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Abstract. In this paper we consider the Darboux Problem for a third order
hyperbolic inclusion of the form ug,. € F(z,y, 2,u). An existence theorem for
a local solution of this problem is proved and some properties of the set of its
solutions are established.
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1 Introduction

In this paper we consider the Darboux Problem for a third order hyperbolic inclusion
of the form
Pu(z,y, 2)
0x0y0z

with initial values

€ F(z,y,z,u), (z,y,2) € D=1[0,a] x[0,b] x[0,¢], ueQCR", (1.1)

u(@,y,0) = ¢(x,y), (z,y) € D1 =[0,a] x[0,],
U(O, Y, Z) = Tﬁ(y, Z)v ( ) €D,y = [0 b] [Oa C]a (12)
u(z,0,2) = x(x,2), (z,2) € D3=10,a] x[0,c],

where , 1, x are absolutely continuous in Carathéodory’s sense [1,§565 - §570],
p € C*(D;R™), v € C*(Dg; R™), x € C*(D3;R™) and they satisfy the conditions

u(z,0,0) = ¢(z,0) = x(x,0) = vi(x), x€[0,a],
u(0,y,0) = ¢(0,y) = ¥(y,0) = v*(y), y € [0,b], 13)
u(0,0,2) = (0, 2) = x(0,2) = v*(2), z€[0,¢],

u(0,0,0) = v'(0) = v*(0) = v*(0) = v°,

where F': D x Q — 28" is a multifunction with compact, convex and non-empty values, and
) C R™ is an open subset.

Under suitable assumptions, we prove an existence theorem for a local solution of the
Darboux Problem (1.1)-(1.2) and that the set of its solutions is compact in Banach space
C(Do;R™), Dy = [0,z0] x [0,y0] X [0,20] C D; moreover, as a function of the initial values,
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this set defines an upper-semicontinuous multifunction.

This study was suggested by several papers which deal with the Darboux Problem for
third order hyperbolic equations [4], [5], [8]-[11], [13]-[15], [17], [21], [23], [25]-[26 ].

2 Preliminaries

The definitions and Theorem 2.1. in this section are taken from [1], [6]-[8], [18]-[20],
[22].
Definition 2.1. Let X and Y be two non-empty sets. A multifunction ® : X — 2Y isa
function from X into the family of all non-empty subsets of Y.

To each z € X, a subset ®(z) of YV is associated by the multifunction ®. The set

J ®(x) is the range of ®.
zeX

Definition 2.2. Let us consider ® : X — 2Y.

a) If A C X, the image of A by ® is P(A) = J @(z);
z€A

b) If B CY, the counterimage of B by ® is
® (B)={x e X | ®(z)N B # 0};
c) The graph of ®, denoted graph ®, is the set
graph ® = {(z,y) e X xY |y € &(x)}.

Definition 2.3. Let us now take ® : X — 2X. An element © € X with the property
x € ®(z) is called a fived point of the multifunction ®.

Definition 2.4. A univalued function ¢ : X — Y is said to be a selection of ® : X — 2V
if p(x) € ®(z) for all x € X.

Definition 2.5. Let X and Y be two topological spaces. The multifunction ® : X — 2Y is
upper-semicontinuous if, for any closed subset B CY, ®(B) is closed in X.

Definition 2.6. If (X, F) is a measurable space and Y is a topological space, the multi-
function ® : X — 2V is measurable if ®(B) € F for every closed subset B C'Y, F being
the o-algebra of the measurable sets of X, i.e. ®~(B) is measurable.

Theorem 2.1. [22]. Let X and Y be two metric spaces, Y compact and ® : X — 2V
a multifunction with the property that ®(x) is a closed subset of Y for any x € X. The
following assertions are equivalent:

(i) the multifunction ® is upper-semicontinuous;
(ii) the graph of ® is a closed subset of X X Y;

(iil) any would be the sequences (Tp)nen and (Yn)nen, from x, — x, yn € ®(xn), Yn — Y,
it follows y € ®(x).
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Definition 2.7. [6], [7]. The function u : A — R", A C R?, is absolutely continuous
in Carathéodory’s sense [1, §565 - §570] iff u(x,y) is continuous on A, absolutely con-
tinuous in x (for any y), absolutely continuous in y (for any x), uy(z,y) is (possibly after
a suitable definition on a two-dimensional set of zero measure) absolutely continuous in y
(for any x) and uyzy is Lebesgue-integrable on A.

We denote the class of absolutely continuous functions in Carathéodory’s sense by
C*(A;R™) [6], [7).
Definition 2.8. [1], [8]. The function u : D C R® — R", is absolutely continuous in
Carathéodory’s sense [1,§565 - §570] if and only if u(x,y,z) is continuous on D, abso-
lutely continuous in each variable (for any pair of the other two variables), and - similarly -
Uz (T, Y, 2), Uy (T, Y, 2), (T, Y, 2), Ugy (T, Y, 2), Uyz(T, Y, 2), Ugx(2, Y, 2), and Ugy, is Lebesgue
integrable.

We denote the class of absolutely continuous functions in Carathéodory’s sense by
C*(D;R™), [8].

3 Results

In a similar way as in [2], [24], we define the notion of a local solution for the Darboux
Problem (1.1)+(1.2) and we prove an existence theorem for a local solution of this problem,
together with some properties of the set of its solutions, namely that this is a compact
subset in Banach space C(Dp; R™) and, as a function of initial values, it defines an upper-
semicontinuous multifunction.

Let the following hypotheses be satisfied:

(H)) F: DxQ — 2R" is a multifunction with compact, convex, non-empty values in R™,
D =10,a] x [0,b] x [0,¢] C R® and  C R™ is an open subset.
(Hs) For any (z,y,2) € D, the mapping u— F(z,y, z,u) is upper-semicontinuous on 2.
(H3) For any u € Q the mapping (z,y,z) — F(x,y, z,u) is Lebesgue-measurable on D.
(H,) There exists a function k: D — R, k € £(D;R.) such that
IKIl < k(z,y,2), V¢ € F(x,y,z,u), Y(x,y,2) €D, Yue€ Q.

(Hs) The functions ¢ € C*(D1;R™), ¢ € C*(Dg;R™), x € C*(D3;R™) are absolutely conti-
nuous in Carathéodory’s sense and satisfy conditions (1.3);

Remark 1. The function a : D — R"™ defined by
a(x,y,z) = w(w,y)-i—zb(y,z)—i—x(ac,z) —90<£L',0) _@(O,Q) _w(oaz) +w(070) =
= o(x,y) + 9y, 2) + x(x, 2) — v (z) — v*(y) — v*(2) +°, (3.1)
is absolutely continuous in Carathéodory’s sense on D, o € C*(D;R"™) [1,§565 - §570].

Remark 2. Denote by M C Q the convex compact set in which the function o : D — R,
defined by (3.1), takes its values for all (z,y, z) € Dy.
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Remark 3. Let (zo,¥o0,20) € x]0,b]x]0, ¢] be a point such that
Yo
/ / / k(r,s,t)drdsdt < d(M,Cq),
where d(M, Cq) is the distance from M to Cq = R™ -, an inequality immediately resulting

from the integrability of function k.

Definition 3.1. The Darboux Problem for the hyperbolic inclusion (1.1) means to deter-
mine a solution of this inclusion which satisfies the initial conditions (1.2).

Definition 3.2. A local solution of Darboux Problem (1.1)+(1.2) is defined as a function
U:Dy— QU e C*(Dy;R"™) absolutely continuous in Carathéodory’s sense [1], which
satisfies (1.1) a.e. for (z,y,z) € Dy, and also initial conditions (1.2) for all (z,y) €
[0, zo] % [0,90], all (y,z) € [0,y0] x [0, 20], all (z,2) € [0,20] % [0, 20].

Theorem 3.1. Let the hypotheses (Hy)-( Hs) be satisfied. Then:

(i) there exists at least a local solution U of the Darboux Problem (1.1)+(1.2);

(ii) the set S, of the local solutions U is compact in the Banach space C(Dy;R™);

(iil) the multifunction o — S, is upper-semicontinuous on C*(Dg;R™), taking values in
C(Dg; R™).

PRrROOF. (i) Let C*(Dg; R™) be the set of absolutely continuous functions in Carathéodory’s
sense defined on Dy, with values in R™ [1]. We denote by Ujs the set of functions U : Dy —
R™, U € C*(Dg;R™), which satisfy the inequality
0°U(z,y, 2)
0xdydz
and also conditions (1.2). The notation Uy, is suitable because, by Remark 2, a(x,y,z) € M
for (x,y,z) € Dg. We remark that the absolute continuity in Carathéodory’s sense of the
0*U(z,y,2)
0x0y0z

< k(z,y,z), a.e. for (x,y,z) € Dy, (3.2)

function U assures the existence of derivative

§570].
We have Up; C C*(Do; R™). Then, by Remark 3 and inequality (3.2), for any U € Uy,
it follows that U(x,y, z) € Q.

3
Indeed, integrating %

Dyy. ={(r,s,t) |0<r <z, 0<s<y, 0<t<z}, (z,9,2) € Do,
and using conditions (1.2), we obtain
Ulz,y,2) = Ul,y,0)+U(z,0,2) = U(=,0,0) + U(0,y, 2) = U(0,y,0) —

3U(r, s,t)
-U(0,0,2) + U(0,0,0) /// B 0sdt ddsdt—

a.e. for (z,y,2) € Dy [1, §565 -

n Dg,., where
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85U7"5t
00yt [ [ [ 28 g

= oz,y) + ¥y, 2) + x(z,2) —v' (z) —0*(y) —v*(2) +

83Urst
o [ [

A3U(r,s,t)
alz,y,z / / / 5600 d ds dt. (3.3)

From the Remark 3 it results that

83U (r,s,t)

<

7" s, t
< <
arasat ‘d dsdt / / / (rys,t)drdsdt
Yo
§/ / / k(r,s,t)drdsdt < d(M,Cq). (3.4)

o Jo Jo

Hence, it follows

d(U(z,y, 2),a(x,y,2)) = |[U(z,y,2) — alz,y, 2)|| < d(M,Cq), (3.5)
and, from the Remark 2 stating that «(z,y,z) € M for (x,y,z) € Dy, we conclude that
U(z,y,z) €.

The set of functions Uy, is convex and compact in C(Dy; R™). The convexity of Up,
results by the definition of this set, and its compactness from the Arzeld-Ascoli theorem,
using hypothesis (Hs), and Remarks 1-3.

We denote by G the set of the triples (o, U, V) € C*(Dg; R™) x Ups X Ups with the
property that U and V satisfy the membership relation

3V (x,y,2)
0x0y0z

We prove that, for each o € C*(Dg; R™) with a(x,y,z) € M for (z,y,z) € Dy, the set
of those pairs (U, V) such that (o, U, V) € G is non-empty and the set G is closed.

Indeed, let us take U € Ups. By Theorem 1 [2], there exists a y-measurable (under the

p-Lebesgue measure) multifunction T' : Dy — 28" with compact, non-empty values in R™
such that

€ F(x,y,2,U(z,y,2)) ae. for (z,y,z) € Dy. (3.6)

I'(z,y,2) C F(z,y,2,U(z,y,2)), V(z,y,2) € Do. (3.7)
Then, by Theorem 2 or Theorem 3 [3], there exists a measurable selection 5 of T, i.e. a
measurable univalued function 8 : Dy — R"™ with S(z,y, 2) € T'(z,y, 2) for (z,y,z) € Do.
Let the function V : Dy — R™ be defined by

Viz,y,2) = alz,y, 2) ///Brstdrdsdt (3.8)
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Then, the set of those pairs (U, V') such that (o, U, V') € G is non-empty because

/B(xvyaz> € F('Tayvz) - F(x7yaZ7U(x’yﬂz))? a.e. for (.’E,y,Z) € D07 (39)
PV (z,y,
% = fB(x,y,2) € (x,y,2) C F(x,y,2,U(x,y,2)), ae. (z,y,2) € Dy, (3.10)
83V Z,Y,z
’ 5':E(5'ygz ) ’ = |B(z,y, 2)|| < k(z,y.2), (z,y,2) € Dy, (3.11)

by hypothesis (Hy) for ¢ = 3(z,y, z), and
V(x,y,O) = S0($7y), (Z’,y) € [0,.’13()] X [an()]a
V(Ovyaz> = ’(/J(y,Z), (y,Z) € [Ovy()] X [0720]7 (312)
V(z,0,2) = x(z,2), (z,2) € [0,z0] x [0, 20],

For the proof that G is closed, we consider a sequence {(cn, Uy, Vi) }nen of elements
in G, convergent to (a, U, V) in the space C*(Dg; R™) x C(Dg; R"™) x L'(Dg; R™). We must
check that (o, U, V) € G, what implies, by the definition of set G, that conditions (1.2) and
(3.10) are satisfied by U and V.

The set {M} is relatively weakly compact in L'(Dg;R"™) by the
0x0y0z | ey
PV (,y, 2)
0xdydz
function W € L'(Do;R™). For each (z,y,2) € Dy, we have

V(‘Tyyvz) = w-— lim Vn(xyyvz) =
3V, (r,s,t)
— 1
w — lim [anxy, / / / 500t d dsdt

alz,y, z ///Wrstdrdsdt (3.13)

P Vu(,y,2)
0x0y0z
lary of Mazur’s Theorem [16], it follows that there exists a sequence of convex combinations

B3U, BUpiy
{X,}nen of the set {83363/32’ oroy0:
Then, we can extract a subsequence from the sequence {X,,},en, which converges a.e. to
W:X,, =W ae. for (z,y,2) € Dy.
Since F(x,y,z,U) is convex and compact for all (z,y,z) € D and for all U € Q, we
obtain from the previous results and from Lemma 2 [2] that

W(x,y,z) € ﬂconv(U 8xag;g,; ) ﬂcon’v(UF x,y, 2, Up(z,y, 2 )))

n=l

Dunford-Pettis Criterion [12]. It follows that { } is weakly convergent to a
neN

From the weak convergence - W(z,y,2), (z,y,2) € Dy, using the Corol-

}, strongly convergent to W in L!'(Dg;R").

Cc F(z,y,2,U(z,y,2)), ae. for(x,y,z) € Dy, (3.14)
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from which it follows that G s closed.
Indeed, (3.14) shows that W(z,y,2) € F(z,y,2,U(z,y, 2)) a.e. for (z,y,z) € Dy, and

3
we obtain %Z;g;z) = W(z,y, z) from (3.13); then, using (3.3) and (3.14) we have
OV (z,y,2)
W(z,y,z) = “Ordy0s € F(x,y,2,U(x,y,2)) ae. for (z,y,2) € Dy, (3.15)

and also (3.12), hence V satisfies the initial conditions (1.2) for (x,y,2) € Dy.
Let us take a € C*(Dy; R™) with a(x,y,2) € M for (z,y,2) € Dy. To each U € Uy we
associate the set ®(U) C Uy as follows:

PV (x,y,2)
0x0y0z

a.e. for (z,y,2) € Do. We thus define a multifunction ® : Uy — 2“M. The set ®(U) is con-
vex, compact and non-empty. It can be seen that ®(U) is convex since F(z,y, z,U(z,y, 2))
is convex by hypothesis (Hy). We have ®(U) C Ups but Uy is compact. The multifunction
® has a closed graph because graph ® is the set G for each fixed o and G is closed. It follows
that ®(U) is compact in C(Dg;R™) as a closed subset of the compact set Ups. The set ®(U)
is non-empty since there exists V', defined by (3.8), with the property V € ®(U).

The multifunction ® : Uy, — 2¥M having a closed graph, is upper-semicontinuous by
Theorem 2.1. Taking into account all the properties of ®, the Kakutani-Ky Fan fixed point
Theorem [12], [22] can be applied. Indeed, ® : Uy, — 2YM is defined on Uy, which is a
convex, compact and non-empty set; it is also upper-semicontinuous and its set-values ®(U)
are convex, closed and non-empty in Uys. From Kakutani-Ky Fan fixed point Theorem it
follows that the multifunction ® has at least a fixed point, i.e. there exists at least an
element U € Uy such that U € ®(U), hence U = V; but V is of the form (3.8), therefore
this fixed point U is a solution of Darboux Problem (1.1)+(1.2).

(ii) We denote by S, the set of solutions to problem (1.1)+(1.2), a notation showing
that any solution U depends on the function « defined by (3.1). The set S, contains at least
an element. The set S, is compact, non-empty in the Banach space C(Dg; R™), being the
set of the fixed points of multifunction ®.

iii) The graph H of the multifunction o — S, defined on C*(Dg; R™) with values in
U S C ®(Uy) C 24 s closed in C*(Dg; R™) x Uy since H is the image of the compact
set Hy of the triples (o, U, V) € G with U = V through the projection mapping (o, U, V) —
(o, U). The mapping S, is — in general — a multifunction because several solutions of the
problem (1.1)+(1.2) can exist, which are fixed points of mapping ® corresponding to the
same function «. Because the mapping @ — S, has a closed graph H by Theorem 2.1, it
follows that o — S,, is upper-semicontinuous on C*(Dgp; R™), what completes the proof. m

VedlU)eVely, € F(z,y,2,U(z,y, 2)), (3.16)
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