + “it)
Finally
Xp u(t) = A (8) +n W (8) (24)
where
_ ; = g1
Ar’M(t) = Ar'M(t ; xl,...,xn) = ‘{’r’M(Zpi \l’r’M(xi + uit) (25)
and
h11_1’!;r ur_M(t) =0 . (26)

The functions from the relation (25) are piecewise

indefinitely differentiable and, where the second derivative
exists, we have:
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x;’M(t) = k;,M(t) + u;’M(t) (27)
and ’
lim_ p* (t) = 0 . (28)
M-»Zr M
The relations (27) and (28) allow us to say that if
x;,M(O) = x;’M(O : xl,...,xm) > 0 , then there is an Mg > o,
no < 7' such that
127 - M| < (29)
implies
kr’M(O) = kr’M(O ; xl,...,xm) > 0 . (30)

Let us denote
I =101,2]) x [1,2] x...x [1,2]

\ V)
m t;;;s
and suppose p , u € H; fixed and r > 1 , 0 < M < oF , M # 1
Then there is an open dense subset S ¢ I such that
x;’M(O : xl,...,xm) >0 , (xl,...,xm) € S
Each point (x?,...,xg) € I has a neighborhood V such that

for m > 0 suitably chosen,
lr,M(O H xl,...,xm) > 0

if 2 - mn <M< 2t (xl,...,xm) @V

Let Vl,...,Vp be a finite covering of I and let nl,...,np
be the corresponding values of 7

Then for 2F - &' < M < 2F , where &' = min{nl,...,np} , we
have

RF'M(O ; xl,...,xm) > 0 (31)
- on an open dense subset of I . The fact that for k € Z ,
-1 k _ okg-1
ToomEPy ¥ y(27x0)) = 27 Cy(Epy T (%))

assures the validity of the relation (31) on an open dense subset
of R+

m

Since hr M(t) is continuously differentiable, this implies

’
that lr M is a convex function, if r > 1 and
’

2 - & <M< 27 .

By ([6], page 86), Yr M verifies a direct Minkowski type of

’

inequality.

Similar arguments allow us to find a 8" > 0 such that, if
r<1, 2F - 8" < M < 2f , the function ¥ verifies a reversed

r,M
Minkowski type of inequality and the proposition is thus completely
proved.
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