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A CRITERION OF RELATIVE COMPACTNESS
IN THE SPACE B, ,(R")

S. ZAIDMAN
Summary

In this paper we establish a criterion of relative compactness in the space By ,(R™)
which is similar to a criterion of relative compactness in the space H*(R™) (this one
apparently well-known).

Introduction. The Banach space of(tempered) distributions B (R") - where s is any
real number - is defined for instance in (3]:

B1,(R™) = {T € 8'(R™), such that T € LL_(R") and (1 + [€[2)*2T(€) € L!(R")

It is in fact a complete normed space under the norm
o, = [ (016 FIdg (0.1

(here & = (&1,...,&0), €] = €% + ... €2, ™ means the Fourier transformation).

In this work we shall prove a B, ,(R") - version of a criterion for relative compactness
of sets in H*(R") which appears for example in (1] as “Lemma 8.1”.

The special case of B, o(R") appears as “Proposition 2.1" in [4] - page 68.
1. Let us now state the
Theorem 1.1. Let x be a subset in B, ,(R™) satisfying conditions:

a) For any A > 0 it results that

nm/ (€ + 7) — W(€)de = 0 (L1)
[€t<A

[r|—0
holds, uniformly for u €

B) there exists a continuous function ¥(t), [0, oc) —]0,00), such that lim,_ ¥(t) =
o0 and

fgn (1+ €3 w(ENta€)ldé < ©
Yuek

Then k is relatively compact in By (R"™).
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Proof. We shall use the well-known criterion of compactness in L'(R™) which appears
in [4]- p. 68 as a) -b) -c).

Note also that from (0.1) it readily follows that a set « is relatively compact in
By s(R™) if and only if the set of Fourier transforms

k" = {t,u € &k} o (L3)
has the property that the set
{(1+1€*)**a(€), u € x} (1.4)
is relatively compact in L'(R").

Therefore, our proof will consist in the fact that from the above assumptions ) and
3), the properties a) — b) — ¢} are true for the set in (1.4).

As (t) >0V ¢t > 0 and () € C[0,00), it results infoge<; Y(t) =7 > 0.

Also, as ¥(t) — +oo at 400, we find ¢ > 0 such that ¥(t) > 1 for t > t. Thus,
Y(t) >y =inf (3,1),Yt > 0 where v > 0.

Then from (1.2) we derive the estimate
v [ (e iePrlae ds < 0 Vue (15)

which is a) for the set {(1 + |£]*)¥/? @(€),u € &}

Next, again from ¥(t) — +00 as t — +oo we find, Vn € N, a number ¢, > 0 such
that

Yt) >nVt=t, (1.6)
Therefore, again from (1.2) we derive
w [ (+IER eI < C ¥ne NYue s (L)
€12tn
Now [ (LHIEMIaEME < S i A2 Yues (18)
HER L
and this implies that
lim (1 + |€]2)*/*|0(€)|d€ = 0, uniformly for u € &, (1.9)
7% JEglzA

as requested in b) - p. 68 of [4].

It remains (as the main step) to establish the condition c) in [4)- p. 68, that is
the L'(R™) equicontinuity of the set {(1 + |£[*)*/%4(£), u € x} which amounts to the
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relation

lim (L + 1€+ 72)20(E + 7) — (1 + [€]%)*2a(€)|de = 0
I71=0 JRn (1.10)
uniformly for u € « .
We write (taking any A > 0), the equality
Ll i ) - (e i@l = [ 11+l o2y

1A+l

ti(€+f)—(1+|£|2)”2ﬁ(€)|d€+f [(L+ 1§ + 7122 a(€ + 7) (L.11)

€1z A+1
= (L+ [E1?a(€)|dé = I + 1.
Then, the inequality

I s[ (L+ 16+ 7)) [a(€ + 1) - rl(é)ld£+f (1 + € + /%)
lEl<A+1 [El€A+1

(1.12)
— (L+[€1%)*?| |(€)|dé = Is + I4 holds true (as readily seen) .
For I3 we note the trivial estimate (when - say - |7] < 1)
hSCu [ i+ ) - )l (1.13)
[glsA+1

In order to estimate /4 we first handle (as in [2] - p. 369) the expression |(1 + |€ +
7|%)#/2 — (1 + |£|%)*/?| which, in view of the mean-value theorem is

<lrl | grad (1+[€°)*72€ = ¢|., with ¢ € [§,€ +7]. (1.14)
Actually
aad (L4 I = o] I+ 1605 = 1o () v gy
& 1+ €2 (1.15)
S Isl(L+ 1) T < IsI(L + [€[2)*
Combining (1.14) with (1.15) we thus get the estimate
[(L+ 1€+ 712)*72 = (L + [€17)72] < sl [7] (1 + [¢[?)*/ (1.16)
where ¢ € [£,£ + 7]. '
Therefore ( = t{({+ 1)+ (1l —t)f =& +t7 where 0 <t < 1
We apply then Peetre’s inequality and obtain accordingly
(L+le+ ) 2R D)2 (L + 1 F < GO e

for0<t< 1|7l <1
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Introducing in (1.16) one gets
[(L+ 1€+ 772 = (L4 E1)*?) < Crglrl (L + 167, forIrl <1 (L.18)
and accordingly we obtain

Iy < f Chs I71(L + €1%)*2 [2(€)1dE < Chs 7| f (L+1€)2 [a(€)lde  (1.19)
1El€A+1 Rn
Thus we now have - from 1.11 - 1.12- 1.13 - 1.19
[+ g P 4 m) = (14 1) el <

CA"f [4(§ + 7) = B(E)IdE + Clrs || f (L + %) |a(e)1d€ + (1.20)
[€l€A+1 Rn
/I.EI>A+1 (L + € + 7122 6(€ + 7) — (1 + |€2)20(e)|dE

Looking at the last term in right-hand side of (1.20) we note that the set {£ € R™, |£| >
A + 1} is contained in the set {£é € R", |£ + 7| > A} provided that |7| < L; it follows
that

Jopus ¥ e Y )= (RPN S [ (Ll e

[E1Z2A+1
(€ + 7)[dE + [ (L + JE2)21a(e)\de < / (L+1€+7P)72 (1.21)
€1z A+1 {¢€Rm [e+T|2A}
|4(€ + 7)|dé + f (1 + |€[%)72a(E)|dé = 2 f (1 + [€1%)*7% la(€)|dé
€1z A €1=2A

Therefore (1.20) now becomes

(L+ 16 + 7200 +7) — (1 + [€2)"2 &(E)|dE < Chs f

R" l€1<A+1

e +7) = WO dg + Cualrl [ (1+1EPYPHaOIdE + (1.22)

2 [ (1 a©)lds.
[€1=A
Finally, if u € k we know that, VA > 0,
limyri—o figiensy @€ +7) = @(§)] d€ = 0 uniformly on & (from assumption (1.1)).
Jan (L +1€13)*2 |0(€)|d€ < £,V u € & (from estimate (1.5)).
lima—co Jigpon (1 + |€]2)*/2 |4i(€)|d€ = 0, uniformly for u € & (from (1.8)).

Introducing these properties in (1.22) we get (1.10) - uniformly on «. [ |
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