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On Solutions of Equations with Jumping
Nonlinearities

Chakib ABCHIR

Abstract. We discuss the existence of solutions of the equation Lu =
aut —Bu~ + g (z,u) where u* = max (+u,0) and g is a caratheodory function.

1 Introduction

In this work, we look for existence of solutions of the equation
Lu = N(z,u) = aut — fu~ + g(z,u) in 0 (1)
where  is an open bounded set of R". We suppose that L : D(L) C L*(Q2) — L%*(Q) is
a selfadjoint operator with compact resolvent. Hence D(L) is dense in L?(f2), L is closed
and the injection of (D(L), || [ p(z) in (L2(2), || |]) is compact. We denote by ||ul|* = Jo u?,

(u,v) = [, uv and Hu||2D(L) = ||lul|*+||Lu]. Let (¢,)x be the countable set of eigenfunctions

of L such that ¢, | = 1, this set is an orthonormal basis of L?(£2). We consider a simple
eigenvalue A and we denote by ¢ the corresponding eigenfunction and by I = |A,, A\j[ where
Ap = max{T €o(L)/T <A}
Ag = min{r € o(L)/T > A}

where o(L) is the spectrum of L. We suppose that (a, ) € I x I and that the function
g: QxR — R is a Caratheodory function ( i.e continuous on R and measurable on §2. We
denote by Vi = Vect{.., A}, V =Ry, Vo = Vect {Ay, ...} and G(z,t) = fotg(x,s)ds.

When the function g doesn’t depend on z, the equation Lu = N(u) was studied by
many authors and in particular N.P.Cac [1] and T.Gallouét and O.Kavian [3]. In [3], the
authors suppose that N is differentiable at the origin and verifies the stronger condition
Ap <&, S[N(s) = N(t)]/[s—t] <&, <Ay * for some real £, £ . They show then (by using
the Liapunov-Schmidt method) that a function w is a solution of (1) if and only if [ugp is a
solution of a simple equation in R. In the case of the Laplacian operator, N.P.Cac requires
lower conditions (N may be not differentiable at the origin and doesn’t verify the assumption
*) and he shows that the equation Lu = N(u) has at least one nontrivial solution.

In the third section of this paper, we consider a self adjoint operator with compact
resolvent and we show that, under some hypotheses on g (which depend on the couple (a, 3)
position toward the Fucik spectrum), equation (1) has at least one solution.

First, we prove that if C(«, 8) > 0 (the mapping C was introduced by T.Galloust and
O.Kavian [3] ) and :
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o %%(m,()) exists, g(z,0) = 0.

o Super lo(e,s)] € L(Q).

e There exists £ € R such that (N(.,s) — N(.,t))/(s —t) > £ > \, for each (s,t) € R2.
e For each real s, we have N(.,5)/s < Ay a.e. in Q.

e There exists k € L'(Q) such that for each real ¢, we have G(z,t) < k(z) a.e. in Q.

e M—af(m+e)te+B[(m+¢) ¢ — f 0)(m + p)p < 0 where m is the unique
element of V7 such that

Im =Py, |a(m + )"~ 8m -+ ¢)” + 22(,0)(m +¢)

then (1) has at least one nontrivial solution u with [up > 0.

When («, 3) is not in the region between the Fugik curves, it is possible to allow greater
freedom to the function g.

We show then that if C(a, 8) * C(8,a) > 0 and if |g(z,s)| < h'=¢(x) |s| + I(x) where
(h,1) € L*(2) x L?(Q2) and 0 < ¢ < 1 then (1) has at least one solution.

After that, we give some remarks about the solutions of the equation Lu = a(x)u™ —
b(x)u~ and we use them for proving that if g(z,s) = h(z,s)s + I(x,s) and under the as-
sumptions :

o supee fi(z.5)] € L2(Q).
e There exists n > 0 such that
Mp+n < a+ mfh(ac s) < a+suph(z,s) < ag a.e. inQ
s>0

M+ < 5+1nfh(:c s) < B+suph(z,s) < By a.e. in Q
s<0

we have

a- If Clag,By) = 0, C(By, ) = 0 and ((meas(I1) # 0 or meas(lz) # 0) and
(meas(J1) # 0 or meas(Jz) # 0)), then (1) has at least one solution.

b - If Clag, 8y) =0, C(By,ap) > 0 and (meas(I1) # 0 or meas(lz) # 0), then (1) has
at least one solution.

c- If Clap,By) >0, C(By,a0) =0 and (meas(J1) # 0 or meas(Jz) # 0), then (1) has
at least one solution. Where

L = {er/w1()>0anda+suph$s <a0}
s>0

I, = {xEQ/wl()<0andﬂ+suphms <60}
s<0

J = {$€Q/w2()<Oandoz+suph:rs <ozo}
s>0
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Jo = {x € Q / we(xz) >0 and f+suph(zx,s) < ﬁo}
s<0

2 Preliminaries

Theorem 1. [3] Let q(z,s) : Q@ x R — R be continuous on R and measurable on 0 such
that q(x,0) = 0. Suppose in addition that

- t
3, B) € I x I, ¥(s,t) € R x R, o < L&) —4(@:1) f(‘”’ ) < 5
5 _
then for each s € R and f € L*(Q) such that [ fo = 0, the equation Lv = Pgy,1(q(.,v +
s@)) + [ admits a unique solution v in D(L) with [vp = 0. (P, : orthogonal projection
on (Rp)L).

Theorem 2. [3] For each (o, 3) € I x I, there exists a unique (u,C(c,B)) € D(L) x R
such that
Lu =ou™—Bu” +Cla,B)p
Jup =1
the function C : I x I — R has the following properties :
1- Cla,a) = A — o
2-If = =0, then C(a, ) = A — a.
3-If ||~ |l # 0 and ||¢™|| # 0, then C is decreasing in each variable.

It was shown in [3] that the Fucik spectrum ¥ (i.e. the set of (o, ) € R x R such that
the equation Lu = au™ — Bu~ has nontrivial solution in D(L)) consists in I x I of two

nonincreasing curves passing through the point (A, ) and a couple (o, 8) € I x I belongs to
Y if and only if C(a, 8) * C(8,a) = 0.

3 Existence Results

Theorem 3. Suppose that

Al : %‘Sl(x,O) exists, g(xz,0) = 0.

A2 : supyep lg(z, s)| € LA(Q).

A3 : There exists £ € R such that (N(.,s) — N(.,t))/(s —t) > &> X, for each (s,t) € R?.
A4 : For each real s, we have N(.,s)/s < Ag a.e. in Q.

A5 : There exists k € L*(Q) such that for each real t, we have G(z,t) < k(z) a.e. in Q.
A6 X—af(m+e)to+ B8 (m+e) o — [22(,0)(m+ p)p < 0 where m is the unique
element of V1 such that

2, 0)0m+ )

If in addition C(a, 8) > 0, then (1) has at least one solution u with [wp > 0.

Lm = Py, |a(m+ @)t —B(m+¢)” +
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Theorem 4. Suppose that A1, A2, A3, A/, A5 are verified. If in addition
AT: X=pB[(m+o)Te+af(m+e¢) ¢ — f 0)(m + p)p < 0 where m is the unique
element of Vi such that

0
and C(B,a) > 0, then (1) has at least one solution u with [up < 0.

Lmzaﬁpm+¢ﬁ—wm+@ +i<mewﬂ

The proof of theorem 3 needs the followmg results Consider the mapping J : D(L) — R
defined by J(u) = 3 (Lu,u) — & [(u*)? = £ [(u")% - [, G(,u), J is differentiable on D(L)
and [6]

(DJ(u),h) = (Lu, h) —a/u+h+ﬁ/u_h— /g(.,u)h
Let K : V4 x (V + V32) — R be such that K(v1,w) = J(v; + w).
Proposition 5. Under the assumptions of theorem 3, for each w € V 4 Vs, there exists a
unique v§ € Vi such that K(v{,w) = max,, ey, K (v1,w).

PROOF. Let w e V + V5.
a - The function K (., w) is strictly concave on V;. Let v{ € V; and v} € V; such that v{ # v,
we have :

(Gt =~ eyl ot ) = (26D = obot —of)

—o [ 04+ w)* — @+ )] 0 - o
48 [ [0 +0)” = o} + )] 0 o)
— [ loo 4 w) = gleod + w)] (68— o)

SO

< /Dwauﬁ+wa@ﬁ+www?weuﬁfﬁf

we conclude by A3 that

0K 0K

G ohw) = gdw) ot —of ) < (=) [ (o = o) <0

61)1 ov V1
b - Let By, = {vl evy/ HU1||D(L) < n} Since K (.,w) is concave, there exists v1, € B,
such that K (vi,,w) = maxy, ep,, K(v1,w). So

K (v1n,w) > K(0,w)
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which is equivalent to

(Lo ) + {Lwyw) = a [+ w) D2 =B [(1n +0)
2 [ 6ot w) 2 (Lww) ~a [ (@2 —6/<w*> 72/G<.,w

Ap ||v1n||2 — min(a, §) /(vln + w)? + max(a, B) /w2
> 2/(G(., Vin+ W) — Gl w))
> =2 [suplg(e.s)l o

SO

1
> - [ |Zstolote o+t
€7 seR
for some € > 0 very small. Thus
(min(e, B) — Ap — € )||v1nH (max(c, f) — min(a, / + —/sup|g x,s)

the sequence (v1,) is then bounded in L?(€2).
¢ - In the other hand, vy,, verifies

0K
<aT(v1n,w), i vln> < 0 for each v; € Bi,
1

Let a; = (v1n, ;) where ¢, € V; is an eigenfunction of L and consider the element v; =
U1n, — @;¢; which belongs to Bj,. So we have :

0K
= —a;0, | <
(31}1 (V19, W), alapl) <0

which is equivalent to

(Lonn, aigs) — a / (v1n + W) asi; + B / (01 + ) aip; — / 9., v1m + w)aip; > 0
hence

ail; — a/(vln +w)Ta;p; + 5/(U1n +w) " a;p;

_/g('vvln + w)a’lgoz 2 O
multiplying (2) by (A; — A) which is negative, we obtain :

aiAi(Ai = N) = [ (v1n +w) a; (N = Ng; + 8 /(Wln +w)"ai(Ai — N,

— /g(.,vln +w)a; (N — A)p; <0
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thus
ai(N—A)? — a/(vln +w)Ta;(Ni — Ny, + 5/(U1n +w) a; (A — N,
—/g(-701n +w)a;(Ai — N; +aZA( N — ) <0
By adding the precedent equation over 4 such that A; < A, we obtain :

HLvln - /\’Uln”2 - <N(-7'U1n + ’LU) — A\V1p, Loy, — >\'Uln> <0 (4)

we deduce from (4) and from the fact that (vy,) is bounded in L?(2) that (Lvy,) is also
bounded in L?(Q2). We deduce also that there exists a constant ¢ > 0 not depending on
w neither nor n such that |[vinl|p) < (1 + [|wl]]). Since the sequence (vin) is bounded
in D(L), we can extract from it a subsequence (v1,,) which converges weakly in D(L) to
v?. Let v1 € Vi, there exists N > 0 such that for each n > N, we have v; € By,,, so
K (v1p,,,w) > K(v1,w) and when n goes to oo, we deduce that K (v?,w) > K (vi,w). Hence
K@Y, w) = max,,cv, K(vi,w). m

3)

Under the assumptions of theorem 3, we define the mapping 6; : V + V5 — V4 such that
K(61(w),w) = max K(vy,w)
v1 EV1Y

so 01 (w) verifies
(LO1(w),v1) = 04/(91(10) +w) o, — B/(Gl(w) +w) vy
+/g(.,91(w) +w)v1

for each vy € V;. The equation (5) is equivalent to
Lo1(w) = Py, [a(0r (w) +w)* = B(01(w) +w)™ + (., 01(w) +w)]
It is not difficult to verify that :
e 0,(0)=0.
e There exits a constant ¢ > 0 not depending on w such that
101(w)l| p(zy < (1 + [lw])
o If (w,) tends to w weakly in D(L), then (61 (wy,)) tends to 61 (w) in D(L).

Proposition 6. Under the assumptions of theorem 3, we have :
a - When 1 goes to 0%, the function 01(T¢)/T converges weakly in D(L) to m € Vi where
m is the unique solution of the equation

Lm= Py, |a(m+¢)" = B(m+¢)” + %(.,O)(m—&-cﬁ)

b - When 7 goes to 0~, the function 01(T¢)/T converges weakly in D(L) to m € Vi where
m is the unique solution of the equation

Im = Py, |Bm+ ) —alm + ) + 2, 0)m + )]
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PROOF. Let (7,,) be a sequence of positive real converging to 0. We claim that the sequence
(Up = 01(Trp)/Ty) is bounded in D(L) and we will prove it by contradiction. Suppose that
Vk >0, 3ny, > 0 such that an, = ||lvn, || p(z) = k and

_ 1
Lvnk = PV1 |:0‘(U’ﬂk + @)Jr - /B(Unk + 90) + _g('77-nk (Unk + 90))

Tng

Put 2, = vn,/an,, that function verifies ||z, || p(r) = 1 and

LZ"k = PV1 |:Oé (an + @/O&nk)—i— - B (an =+ (p/ank)_ (6)
(-sTny, (Vny, +0))
Lot (2, + o/ )|

We conclude from A3 and A4 and by using Lebesgue theorem that % converges
’V‘lrk: ’V‘lrk

to %(.,0) in L?(Q) (and weakly star in L>°(Q)). Since the sequence (zy,,) is bounded in
D(L), we can extract from it a subsequence which converges weakly in D(L) to z such that

Lz =Py, |azt — B2~ + %(, 0)2] (7)

but assumption A3 implies that (7) has a unique solution which is z = 0. So the right side of
(6) converges to 0 in L2(€2). This implies that (2,, ) converges to 0 in D(L). In contradiction
with [[zn, [ p(z) = 1-

Since the sequence (v,) is bounded in D(L), we can extract from it a subsequence
denoted (vy, ) which converges weakly in D(L) to m. The function m is a solution of the
equation

Lm = Py, [a(m +9)* — B(m+¢)” + 22(,0)(m + ) 0

but assumption A3 implies also that (8) has a unique solution, so the sequence (v,,) converges
weakly in D(L) to m. The proof of the case b is similar to that of the case a. m

PrOOF OF THEOREM 3. First, we remark that u = 0 is a solution of (1) and we have to
show that (1) has at least one nontrivial solution. Let the function I : V + V5 — R be such
that I(w) = J(01(w) + w). It is well known [1] that (DI(w),h) = (DJ(61(w) + w),h) for
each h € V + V4 and a function u = v; + w is a solution of (1) if and only if DI(w) = 0.
a - We claim that there exists wy € Rt + Vo = W such that I(wp) = miny+ I(w). Let
B, = {w eV +Va/llwlpy) < n} Since the mapping I is lower semi-continuous, there
exists w,, € W N B, such that I(wy,) = min,cw+qp, [(w). So

[(wn) = J(Gl(wn) + wn) < I(O) =0
if we write w,, as w, = Sy + wa, with s, > 0, we have :

max J(v; + spp + wap) <0
v1EVL

which is equivalent to

max |Jo(v) + spp + wap) — /G(.,v1 + spp+wey,)| <0

v1 EVY
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where Jo(u) = 1 (Lu,u) — $ [(uh)? - = [(u™)?. Since G(x,t) < k(x), we deduce that
max Jo(v1 + $pp + wap) < /k(x) (9)
v1€VL

if s, > 0, then
1
s2 max Jo(vi + ¢ + —wgn) < /k:(x)
" v eV,

or 0 < C(a, B) = 2ming,cy, maxy, cv; Jo(vr + ¢ + v2) [3], hence

3520(.8) < [ bia)

we conclude then that (s,) is bounded in R. In the other hand, we deduce from (9) that

Jo(8np + way) < / k()

which is equivalent to

si/\ + (Lway,, wan) — a/((sngo + w2n)+)2 — 6/((sngp + wgn)*)2 < Q/k:(x)
hence
sz (A = max(a, 8)) + (A — max(av, B)) [lwanl|* < 2//lﬂ(iv)

50 (way,) is bounded in L?(£2). By proceeding as the steep ¢ of the proof of proposition 4, we
show that (Lwsgy,) is also bounded in L?(€). Since the sequence (wy,) is bounded in D(L),
we can extract from it a subsequence which converges weakly in D(L) to wy € W™ and it
is easy to cheek that wq verifies I(wp) = min,ecpw+ I(w).

b - We have to prove now that wy € R} ¢ + V. Let w € V3, we have :

I(w) = J(91(w)i|—w) .
J(w):§<Lw,w>—/Q/0 N(., 5)ds

/Q/ow [Ag = N(.,5)/s] sds
0

(by assumption A4). Consider now the mapping 1 : R™ — R defined by () = I(typ). We
2
have 1(0) = 0, 22(0) = 0. The term £%(0%) < 0 because

v

Y]

Y

S - 3220~ 0]
= lim <L (%H(ﬁp) +<p> 790> —a/ (%9@@) +s0>+s0

+6/<%9 tp) +<p> w/%g(-,ﬂ(w)ﬂw)w]

= )\—a/(m+ap)+w+ﬁ/(m+tp)_<ﬂ—/%(-70)(”14‘%’)90

< 0
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(by assumption A6). So there exists to > 0 such that I(tpp) < 0. Then wy € Rf¢ + V5,
which implies that DI(wg) = 0. Hence, (1) has at least one nontrivial solution u with
Jup>0. m

The proof of theorem 4 is similar to that of theorem 3.

Remark 1. Suppose that A1, A2 are verified. If in addition

A8 : There exists £ € R such that (N(.,s) — N(.,t))/(s —t) <& < A, for each (s,t) € R2
A9 : For each real s, we have N(.,s)/s > A, a.e. in Q.

A10 : There exists k € L'(Q2) such that for each real ¢, we have G(z,t) > k() a.e. in Q.
All: A—af(m+@) e+ B [(m+e)~p— [22(,0)(m+ ¢)p > 0 where m is the unique
element of V5 such that

Lm = Py, [a(m +@)T = B(m+¢)” + %(.,0)(7714‘ go)}

and C(a, ) < 0, then (1) has at least one solution u with [up > 0. If C(8,a) < 0 and
instead of All, we have :

A12: X =B [(m+e)te+af(m+e) p— [2(,0)(m+ p)p >0 where m is the unique
element of V5 such that

L = Py, |3+ 9)* — am + )+ S 0)(m + )

then (1) has at least one solution u with [ < 0.

Remark 2. If %(.,O) > A — min(a, 8) a.e. in Q, then the assumptions A6 and A7 are
satisfied. If %%(.,O) < A — max(a, 8) a.e. in €, then the assumptions A1l and Al2 are
satisfied.

When (o, 8) is not in the region between the Fucik curves, it is possible to allow greater
freedom for the function g as we will see it.

Theorem 7. If C(a, 8) * C(B,2) > 0 and |g(x,s)| < h*=S(z)|s|* + I(z) where (h,1) €
L3(Q2) x L*(Q) and 0 < ¢ < 1, then (1) has at least one solution.
PROOF. Suppose that C(a,3) > 0 and C(8,a) > 0. Let p € |A,, min(«, 8)[. For each
s € [0,1], we define the equation
Lu = s [ou" — pu™ 4+ g(.,u)] + (1 — s)pu (3.1)

A function u is a solution of (10) if and only if u = T'(s,u) where T : [0, 1] x L*(Q) — L?(Q2)
is the completely continuous operator defined by

T(s,u) = (L—~I)"" [s(au™ — Bu™ + g(.,u) + (1 — s)pu — yu (11)

where « is a scalar such that (L —~I)~! is compact. Under the assumptions of theorem 7,
we prove by contradiction that there exists R > 0 such that for s € [0,1] and u a solution
of (10), we have [lul|,) < R. Suppose that Vn > 0, 3s, € [0,1], Ju, € D(L) such that

oy = |[unllpry = n and

Luy, = sy, [aut = Buy, + g(un)] + (1= sn)puy
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We can extract from (v, = u,/ap) and (s,) subsequences denoted in the same manner
such that (v,) tends weakly to v in D(L) and (s,) tends to s in R. Since [|g(.,un)| <
IR)M lunll + |2, the function v verifies
Lv = (sa+ (1= s)pv" = (sB+ (1= s)p)v~

and vl pp) = 1. But C(sa + (1 = s)p, s8 + (1 — s)p) = C(a, f) > 0 and C(sf + (1 —
s)p,sa+ (1 —s)p) > C(B,a) > 0, so v =0. We have then a contradiction. Hence Dyg(I —
T(1,.),B(R),0) = Drs(I — T(0,.), B(R),0) = £1 where Djg means the Leray-Schauder
degree. Then (1) has at least one solution. m

Let (ap,By) € I x I. If C(w, By) = 0, we denote by wy the unique element of D(L)
such that Lw; = apw] — Bow; and Jwip =1 and if C(By, ) =0, we denote by wy the
unique element of D(L) such that Lws = Byws — apwy and [wap = 1.

We give now an existence result of solution of (1) when g(x,s) = h(z, s)s + l(x, s).

Theorem 8. Suppose that
BI - g(z,s) = h(z, s)s + I(z, s).
B2 - sup,cg |l(z, 5)| € L*(%).
B3 - There exists n > 0 such that
Ap+n < a+ ir;%h(x,s) < a+suph(z,s) <ag ae. in
S22 s>0
Mt+n < B+ iggh(x,s) < B+suph(z,s) < gy ae. inQ
CRS s<0
a-If C(ao, By) =0, C(By, o) = 0 and ((meas(Iy) # 0 or meas(Iz) # 0) and (meas(Jy) #0
or meas(Ja) #0)), then (1) has at least one solution.
b - If Clao,By) =0, C(By, ) > 0 and (meas(Iy) # 0 or meas(Iz) # 0), then (1) has at
least one solution.
¢ - If Clag, By) > 0, C(By, ) = 0 and (meas(J1) # 0 or meas(Jz) # 0), then (1) has at
least one solution. Where

L = {x €/ wi(z) >0 anda—l—sg}gh(:lc,s) < ao}
I, = {xEQ/wl(a?)<0andﬁ+st<1%)h($,s)<60}
J o= {x €N/ we(z) <0 anda+§1;;gh(:c,s) < ao}
Jo = {xGQ/wg(x)>0 andﬁ+81<1%h(9c,s)<ﬁo}

Remark 3. Suppose that B1, B2 are verified and there exists n > 0 such that

ap < a+infh(z,s) < a+suph(z,s) <Ay —n ae. in
s>0 >0 -

By < p+infh(z,s) <B+suph(z,s) < Ag—n ae in Q
s<0 s<0
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a-If C(a, By) =0, C(By, ) = 0and ((meas(M1) # 0 or meas(Ms) # 0) and (meas(Ny) #
0 or meas(Nz) # 0)), then (1) has at least one solution.

b - If C(ap,By) < 0, C(By, ) = 0 and (meas(Ny) # 0 or meas(Nz) # 0), then (1) has at
least one solution.

¢ - Clag, By) =0, C(By, ) < 0 and (meas(My) # 0 or meas(Mz) # 0), then (1) has at
least one solution. Where

M, = {xeﬂ/wl(x)>0&md a0<a+si§%h(m,s)}
M, = {:EGQ/w1($)<Oandﬁ0<ﬁ+;r<1£h(:r,s)}
N = {x €0/ wa(zr) <0and ap < oz—l—;rzlgh(m,s)}
Ny = {x €0/ wa(z) >0and f, < 6+gr§1f(;h(ac, s)}

Before the proof of theorem 8, we give some remarks about the solution of the equation
Lu = a(x)u™ — b(x)u~ (12)

Theorem 9. Suppose that there exists n > 0 such that A\, + 1 < a(z) < ag and A, + 1 <
b(x) < By a.e. in Q.
a - If C(ag, By) =0, C(By,0) =0 and

c1 o / (a0 — alz))(w})? + / (Bo — b)) (w)? > 0
c2 / (a0 — a(a)) (w3 )? + / (8o — b()) (w)? > 0

then (12) has only the trivial solution.

b-If Clag, By) =0, C(By,a0) > 0 and C1 is verified, then (12) has only the trivial solution.
c-If Clag, By) >0, C(By, a0) = 0 and C2 is verified, then (12) has only the trivial solution.
d - If Clag, By) < 0, C(By,0) =0 and C2 is verified, then (12) has no solution such that
Jup <0.

e - If C(a, By) =0, C(By,a0) <0 and C1 is verified, then (12) has no solution such that
Jup >0.

PrOOF. Case a : If (12) has a nontrivial solution , then [ up # 0 because if not, we deduce
by theorem 1 that u = 0. Suppose that [ue > 0 and let v = u/ [ uep, the function v verifies
Lv = a(z)vt — b(xz)v~ and [vep = 1. Let the mapping K (a,b) : Vi x Vo — R be such that

)
_%/b(a:) ((v1 +¢+v2)*)2

By proceeding as for the proof of proposition 5, we show that for each vs € Vb, there exists
a unique 6(a,b)ve € V7 such that

K(a,b)(0(a,b)va,va) = max K(a,b)(v1,v2)
v1EV]

K(a,b)(vy,vs) = l(L(vl—Ho—Fvg),vl—Hp—HJg)—%/a(w)((vl—ﬂo—kvg)*)Q
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Put v = v + ¢ + 0§ and w; = wl; + ¢ + wly. We deduce from the equation of v that
K(a,b)(v{,19) = max,,cv, K(a,b)(vi,13), so

0= K(a,b)(u{, 0§) 2 ma K (a0, 80) (v1,8) = K a0, 80) (60, 5o)ef, o)
Since 0 = Clag,By) = 2ming,ey, maxy,ecv; K(ao, By)(v1,v2), we deduce that
K(ao’ﬁo)(a(a(bﬁo)vgvvg) = 0. Then

i K in K
mnin max K (ao, Bo) (v1,v2) Iax min K (ao, fo) (v1,v2)

K (Ck(], BO) (9 (aov BO) ’Ug, Ug)

0
The point (6(ao, By)v9,v9) is then a saddle point of K (g, ;) as like the point (w11, wi2) [3].
Since the mapping K («ayg, 3,) is strictly concave on V; and strictly convex on Vs, we conclude

that 0(ap, By)vS = wi1 and that v9 = wia. We claim that 6(ag, 8,)v9 # v because if not,
we have v = wq, so

Lw, = ozowiIr — Bowy = a(x)wf —b(x)wy

(a0 — a(@))wy” = (By — b(x))wy =0

thus

which implies that
[0 = at@)@i?+ [ @, - ba)wi? =0
in contradiction with the assumption C1. Since 0(avy, By)v3 # v?, we have :
0= K(a, b)(v?, Ug) > K (a, b)(0(0, BO)Ugv Ug) > K(ao, ) (0(ao, BO)Ug’ UO) =0

which is impossible. When f up < 0, we proceed as for the case when f up > 0.

Case b : The case [up > 0 gives a contradiction ( we proceed as for the case a ). Suppose
now that [wup < 0, then the function v = u/ [up verifies Lv = b(z)vT — a(zx)v™ and
Jve =1.Put v =1} + ¢ + v3. We deduce from the equation of v that

0= K(b, a)(v(f,vg) = mea‘}/c K (b, a)(vhvg)
v1 1

which is in contradiction with

0 < C(By, =2 mi KB, , < 2 mi K(b, ,
(Bo, o) UI?nel‘I}z vrflg}l (Bos 0)(v1,v2) < UYQHGI% 31?3/‘1 (b, a)(v1,v2)

We prove the other results by using the same method.

Remark 4. Suppose that there exists 7 > 0 such that oy < a(z) < Ag —n and By <
b(z) < Xy —n a.e. in Q.
a-If Clap, By) =0, C(By, ap) =0 and

c3 / (alx) — a0) (wi)? + / (b() — o) (wi)? > 0
c4 / (alz) — ao)(wy)? + / (b(x) — Bo)(wi)? > 0

then (12) has only the trivial solution.
b - If C(ag, By) < 0, C(By, ) = 0 and C4 is verified, then (12) has only the trivial solution.
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c-If Clag, By) =0, C(By, ap) < 0 and C3 is verified, then (12) has only the trivial solution.

d - If Claw, By) =0, C(Bg,0) > 0 and C3 is verified, then (12) has no solution such that
Jup >0.
e - If Clag, By) > 0, C(By, o) = 0 and C4 is verified, then (12) has no solution such that
Jup <0.
PROOF OF THEOREM 8. Let p € |\, min(a, By)[. We claim that there exists R > 0 such
that for s € [0, 1] and u a solution of (10), we have [|lu[| ;) < R. We will prove that result by

contradiction. Suppose that Vn > 0, 3s,, € [0, 1], Ju, € D(L) such that a,, = [[un| ) =1
and

Lu, = sy (au) — Buy +unh(un) + 1 un)) + (1= sn)pun
= [Sn(a + h(., u:)) +(1—sn p] u: - [Sn(ﬁ +h(.,—uy, )+ (1 - Sn)p] Uy,
+snl(.un)

We can extract from (v, = u,/an), (sn), (h(.,u;)) and (h(., —u,, )) subsequences such that
(vn) tends to v in L2(£2), (Lv,) tends to Lv weakly in L2(Q), (s, ) tends to s in R, (h(.,u}))
tends to h% weakly star in L>°(2) (and weakly in L?(€2)) and (h(., —u,,)) tends to h*. The
function v is a solution of the equation

Lo = (s(a+h%)+ (1= s)pvt —(s(B+h")+ (1 —s)p)v-

First we have min(A, +1,p) < s(a+h% ) + (1 —s)p < g and min(A, +1,p) < s(B+h*) +
(1 —3s)p < B,. Suppose per example that meas(l;) # 0 and meas(J;) # 0, then

/ (a0 — s(a+h%) — (1= 8)p) (wi)?
Q
+/Q (Bo —s(B+h") = (1—s)p) (wy)?
> /I1 (Oéo —s(a+suph(z,s)) — (1 - s)p) (wi)?

-/ 2 (50 — s(8 fggghm ) - (1- s)p) (wy)?
> 0

because [ag — s(a + sup,sq h(z, s)) — (1 — 5)p] (wi)? > 0 on I;. We have also :
/Q (c0 = s(a+h7) = (L= s)p) (w5 )?
+ [ (Bo=s(8+10) = (1= 5)p) (wi))?
> [ (o0 = stosuphta ) = (1= 9)0) (w5

-/ 2 <Bo ~s(p fggfz(m, )~ (1~ s>p) (wf)?
> 0

we deduce then by theorem 9 that v = 0. So (v,) converges to 0 in D(L). In contradiction
with [[v]|p ) = 1. By the Invariance of Leray-Schauder degree, we prove that (1) has at
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least one solution. m
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