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On a Class of Regular Hamiltonians

Manuela GIRTU

Abstract. One considers the Hamiltonians H = p(K?) for K? a regular
Hamiltonian that is homogeneous of degree 2 in momenta p and ¢ : Ry — R
such that ¢’ (t) # 0 and ¢’ + 2t¢” # 0 for every t € Im(K?). One proves that
H is regular and that its nonlinear connection coincides with that of K2. Also,
the h-covariant derivative of H coincides with that of K2. Some consequences
of these facts are derived.
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Introduction

A regular, autonomous Lagrangian L : TM — R, (z,y) — L(z,y) induces a semispray
(second order differential equation) on the tangent manifold TM, for M a smooth, finite
dimensional manifold, [2]. If L = F? is homogeneous of degree two in y, the said semispray
reduces to a spray. P.L. Antonelli and D. Hrimiuc, [1], have considered a class of Lagrangians
that are not homogeneous but generate sprays, too. They showed that the Lagrangians
L = o(F?) for ¢ : Ry — R with some properties, are regular Lagrangians that generate the
same spray as F'2. The geometry of these Lagrangians called ¢-Lagrangians is interesting
in many respects. Some applications of it in Ecology were pointed out.

A regular Hamiltonian H : T*M — R, (z,p) — H(x,p) no longer defines a semispray,
but if K2(x,p) is an homogeneous Hamiltonian of degree 2 in p, the Hamiltonians H = ¢(K?)
deserve a special attention. It is our purpose to study the geometry of these Hamiltonians,
called p-Hamiltonians, using the facts and methods as well as the terminology from the book
[2]. First, we show that in the same conditions for ¢ as in Lagrangian case, the Hamiltonians
H = p(K?) are regular. Secondly, we prove that they define the same nonlinear connection
as K2. A nonlinear connection on T*M is a regular distribution called horizontal that
is supplementary to the vertical distribution defined by the projection 7 : T*M — M. It
was proved by R. Miron, [2], that any regular Hamiltonian defines a nonlinear connection.
The fact that all Hamiltonians ¢(/K?) define the same nonlinear connections implies that the
"horizontal part" of their geometry is very close to the geometry of K? (the pair (M, K?) was
called in [2] a Cartan space). As we shall see below the "vertical part" of their geometry is
drastically different from that of K2. The manifold 7% M has a natural symplectic structure.
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Thus the Hamiltonian fields Xy and X2 can be considered. It is easy to see these fields
are linearly dependent on T*M. Some comments on the duality between ¢-Lagrangians and
p-Hamiltonians close the paper.

1 ¢-Hamiltonians

Let (U, (z%)) be a local chart on M. The indices i, j, k, ... will range from 1 to n = dim M
and the Einstein convention on summation will be in use.

The local coordinates on 7=(U) will be (2, p;) and a change of coordinates (z%,p;) —
(7%, p;) has the form

r =T (1'1,...,1’ ), rank <%> =N, p; = %p] (1)
L : 0 0 . . ;
A local basis in T*U is | 0; := =—,0" := and its dual is (dz', dp;).
oz’ Op;

A Cartan space is a pair C™ = (M, K) such that
1°K is a positive function on T* M, smooth i.e. C* on T*M \ {(z,0)} and continuous on
the rest,

2°K is positively 1-homogeneous in the momenta (p;), that is K(xz, \p) = AK(x,p) for
every A > 0,

. 1. ..
3°The matrix with the entries ¢*/(z, p) = ialaj K? is positive defined.

The functions (g% (z, p)) behave like the local coefficients of a contravariant tensor field
on M. One says that it defines a d-tensor field on T*M. Here d is for "distinguished",
see [2]. Let (gjx(z,p)) be the inverse of the matrix (¢%(z,p)). Then (g;r(z,y)) define a a

o 1. 1. .. .
covariant d-tensor field. The functions C % = —50’“9” = —20’07 OFK?, define a d-tensor
field of type (3,0). This is totally symmetric. If it vanishes then a Cartan space reduces to

a Riemannian space. One puts ](31 = ¢"p;. The following formulae holds by virtue of the
homogeneity of K

pi= 537{2, K? = giipip; = pip?, g" = &p?,

(2)

o o o

Cijkpk — Cijkpj _ Cijkpi = 0.
Let ¢ : Ry — R be a smooth function.

Theorem 1. If the function ¢ has the property
¢'(t) # 0, ¢'(t) + 2" (t) # 0 ¥t € Im(K?), (3)
then H = p(K?) is a reqular Hamiltonian.
. 1. ..
PrOOF. The Hamiltonian H is regular if the matrix with the entries a¥ (z,p) = 2818] His
nondegenerate. We have 87 H = ¢'97 K2 and then
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a"(z,p) = ¢'g” (@, p) +2¢"p'p7. (4)
We look for the inverse of (a”(z,p)) in the form

1
gjk($7p) = E 9jk — CP;Pk-

Using (2) in the condition aa;j, = d}, it comes out that ¢ is uniquely determined as
2()0//
= — 5
CT P 2K )
Thus H = ¢(K?) is regular. m

If the quadratic form aij(x,p)ﬁifj, (§) € R™, is positive definite, the pair (M, H) is
called a Hamilton space. If we put p’ = a"*py, it follows

pi _ (L,D/ + 2(,0”K2)]%i. (6)
t
de 4
We note that if ¢’ + 29" K? = 0, that is ¢'(t) = aexp (—/ 2_9> ,a € R, then p* =0
0

implies a*py = 0. Thus the matrix (a’*) is singular.
The following examples of functions ¢ verifying (3) are taken from [1]

1

2.p(t) = aet + b,
3.o(t)=alnt+0b, t >0, a,beR, a#0.

We note that the Hamiltonians K2 and aK2+b, a,b € R, a # 0, have the same geometry.
Thus in the above examples we may take a = 1 and b = 0 with no lose of generality.
A converse of Theorem 1 is as follows.

Theorem 1. Let H be a regular Hamiltonian and ¢ : R — R4 a smooth function such
that '(t) # 0 and ¥" # 0 for every t € Im(H). If the function K(x,p) = ¥(H(x,p)) is
positively homogeneous of degree 1 in p, then K2 is a reqular Hamiltonian, that is the pair
(M, K) is a Cartan space.

PROOF. We have 'K = wlalH Contracting by p; we get

3i Y
pi0'H = o (*)
using the Euler theorem on homogeneous function. Then we take OK = z//la'j HO'H +
' 090" H and contract again by p;. Since 9/ K is homogeneous of degree 0 one gets
12
wq/},w "H + 2¢a’"p; = 0, where a" = ialajH.

If we put z; = &, it follows

(4
,11[}//

O H, allzjz = ——ps- ()

2"

1
i _ Y

a] Zi = = 79
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We compute g = 58%8] K? and we find g% = 200’ a + (¢ + 4 2)0" HY? H. We look for
its inverse in the form g, = —— a;i — dz; 2, for a function d to be determined.

2¢) ,
_¢/Iw+¢2

The condition g g, = 8% gives, using () and (x%) d = and so the proof is
k ¢w//

complete. ®m

2 Nonlinear connection of a y-Hamiltonian

Let Dy1: T,T*M — TryM, u € T*M, be the differential of the projection 7. Then
V iu — KerD,7 =V, is a regular distribution on T*M called vertical distribution.
It is locally spanned by (9°), hence it is integrable. A nonlinear connection is a regular
distribution N : v — N, called horizontal such that

T,7*M = N, & V,, (direct sum) for every v € T* M. (7)
It is usual to take N as being locally spanned by the local d-vector fields
8; = 0; + Nio", (8)

where the functions (N (x,p)) are called the local coefficients of the given nonlinear con-
nection. Conversely, (N;x(x,p)) with a convenient behavior by a change of local coordinates
on T* M determines the nonlinear connection N. Now it is well known due to R. Miron that
any regular Hamiltonian determines a nonlinear connection. He found ([2]) the coefficients
(N;j(z,p)) in the form

AN;j = {aij, H} — (aix0" (5, H) + ;0" (0;H)), (9)
where {, } denotes the usual Poisson bracket. Note that N;; = Nj;.
Let be H = p(K?) a p-Hamiltonian. If we denote by (]({71]) the coefficients of the
nonlinear connection derived from K2, obviously we have
AN ij = {9ij K} = (90" (9;K7) + g;1.0" (9 %)) (10)
Theorem 2. The Hamiltonians K? and ¢(K?) induce the same nonlinear connection on
T*M, that is,
Nij(z,y) = N ;j(x,p), for every ¢ satisfying (3). (11)

PROOF. By a calculation as follows.

{aij, H} := (0Faiy) (@ H) — (0 H)(0paiy) 22

. 1 o 1
=" <$ 9ij — CPin) ¢ (O K?) = 2¢'p" 0, (J 9ij — Cpipj) =
= (0% gi;) (OnK?) — (O*K?)(Okgi) — e (p;0: K2 + pi0; K?),
since the other four terms cancel each other. Thus we get
{aij, H} = {9ij, K*} — ¢¢' (pj0i K* + pi0; K*). (12)
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Then we have
alkak(c?]H) = aik(c‘)k(gp’ajKQ)) = aik(2<p”109’“8jK2 + @’3k8jK2) =

1 R .
- (E ik = Cpipk) (2¢"p*0;K* 4 ' 0%9; K?) =

. 1
= gir0"(0;K?) + 2 % pi0;i K? — 2c0" K?p;0; K? — 2c¢'p;i0; K.

The last term takes the given form because of Euler Theorem applied to the 2-homogeneous
function in p, 9; K2. It results

aikék(GjH) = gikék(ajKQ) - @/CpiajK2.
Thus the second term in (N;;) from (9) is
aikék(ajH) + ajkék(aiH) = gikék(BjKQ) + gjkék(aiKQ)—

13
—cgp'(piajKQ —I—pjaiKQ). (13)

Using (12) and (13) in (9) one gets N;; = N;;. m

3 Canonical metrical N-linear connection of a -
Hamiltonian

A linear connection D on T*M is called an N-linear connection if: i) the distributions
N and V are preserved by parallel translations defined by D and ii) the natural symplectic
structure 6 = dp; A dx® is absolute parallel with respect to D, that is the skew—symmetric
tensor field 0 defining 0 satisfies DO = 0.

The decomposition (7) produces decompositions of vector fields of tensor fields and of
an N-linear connection. For vector fields we shall write X = X# + XV and

DE = X" DY = Dyv, (14)
are two operators in algebra of d-tensor fields on T* M called h- and v-covariant derivations.

In the basis (;, 82) that is adapted to the decomposition (7) an N-linear connection

has the fo . .
o Ds,6; = HESy, Dy, = —Hj %,

Dy;8; = CF'y,, Dy, 0 = —C o,
where the functions (Cf") define a d-tensor field and (H};) behave like the coefficients of a

linear connection on M by a change of local coordinates on T*M.
The h-covariant derivative denoted by |k is as follows

X‘ik =6, X"+ Hgsz, Wik = 6kwj - H]*?’kws,

(15)

s ; (16)
Gijlk = OkGij — H}jgs5 — Hjjgis and so on.
The v-covariant derivative denoted by ]k has the form
ilk _ Ak yi ik Yy h k_ ak,,. _ sk
X| —8X+ChX,wj| = 0"w; — O ws, (17)

gi|k = d*gli + Cikg®i + CI*g'* and so on.
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. 1. ..
Let H be any Hamiltonian, N its nonlinear connection and a” = 58’@ H. An N-linear

connection is called metrical if aij“c = 0 and a¥ |k = 0. One proves that there exists an

unique N-linear connection i.e. DI'(N) = (ija Cgk) that is metrical and symmetrical i.e.
H}, = Hy;, % = €M 1t is given by

—_

H;k = 5((5jalhk + (5kajh — 5hajk), (18)
, 1 . N 1 .

cik = —3 ain(a* + 9Falh — Ohalk) = —§aih83ahk.
Let be now H = p(K?) a p-Hamiltonian. We have N and DI'(N) with H;k and C7" given
by (18).

Similarly, for the Hamiltonian K2 we have the nonlinear connection N = N by Theorem

2 and the N-linear connection DI' (N) = (H ¥, C'7%), where these coefficients are obtained
from (18) replacing (a”/) by (¢%) and (a;;) by (gi;). We are interested to express DI'(N)
using DI' (N). We prove

Theorem 3. The canonical metrical N-linear connection DIT'(N) = (H;k,Cgk) of a -
Hamiltonian H = o(K?) is given as follows

o

Hjlk = H;‘lw (19)
ik o0k ¥ ok ok ©" ik
ClP = C7 ==& +p"6) - RSy e pig’" — (20)
"yl 9 ) oo
g 207 e

@@+ 2K329")
PROOF. We recall from [2, Prop.4.3, Ch.6] the following properties of the pair (M, K?).
Kc? :07 K2|j:2pia p,O,ZO, pz|j:557
| il (21)
5 o

K2 7

— i)
. ]_gj,

o
o :0,p
| J

where (\)k and | k¥ denotes the h- and v-derivatives with respect to DI" (N). From plc‘, =0it
ilj
results d;p; = Hikjpk and K2 = 0 implies (f(KQ))T - =0 for any smooth function f. Then
¥ J
we have

1
djank = % 8ignk — cps(Hp;pr + Hi pn)- (22)
Using (22) the second factor in H}k, denoted by G takes the form

o

1
Gk = 7 G jkn — 2cprps Hjy, (23)

/

o o .
where G jpi is the similar factor from H}k.
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We contract (23) by a’* given by (4). After some calculation we find Hf, = H%, +

¢]c5 ipsHj-k, where ¢ is a smooth function of K?2. By some algebra it results ¢ = 0, that is
(19) holds.
In order to prove (20) we show first that

a'jahk :go'éjghk+2<p”(f7jghk+f7kghj +gjk]%h)+4¢///]%k]‘3jz%h.

Then contracting this with a;p, after some calculations one finds (20). =

Corollary 1. The h-covariant derivative of DT'(N) coincides with the h-covariant derivative
of DT'(N).
Indeed, this follows from N = ]if and H]’:k = ;I ;k The same coincidences lead to
H; =0, py; =0.

4 Some final remarks

As T*M is a symplectic manifold, we may associate to the functions H and K? the
Hamiltonian vector fields

Xy = (0'H)0; — (0 H)O', Xg> = (9'K2)8; — (0, K?)'.
By 0'H = ¢/(0K?) and 8; H = ¢/ (9;K?) it results
XH($;p> :H(xvp)XK27 (:Eap) ET*M (24)

As H is a first integral of the dynamical system defined by X, that is, Xg(H) = 0, it
follows

(X7, Xg2] = 0. (25)
Thus, if {¢)} the 1-parameter groups defined by H and K2, respectively, we have
H K? K? H :
Yy oty =1py oy, for ¢ in an open subset of R. (26)

We notice that all functions H = p(K?) are first integrals for X =, that is X2 H = 0. This
follows also from

(K21 = o (K?)} =0, (1)
The regular Hamiltonian K2 defines a Legendre transformation Lx2 : D* — D, for D* an
open set in T*M and D an open set in T'M, given by

as well as a regular Lagrangian F'2(z,y) = K?(z, p), for (z,p) given by L4 (z,y), (z,y) € D.
Of course, given a regular Lagrangian F?, for F' a fundamental Finsler function, we
have a Legendre map Lp=2 : D — D* given by

i i _ 1o s _ 0
@)= (=g %) (8= ) (29)

and a regular hamiltonian K?(z,p) = F?(x,y) with (z,y) given by E;% (z,p), is obtained.



64 MANUELA GIRTU

The Hamiltonian H = ¢(K?) induces a regular Lagrangian L = H o Ll}ﬁ but generally
we have not L = ¢(F?). Thus the techniques from Ch. 7 in [2] involving the Legendre
transformation can not be used in the study of ¢ - Hamiltonians.
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