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HAMILTON-JACOBI EQUATION RELATED
TO A CONTROL PROBLEM

CATALINA DAVIDEANU

Abstract. In this paper a control problem governed by a multivalued differential equation is
studied.

The basic feature of the approach consists in approximating the corresponding Hamilton-
Jacobi equation by means of the fractional steps scheme.

Two particular examples are entirely solved using the proposed method.

1. Introduction

We present a control problem with nonconvex and nondiferentiable cost functional and
governed by a multivalued differential equation (nonlinear state equation), which have been
studied in [6].

The characterization of the optimal arcs (maximum principle) is presented in Theorem
2.2. The maximum principle which was established is compared to that obtained in [4].

The difficulties appear from the maximal monoton operator S:D(B)CR" - R" since
B#dyp where de is the subdifferential of a proper convex and lower semicontinuous function.
In this case we cannat apply the result: if y€WL2(0,T;H) so that y(HED(dy) a.e. t€]0,T[
and there is g€L%0,T;H) with g(t)Ede(y(®)) a.e. tE10,T[, then the function t - o(y(t))
is absolutely continuous on [0,T] and a.e. ]0,T[ we get the equality

d —h Y }
Es"()’(f)) (h, = () for every hE€ade(y(),

where H is a Hilbert space with finite dimension. For the proof see Lemma 2.2 from [8], pp.57.
The particular case §=0l,, where 9l is the subdifferential of the indicator function
of the convex, closed set K={zER"; 0<z<a, i=T,n} has been studied in [7]. Within the

proof an essential role is played by the equality 8=4dl,.
Problems of this type appear by discretization of parabolic variational inequalities and
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in the modelling of a class of physical problems.

2. Main results
We consider the following
Problem (P) Minimize the functional

.
[ @0 + hu@)de + (D), 0 < T < oo,

o
over the set of all functions (y,u) € W!2(0,T;R®) x U which satisfy the multivalued
differential equation

(E) y'(t) + (F + B8)(y(t) 2 Bu(t) a.e. t € 10,T[,
with the initial condition
(IC) y(0) = x € D(B).

The elements which appear in equation (E) have the following properties:
(i) F:R® - R" is a locally Lipschitz function which satisfies the condition: there are the

constants D, D, €ER°  such that

() (Fyy) = - Di||y|? - Dy, forevery y € RY;
(ii) 8:D(B) € R™ = R" is a maximal monactone operator, with 0 € D(B);

(iii) B:R™ - R" s a linear continuous operator,

(iU ={u€E wh20,T,R™); [ Bu ”2L2{0,T;R°) < A} represents the set of admissible controls;

(v) the functions g:R®—» R, and ¢, R" = R, satisfy the condition: for every & > O there
is Ly > 0 such that

18 - 8@ + leo® - 0@ < Lglly - 2|,
for every y,z € R* with [y + [[z]| < &

(vi) h:R™ = g is a convex, lower semicontinuous function which satisfies the condition: there
area; ER," and a, € R such that
h) = g, Jluf|? - a forevery u € R™

We make the supplementary, nonrestrictive, hypothesis



Catalina Davideanu ' . 95

(H) | $(0,C) C int D(B),
* where _
C = (Il + 2D,T + A) ¢@P1*VTy12

Thus, we take the initial data x € D(B), the constants D, D, € R: and the set of
admissible controls U such that the relation (H) be fulfilled.

We denote the set

X={xER"; xED(B), x satisfies hypothesis (H)}

The basic results which are obtained there are

Theorem 2.1 For every y,€D(B) and uEWL2(0,T,R™) the multivalued differential
equation (E) with the initial condition y(0)=y, admits an unique solution y& W0, T;R").

Moreover, y is differentiable to the right in every point of [0,T[ and we have

5“—3(—” - (Bu@)-(FA)y@)% 1€[0,T(,

where (B(u(t))-(F+8)(y(t))? is the element of minimal norm of the set B(u(t))-(F +8)(y(t)
on [0,T].

If yl,y? there are two solutions to equation (E) corresponding to the pairs

(¥o. B(u"), (yg. Bu?))ED@B)XW 2(0,T;R ") then

Iy'-y*0l sctlyo-yol*+ [, 1B ®)-Bu’®)|%dy for 0st<T;

for details of the proof see [7].

Theorem 2.2 (Maximum Principle). Let (y",u”)€ W!H2(0,T;R® XxW!2(0,T;R™) be an
optimal pair for problem (P) with the initial condition y(0)=y,€ D(B).

Then, there is a function pEBV([0,T};R®) and a measure p€ ((L=(0,T))"" which

satisfy the relations

p/ (- [3—1;(}’ ' (t))] p(Y-u € dg(ty * (1) ae. t€]0,T(

p(T) +deely "(T)) 20
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B ¥ (p(t)) € dh(u # (1)) a.e. tE10,T[
Proof. The initial problem (P) is approximated by a family of smooth problems (P¢), £>0, for

which the necessary optimality conditions are immediate then passing to the limit (& tends to 0)

we obtain the maximum principle.
For every ¢ >0, we construct
Problem (P®) Minimize

]J(g‘(y(t»m(uun»«—; lu®-u* @ [t +eg(y(T), 0<T < oo,

over the set of all functions (y,u)€ WI'Z(O,T, RM) xLz(O,T;Rm) which satisfy the approximate
differential equation

y! (O)+(F€+65)(y(®)=B(u(t)) a.e. tE€]0,T[,
with the initial condition
y(0)=y, € D(B).
For details see [7]. '

3. Fractional steps scheme
We associate to the initial problem (P) the following partial differential equation of
Hamilton-Jacobi type

(4) Va(t,%) - W B (0, (X)) - (F + B)(X) ¥y (t,x)) + g(x) = 0,
for every t € [0,T], x € X, with the final condition
&) Y(T,x) = p,(x), forevery x € X,

where , and ., represent the partial derivatives of the function  related to t and x,
respectively.
If we denote by y the variational solution to the equation (4) with the condition (5) i.e.

pe=inft [ ") -blu))ds gy (), uEU,

y! +(F+B)y> Bu in [1,T], y@)=x}

then ¢ is a viscosity solution to (4) with the final condition (5).
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If we set o(t,x)=y(T-t,x) then

; {t,x)=inf t(( )+h(u(s)))ds+ T)), ueu,
© @(t,x)=in {IO g(y(s)) +h(u(s)))ds+¢y(y(T)), u

y! +(F+B)y> Bu in [0,1], y(0)=x}

is a viscosity solution to forward Hamilton-Jacobi equation

M @t,x)+h * (=B ® (o, (t, X))+ {F+B)x, ¢ (t,x))=g(x) for every tE[0,T], xEX
with the initial condition
8 ©(0,X)=py(x) for every x€EX.

The feedback optimal control is given by the relation
(9) uft) = ah’(- B* (Y, (t,x))) for every tE[0,T]
where h® is the conjugate function of h, i.e.

h*(p) = sup{ {p,u) - h(u), u € U}.

In order to approximate the solution to the variationale quation (7) with the initial
condition (8), we use the following approximation scheme (see [l], pp.156)
(
or(0X) + h* (= B (0,(0,0) + (Fx),e,(00) = 0

for every (t,%) € lie,(i+1)e[ X X, i=0,n-T,
(10)
¢(iex) = ¢ (ig, S(e)) + eg(x), x € X, i=T-T,

050,0) = ¢,(x), x € X,

.

where n=[T/g] and ¢, ¢. represent the right and left-hand side limits of the function

t = o(t, *), respectively.
The function y=S(t)x is the solution to Cauchy problem

(1) y(t) + B(y()) 2 0 ae. t € JO,T[
with the initial condition
(12) y(0) = x € D(B).

We recognize in the approximation scheme (10) a product formula of Lie-Trotter type
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associated to the Hamilton-Jacobi equation (7) with the initial condition (8).

To begin with, we construct the approximate scheme

) YL + FO,0) = Bu®) ae. t € Yie,ii+lel,

¥, (ie) = S(&)y, (ie),

for ;=T,n-1, n = [T/e], with the particular case (i = 0)

[/ @) + Fy0) = Bu@) ae. t € 10,
(So) {

Ly, = x € D@®),
where {u,},.o C U is a given sequence.
Theorem 3.1, If {u.},5o C U is a weakly convergent sequence to u” as £-0 in U then
(13) y.() = y'(t), forevery t € [0,T],
where y* is the solution to equation (E), corresponding to u®.

Proof. Multiplying the equation
Yq (0 +F(y, () = Bu () a.e. t€]Gi-1e,iel

by vy, and taking into account the properties of the elements which appear, after some
calculation, we get

ic
ly, Ge)|* < (|S@y, ((i-De)||* + 2D,e + J | B(u,(s)) || 2ds)e P <
(i-De
(14)

ic
< Iy @-na)l* « 2D,z + [ |1By) | dsye®
(i-1)e
for j=2.n-1,D =2D; + L.

Analogously, we have
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(15) ly; @2 < (ly,I? + 2D + j | B, () | 2ds)e 2.

o
Adding the inequalities from the relations (14) and (15) we get
(16) ly; e = ¢ i=Tn,
Where Cz = ("yo “2 3 2D2T ¥ " But ” 2L2(0,T;R n))eDT'
Also, we can show that

(17) Iy Goll < ¢, i=On-T
and the sequence {y,},-o is bounded in C([0,T];R").
The variation of the function y, on [0,T] is given by
T n-1 n-1
vy, = 3 lyctiey -y ol = X Ny Ge) - S@y Gl <

o i=l i=]

(19 -1
< sg 18°0y, Gienl;

(we have used lemma 2.1 pp. 121 from [2]).
Relation (16) and hypothesis (H) imply ys_(fg) € int D(B). Since @ is bounded on
every compact subset of jur D(3), there results (hat
(19) I8°0, Gen | < M.
Thus, there exists a constant such that
T
Vys = Cl
o

Helly's Theorem assures the existence of a subsequence {£.},en, With & >0, and
a function _y', with bounded variation on [0,T] so that
@0) Ve ) =y 0, vt € [OTI

Ussing the above assumptions, we can prove that y* is the solution of equation (E) with
(IC) (for the proof see [1]).

Theorem 3.2 For ¢ = 0 we have the convergence
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1) °Ly) > e(ty), vt € [0,T], y € RY,

where lcp is the solution of the variational equation (8).

Proof is similar with that presented in [1] p.127 and theorem 3.1 is used as a partial result,
Remark 3.1 Theorem 3.2 permits us to approximate equation (7) by a sequence of more

simple equations for which the solutions can be easily calculated.

4. Examples

T
Example 4.1 Maximize Iy(;)d; over the set of all functions (y,u) € W30,T) x

o

U that satisfy the scalar variational inequality
y'() - y(t) + dlg(y(D) » u(t) a.e. t € 10,T[,
with the initial condition
y(0) = x € K,
where K = {z € R; |z| < a, a ER: }.
U={u€LOTD; [u®)) <y y=1 , vtE0T].
The multivalued function B:[-a,a) »2% is defined by
R™ for r=-a
B(ry=al (=4 0 for -a<r<a
R* for r=a
The above problem represents a particular case of problem (P) for m = n = 1,
F=-ldg, B =0lg, -B=1Idg, gly) =-y, h =1Iy, ¢, =0; here ldy and Iy stand for
the identity function and the indicator function, respectively.
We have
h'(u’) = yju'}.
Let ¢ be the solution of Hamilton-Jacobi equation
T

Y(1,x) = -sup ]y(s)ds;y’(s) - y(s) + Alg(y(s)) au@s) ae. s € WT[, y=x€ K
t

Using the transformation ¢(t,x) = y(T-t,x) the Hamilton-Jacobi equation (7) becomes
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etx) + v lt.x)| - xotx) = - x, (tx) € [0,T] X K,
elox) =0, x € K,

The fractional steps scheme leads to the equation

E)  otx) + yleytn)] - xo5ex) =0 (X)) € J-le,iel x K; i=T;n,
with the initial conditions

#°(0,x) =0,
L ((i-De,x) = ¢°((i-1)e,Px) - ex, i =Tna-T,

where n = [T/¢] and P:R - K is the projection function.

a) In the case ¢,(t,x)<0 the differential equation (E,) becomes

Gtx) - (v + Nep(tx) =0 (tx) € i-1e,ie[xK, i=Tn.
with the initial condition

oL ((i-1)e,x) = °((i-1)e, Px) - ex =

i (T 1 1 . < .
& -2y - e (y a)(;—E + . * s ¥ —e("-?-k) +éa; x £ -a,
-2}y - eli-De b oa A, _1y- a<x<
1 E(-2)y - eV + I)(;'E + . o * e(l._m)) - 78 a<x<a,
i - H(i-De l _1 1 _ "
e((i-2)y - " Ve(y + a)(? + = L e“_m)) ; x=a :
and has the solution
1
e(i—l)c

(rx) = ye(i - 1) - e(y + x)e™® l
g

Since t=(i-1)¢ we obtain
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£ _ e'-1
@ (hx) =yt - &(y + x)

et-1

Using Theorem 3.2 we have

e(tx) = lime®(tx) =ty - (y + 0’ - 1)

E—*0

b) In the case ¢,(t,x) > 0 we have no solution

T
Example 4.2 Maximize I y2(ndr  over the set of all the functions

o

(y,u) € WI2(0,T) x U that satisfy the scalar variational inequality

y'(t) - y(t) + dlg(y(t) 2 u(t) a.e. t € 10,T[,
with the initial condition

y(0) = x € K.
The significance of all elements is the same as in Example 4.1, except for g(y)=-y2.

Analougously, ¢ denote the solution of Hamilton-Jacobi equation

.
VX = -sup ) [yAsdsiy () - y(9) + Ay 2 u(9) ae s € LT[y = x € K

3
Using the transformation ¢(t,x) = y(T-t,x) the Hamilton-Jacobi equation (7) becomes

e1X) + Yo x| - xp(tx) = - X% (tx) € [0,T] X K,

p.(0¥) =0, x € K.
The fractional steps scheme leads to the equation

(B 1) + ylot®)| - xeyt.x) = 0 (%) € Ji-De,ie( X K; i=Tn-T,
with the initial conditions

©50x) =0,

@C(i-1)e,x) = " ((i-1)e, Px) -ex?,” i=Z,n-

where n = [T/g] and P:R — K is the projection function.



Catalina Davideanu ' ' . 103

a) If 2<0 then the differential equation

0 1X) - (v + Deg(tx) =0 (60 € i, (i+1)e[ X K, =01

with the initial conditions

o'(ie,x) = " (ie, Px) -ex? =

-e{l(y-@) e’ -y + [(y-@e ™ -y +... [y -)e P -y} -ea?, x<-a
=1 cellly+xet -yl +lly +n)e® -qP .. +[(y+0e -y} ~ex?, -asxsaq,

-efl(y +@el P [y +@)e ™ -y P+ +[(y+@)e D -y} -2a,  x>a,

i=T,n-1 has the solution

+

P - _ 2. u | | |
©°(1,%) &y + x)%e ['__—eza(f-l)+"_"ezc(¢—z)+"'+:22

1 1 1

! —ali-1)ne =
+2ey(y+x)e lm+m + ..+;) e(i-1)y
o1 (-1
2e(i-1) (-1
et ) N Sl . — — * 2ey(y+ne’™ : — - &1y’
1 -;2_2 l -;E
Since t=(i-1)e we get the approximate solution
P13 t
- -1
G = -ety+0? £ L v 2ey(yen el
e<-1 et-1
From
t-1 e+l
(Pxt0) =26 =" (y = (y 1) =—) < 0

ef-1 ef+l
it results '
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(et -ef) P>

x>y ==X

e'+1

Theorem 3.2 lends to

@1(6) = limg(0,0) = - Sy +n2(e¥-1) + 2y n)e ' ~1) -4t
=0 2

From
()x(1,X) = (e = D(y(1-e") -x(1+e)) <0
it results
,f
¢t>"f l € = 'XO
l+e!

Case b. If o%(s,x)>0 then the differential equation

e (6,X) + (Y -0 elt,X) =0 (1,%) € lig, (i+De[ X K, i=0,n-T.
with the initial condition

¢ (ie,x) = ¢ (ie, Px) - ex? =
-e{ly-(a e +ly-@ eV v oy -(a+ e PP} -ea®, X< -a
=1 e{ly @ -mePly+(-peP . s [y +x-pe P -ax?,  tasxsq,

-e{ly+@-ne P rly+@-me’ P e oy +@eye P -ea?,  ¥>4,

i=T,n-1 has the solution

2t t
-1 e'-1
G50 = - elx -t £ - 2ey(e-) -h
e“t-1 ef-1
From
-1 el+1
@) = -2 £ [y+(x-y) >0
et -1 ef+1
it results
i _ 5
<y Ml S X
el +1

Theorem 3.2 leads to
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1

ea(t8) = limg36,0) = = DX - 1) -2 - e’ = 1) -4k

2
From
(@t X) = - (" - (x(e"+1) - y(e'-1)) > 0
it results
ef-1
x< X
v PPy 0
In conclusion
(1) X€ (-a, -x;)

(00 =L pP0x) or etx) X € (=x,x0)

&%) X € (], a)

[
z<|na_;fa7; Yy>a

Po(0,X) x€(-a -xg)
pt,x) =4 @tx) or g(x) X € (=xp, Xp)

@) (%) x € (xg,a)

t < lnu; Y>a.
¥-4a
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