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NOTES ON THE EQUATION Bz/(t) = Ax(t)
IN BANACH SPACES

GASTON M. NNGUEREKATA

ABSTRACT. We are concerned with the abstract differential equa-
tion Bz'(t) = Az(t) in a Banach space. We prove uniqueness of
solutions on the interval [0, T).

1. Introduction

We are concered with the uniqueness of the Cauchy Problem (CP)
for abstract differential equations in Banach spaces. We mention the
interesting results from Agmon and Niremberg (1], Fattorini [2], Lybic,
Prokopenko [4], Zaidman (8,9,10]. In his monograph (3], S.G. Krein
presents the abstract CP for the equation z'(t) = Az(t) on [0,T).
He proves the uniqueness of the so-called weakened solution provided
that the resolvant R(A) = (A — A)~! exists and has some exponential
growth for A positive and sufficiently large.

Several authors ([4,5,8,9,10]) also studied the more general (implicit)
equation Ba'(t) = Az(t) under appropriate conditions on the resolvant
R(X A, B) = (AB — A)~! in the complex plane and using different
methods involving Fourier transforms. Our result below is a somewhat
generalization of Theorem 3.1 [3] to the case of Ba'(t) = Axz(t) on
[0, 7] but the equation needs to be satisfied at the origin which is not
the case in [3]. We use simple tools from classical Analysis to prove
uniqueness of some solutions.
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2. Main results

Let X be a complex Banach space with norm || || and A, B two closed
linear operators with domains D(A) and D(B) respectively in X. We
assume D(A) N D(B) is dense in X. Consider in X the equation

(2.1) Ba'(t) = Az(t), te(0,T).

Integration of vector-valued functions throughout this paper is under-
stood as in [3,10].

Hypothesis I: Assume R(A; A, B) exists in L(X) for any A > K
where K is a given positive real number and

IR(A; A, B)llbex) < M

holds true for any A > K with M and [ some positive constants,
0<pB<T.

Now we state and prove:
Theorem. Suppose Hypothesis I holds true and let z(¢) : [0,T] —
D(A) N D(B) with the properties:

1) Az(t) is continuous on [0, 7]
ii) z(t) is continuously differentiable and z’(t) € D(B) for any t €
[0, T}
i) 2(0) = 0.
Then z(t) = 0 for any ¢t € [0,T — 0]

Let us first mention the following lemma due to Titchmarsh:

Lemma 1: [[8] or [3] p.62]. If g(¢) is a summable function on [0, T]
and

T _\t
t
lim sup ” fU € g(t)d ||

A—=roo A

<a

where a is a constant such that 0 < « < T, then g(t) = 0 almost
everywhere on [a, T.
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Lemma 2: [[10], p.153]. Ify(t) € C((0,T]; D(B)) with B a closed
linear operator on X, then [ By(t)dt exists in X and JE By(t) dt =
B [y y(t)dt.

Proof of the Theorem: Let z(¢) be as in the Theorem with
2(0) = 0. Then we have

z(t) = j: 2'(s)ds, t€l[0,T).

Since Az(t) is continuous and Ba'(t) = Az(t) on [0,T], [y Ba'(s)ds
exists for any t € (0, T]; then using Lemma 2, we get

t
Bz(t) = B/(; Bz'(s)ds, forany te€[0,T],

B being closed. This means that {Bz(t)) exists on {0,T) and equals
Bz'(t). We deduce that Bz(t) is a continuous function on [0, T'], there-
fore it is integrable there. As z(t) € D(B) and is continuous on [0, T},

we can say that [T e=x(t)dt exists and is in D(B). If we use again

closedness of B we get
T _y 7
Bfo e~ Mp(t) dt = ] e~ Ba(t) dt.
0

Integration by parts gives

i T

fU e~ Ma/(t) dt = e=Tx(T) + A f e~ Ma(t) dt.
0

Applying B to both sides and using closedness of B yields

T T
(2.2) ﬁ e~ Bo'(t) dt = e Ba(T) + AB f e~ Ma(t) dt.

0

Now recall that Ba'(t) = Az(t) for any ¢ in [0,T] and A is closed. So
the left hand member of (2.2) becomes

T T
2.3 —~ At — —-,\f,‘
(2.3) ]0 e~ Az(t) di Afo e~ Ma(t) dt
for f e~z (t)dt is in D(A). Combine (2.2) and (2.3) to get



196 Fquation Bx'(t) = Ax(t)

T T
—‘\t; dt = =A\T -\t
A[D e Ma(t)dt = e B:c(T)+/\BfO e Ma(t) dt
or

T
(A - AB)/ e Mz(t) dt = e Ba(T).
0
Multiplying by e*” we obtain

T
(A - ,\B)f MT=0g(t) dt = Be(T).
0

Take now A > K as in the Theorem, then we get
(2.4) fOT eMT-8%(t)dt = R(); A, B)Bx(T).
Put s = T — ¢t in the integral, then (2.4) becomes

[OT ez (T — s)ds = R(\, A, B)Bz(T).
Therefore, we have the inequality
‘ fOT Mz (T — ) ds

< ||Bz(T)||Me* = Ce
where C = M||Bz(T)|| > 0 does not depend on A nor 3. Take now the
natural logarithm of both sides of the inequality, divide by A and get
IS (T = )il L teC

< ||R(A; A, B)|loxyl| B(T)|

Since limsup, (gn\_c 4 ﬁ) = [3, we get

, T \s _
lim sup inll fo e x)fT o) ] <pg.
A=o00

Then we can apply Lemma 1 to the function g(s) = z(t—s), s € 8, T,
and say that z(t) = 0 almost everywhere on [0,T — (]. And since (%)
is continuous on [0,7] we obtain the desired result z(t) = 0 for any

te[0,T -3
Corollary. If Hypothesis [ is replaced in the Theorem by
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Hypothesis II: Assume R(\; A, B) exists in L(X) for any A > K
where K is a given positive real number and we have the uniform

bound ||R(); A, B)|| < M for all such A.

10.

Then z(t) = 0, for any ¢ in [0, T].
Proof: Obvious.
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