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On the General Quadratic Functional
Equation

John Michael RASSIAS

Abstract. In 1940 and in 1968 S.M. Ulam proposed the general problem:
"When is it true that by changing a little the hypotheses of a theorem one can
still assert that the thesis of the theorem remains true or approximately true?".
In 1941 D.H. Hyers solved this stability problem for linear mappings. In 1951
D.G. Bourgin was the second author to treat the same problem for additive
mappings. According to P.M. Gruber (1978) this kind of stability problems
are of particular interest in probability theory and in the case of functional
equations of different types. In 1981 F. Skof was the first author solving the
Ulam problem for quadratic mappings. In 1982-2002 we solved the above Ulam
problem for linear and non linear mappings and established analogous stability
problems even on restricted domains. Besides, we applied some of our recent
results to the asymptotic behavior of functional equations of different types.
In this paper we establish the stability of the Ulam problem for the general
quadratic functional equation.
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1 Introduction

In 1940 and in 1968 S. M. Ulam [27] proposed the general problem:

"When is it true that by changing a little the hypotheses of a theorem one can still
assert that the thesis of the theorem remains true or approximately true?"

In 1941 D.H. Hyers [13] solved this stability problem for linear mappings. In 1951
D.G. Bourgin [3] was the second author to treat the same problem for additive mappings.
According to P. M. Gruber [12] (1978) this kind of stability problems are of particular
interest in probability theory and in the case of functional equations of different types. In
1978 Th.M. assias [22] employed Hyers’ ideas to new additive mappings. In 1981 and 1983
F. Skof ([23-24]) was the first author solving the Ulam problem for quadratic mappings. In
1982-2002 we ([16-21]) solved the above Ulam problem for linear and non linear mappings
and established analogous stability problems even on restricted domains. Besides, we applied
some of our recent results to the asymptotic behavior of functional equations of different
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types. In 1999 P. Gavruta [11] answered a question of ours [16] concerning the stability
of Cauchy equation. In 1996 and 1998 we ([19-20]) solved the Ulam stability problem for
quadratic mappings @ : X — Y satisfying the functional equation
Qarz1 + a2x2) + Qarz1 + asa) = (af + a3)[Q(a1) + Q(x2)]
for every 1,22 € X and fixed reals a1, a2 # 0, where X and Y are real linear spaces.
In this paper we solve the Ulam stability problem for quadratic mappings @ : X — Y
satisfying the more general functional equation
P P
Q (Z aixi> + Z Qajz; — a;zxj) = mz Q(x;) (%)
i=1 1<i<j<p i=1
for every z; € X (i =1,2,...,p), and fixed reals a; # 0 (: = 1,2, ..., p), where p is arbitrary
but fixed and equals to 2,3 ,4,. . ., such that

P
O<m= Zaf.
i=1

If X and Y are normed linear spaces and Y complete, then we establish an approximation
of approximately quadratic mappings f : X — Y by quadratic mappings @ : X — Y, such
that the corresponding approximately quadratic functional inequality

f (Z%%) + Z flajz; —a;zj) — (ZC@) [Z f(ifz')] < CHH%‘

1<i<j<p

Ti ()

holds with constants ¢ > 0 (independent of x; € X : ¢ = 1,2,...,p), and any fixed reals

a;,r; 70 (1 =1,2,...,p). Denote
I = {(rm)eR*:r<2, m>1lorr>2 0<mMl},
I, = {(rm)eR*:r<2, 0<m<lorr>2 m>1},
I = {(rm)eR?:r<2 m=1=pb% a;=b=p Y2:i=1,2,..,p},
where r = i r; # 0, where p is arbitrary but fixed and equals to 2, 3, 4,... . Note that

i=1

m'=2 < 1if (r,m) € I, m*" < 1if (r,m) € Iy, and p"2 < 1if (r,m = 1) € I3. Also
p

denote v = [] |a;|™ > 0. Besides denote
i=1

m=2"f(m"x), if (r,m) € I
folx) =<{ m*f(m™"z), if (r,m)€ Iy
p~"f(p"/?x), if (r,m=1)¢€I;,
foralz € X andn e N :2,3,4....
It is useful for the following, to observe that, from (x) with z; = 0(i = 1,2,...,p), and
0<m#1 we ge

Q(0) = 0. (1)
Note that for m = 1 we assume in addition that (1) holds.
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Definition 1.1. Let X and Y be real linear spaces. Let a = (a1,as,...,a,) # (0,0,...,0)
with a; € R (i = 1,2,...,p), where R :=set of reals. Then a mapping Q : X — Y s called

3

» 1/2
quadratic with respect to a : |a| = (Z az) , if the quadratic functional equation (x) holds
i=1
for every x; € X (1 =1,2,...,p).
Denote

2. Qaix)

P . P
_ Z_lp—, if <r,m: Za?:|a|2) el
Qx) = > a?

=1

57 p a;x p
(L) [Le(ws)] i (rm=Lar=lar)en
i=1 i=1 i=1 % i=1
holds for all x € X.

2 Quadratic functional stability

Theorem 2.1. Let X and Y be normed linear spaces. Assume that Y is complete. Assume in
addition that mapping f: X — Y satisfies the approzimately quadratic functional inequality
(xx). Also assume f(0) =0 in the case m = 1. Then the limit

Q(z) = lim f,(x) (3)
n—oo
exists for all x € X and Q : X — Y is the unique quadratic mapping, such that
r,c/(m? —m"), if (r,m) €
1f(z) = Q)| < |zl § r.¢/(m” —m?), if (r,m) € I (4)
C/(p - pr/Q)a if (7’, m= 1) € I,
holds for all x € X and ¢ > 0 (real constant independent of x € X).

Existence

PROOF. It is useful for the following, to observe that, from (x*) with z; = 0(i = 1,2,..,p)
and 0 < m # 1, we get
2+ p(p—1) = 2mp| [|£(0) <0,

f(0) = 0. ()
Note that for m = 1 we assume in addition that (5) holds. Now claim that for n € N

rc n(r— . r—
Tmr(l—m( ), if(rm)el m2 <1

or

m
e n(2—r : -7
@) = fa@)| < fla]"{ =gy (L= m" 7)) i (rom) € osm? " < 1 (6)
p——;rﬂ (1 —p"(’"_Q)/Q) , if(rm=1)elz:p2<1.

For n =0, it is trivial.
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By replacing Q, Q of (2), with f, f, respectively, one denotes:

> flaia) .
=t if (r,m:Za?:mQ) el
fay=1 X = (7)
P P , P
<Z:1 af) L;f (7;?@?)] , if (r,m = ;af = |a|2> € I,
holds for all z € X.
From (5), (7) and (**), with z; = a;x (i = 1,2, ...,p), we obtain
P
|f<mas> + (1) 1) - m > f(as)| < roefel”
or )
H —-m lZf ] < dlle]”
or =t e
lm =2 f(ma) = f@)]| < — I, (8)
if I holds. Besides from (5), (7) and (x%), with 2y =z, z; =0 (j = 2,3, ...,p), we get
P
flarz) + > flajz) —m[f(x) + (p— ) F0)]|| <0,
j=2
or )
> flaiw) —mf(x)
or =t B
f(z) = f(z), (9)
if I; holds. Therefore from (8) and (9) we have
(@) = m2fma)]| < Slle|" = —T— (1=m"2) a]", (10)

which is (6) for n = 1, if I; holds.
Similarly, from (5), (7) and (*x), with x; = Lig (i=1,2,...,p) we obtain
m

Hf(ﬂc) + (1) f0) - mif (%)

1f(@) = F@)l < el (1)
if I holds. Besides from (5), (7) and (xx),

T,C
< ﬁ”xHr’

or

with z; = i, z;=0(=1,2,..,p) we get
m

Hf (Za)+ i‘f () = mlfm='2) + (p — 1£(0)]
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or
{Zf (%m) —mf(m tz)|| <0,
or =t
f(a) =m?f(m™ @), (12)
if I holds. Therefore from (11) and (12) we have
If (@) =m?f(m~ )| < — || I" = 7(1 —m*7")|lz||", (13)

which is (6) for n = 1, if I5 holds.
Also, with z; =2 (i = 1,2,...,p) in (%%) and a; =b=p~ %2 (i = 1,2,...,p), we obtain

1f (pbx) — pf(@)|| < cllz]",

or
C

C T T— T
1f (@) =p~  f(0' )| = || f(z) —p~ ((pb) )] < ]—9||33|| = m[l—p( 220\z)”, (14)
which is (6) for n = 1, if I3 holds.
Assume (6) is true if (r,m) € I;. From (10), with m™z on place of x, and the triangle
inequality, we have

1£ (@) = farr(@)]| = [1f(2) = m=2CD fmmla)|| < || f(x) — m™>" f(m" )|+
Hlm2nf(ma) — w2 f ()| <
e - - — r
< — [(1 _ mn(r 2)) +m Zn(l —mr Q)mnr]”xH — (15)
e n r— T
= m(l — mm D=2 g,
if I; holds.
Similarly assume (6) is true if (r,m) € Iz. From (13), with m-n x on place of x, and the
triangle inequality, we have

1£ () = farr(@)]| = [1f(z) = m*" D f(m= D) < | f(2) = m? f(m™ )|+
Hm?r f(m ) = mPr ) f(m ()| <
< e ~ [(1— mn(27'r')) + m2"(1 _ m27r)m7m~]”z”r _ (16)
m"—m
e _
=1 (1- (n+1)(2—r) r
— 2 (-m el
if I holds.
Also, assume (6) is true if (r,m = 1) € I3. From (14), with (pb)"z(= p™/?z) on place
of z, and the triangle inequality, we have

1£@) = funa @) = [ £@) == (555 2) | = @) = D f(p0) )| <
< |1£ (@) = p" F(@b)") | + I~ F((pb)" ) — p~ (D f((pb)" ) | <
7CpT/2 {[1 _ pn('r72)/2] fpm [1 _p(r72)/2] (pb)nr} )" = (17)

c —
— m [1 _p(n+1)(r 2)/2] ||37H27
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if I3 holds.

Therefore inequalities (15), (16) and (17) prove inequality (6) for any n € N.

Claim now that the sequence {f,(x)} converges.

To do this it suffices to prove that it is a Cauchy sequence. Inequality (6) is involved if
(r,m) € I . In fact, if i > j > 0, and hy = m’z, we have:

1fi(z) = fi(@)] = Im~% f(m'z) —m=2 f(mIz)|| = m= m=20=D f(m' I hy) = f(ha)| <

<m-2__J¢ (1 = m=DE=2)) ||z < S L T e}
— m2 —mr — m2 —mr
(18)
if I; holds: m™2 < 1.
Similarly, if hy = m 7z in I, we have:
1 fi(x) = fi(@)|| = [m? f(m~"x) —m® f(m~Ix)|| = m |[m>C=9) f(m= 0 hy) — f(ho)|| <
<m2_J¢ (1 = ml=DE=) |z|" < — ||z =0,
mr — m2 mr — m2
(19)
if Iy holds: m?™" < 1.
Also, if hg = p?/2z in I3, we have:
1 fi(@) = fi(@)|| = |lp~" f @ ?x) —p~7 f(p2a)|| = p~7|lp~ =9 F(U=I/2hg) — f(ha)|| <
. . C . —
<p7i . (1 _p(zfj)(r—Q)/Q) llz||” < p_—pr_2pﬂ|‘x||r j—o0 0,

p—p/
(20)

if I3 holds: p™—2 < 1.

Then inequalities (18), (19) and (20) define a mapping @ : X — Y in p-variables z; € X
(t=1,2,...,p), given by (3).

Claim that from (**) and (3) we can get (), or equivalently that the afore-mentioned
well-defined mapping Q : X — 'Y is quadratic with respect to a (# 0).

In fact, it is clear from the functional inequality (%) and the limit (3) for (r,m) € I
that the following functional inequality

m—2n (Zazm z@) Z fla;m’z; —a;m"z;) <Za> [Z f(mnlrz)] <

1<i<j<p
p
e [ ] ™,
i=1

holds for all vectors (x1,x2,..,z,) € XP, and all n € N with p =2,3,4,... and f + n(z) =
m~2" f(m™z) : I; holds. Therefore

lim f, (Z%%) +lim Y falagzi - aiwg) (Z ) [Zn{m fn(mi)] <
=1 =1

*1<i<i<p

(hm mn(r= 1)) CH lz:||" =

i=1
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because m"™2 < 1 or
p p p
Q (Z aﬂi) + Y Qlaymi —aw;) — (Z a?) lz Q(%‘)] =0, (21)
i=1 1<i<j<p i=1 i=1

or mapping @) satisfies the quadratic functional equation (x).
Similarly, from (xx) and (3) for (r,m) € I we get that

N f (Zp: aim_nxi> + Y f(agm m —amm"ay) — (ia?) lz f(m_”xi)] <
i=1 1<i<j<p i=1 i

T4
)

P
<m®c H [lm ™",
i=1

holds for all vectors (z1,xa,...,2,) € XP, and all n € N with f,(z) = m*"f(m ") : I,
holds. Thus

nangofn (Zaim) +nlingo Z fnla;z; — a;x;) (Z ) lznlingofn(xz)] <
i=1 i=1

1<i<j<p =1

< (Jim o) e[l =0

because m?~" < 1, or (21) holds or mapping Q satlsﬁes ().
Also, from (xx) and (3) for (r,m = 1) € I3 we obtain that

R |

1<i<j<p i=1

P
<p el

i=1
holds for all vectors (x1,x2,...,2,) € XP, and all n € N with f,(z) = p~"f(p™/%z) : I3
holds.

Hence

P P P
lim_f, (Z ai:m) +n1LI£10 Z folajz; —asx;) — (Z a?) [Z nl;n;o fn(:rz)] <
e i=1 1<i<j<p i=1 i=1

(hm = 2)/2) CHHCC I =

i=1
because p"~2 < 1, or (21) holds or mapping @ satisfies (x).
Therefore (21) holds if I; (j = 1,2,3) hold or mapping () satisfies the quadratic func-

tional equation (x), completing the proof that @ is a quadratic mapping with respect to a in
X.

It is now clear from (6) with n — oo, as well as from the formula (3) that the func-
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tional inequality (4) holds in X. This completes the existence proof of the afore-mentioned
Theorem 2.1.

Uniqueness

Let Q' : X —'Y be a quadratic mapping with respect to a satisfying (4), as well as Q.
Then Q' = Q.
ProoFr. Condition
m=2"Q(m"z), if (r,m) €
Q(z) =< m™2"Q(m ™ "x), if (r,m) € I (22)
p~2Q(p™/?x), if (r,m) € I3
holds for all x € X and n € N where p is arbitrary but fixed and equals to 2,3,4, ..., as
a consequence of (6) with ¢ = 0. Remember Q' satisfies (22), as well, for (r,m) € I, too.
Then for every x € X and n € N,

Q) — Q' (@)l = [m™*"Q(m"z) — m™*"Q'(m"z)|| <

<m~2n {||Q(m”a?) _ f(m"x)” + HQl(mnx) — f(m”x)H} < (23)
) 2
<2 mnal| = =) ]| 0, as - oo,
m2 — mr m2 —m"

if I; holds: m"2 < 1.
Similarly for (r,m) € I5, we establish

Q@) = Q'(x)]| = [m*"Q(m™"z) — m*"Q'(m™"z)|| <

< m2n {||Q(m_n$) _ f(m_"x)H + HQ/(m—"gj) — f(m—nx)H} < (24)
9 2
< n ve ~ ||m_"$H7 _ mn(2—r)i2“x||r — 0, as n — oo,
mr—m mr—m

if I holds: m2~" < 1.
Also for (r,m = 1) € I3, we get
1Q(x) = Q' ()| = [p Q" ?z) — p~"Q' (p"/*x)| <
< {100 2a) — f(r 20| + |Q (0 /2) — F )|} < (25)
2c
— pr/2
if I3 holds: p"~2 < 1. Thus from (23), (24) and (25) we find Q(z) = Q'(x) for all z € X.
This completes the proof of the uniqueness and the stability of the quadratic functional
equation (). m

< p—n n/2$H7’ —_ pn(r—2)/2

2c
m”p [lz]|” — 0, as n — oo,

3 References
1. J. Aczél, Lectures on functional equations and their applications, Academic Press, New
York and London, 1966.

2. C. Borelli and G.L. Forti, On a general Hyers-Ulam stability result, Internat. J. Math.
Sci., 18 (1995), 229-236.



ON THE GENERAL QUADRATIC FUNCTIONAL EQUATION 173

10.

11.

12.

13.

14.

15.

16.

17.

18.
19.

D.G. Bourgin, Classes of transformations and bordering transformations, Bull. Amer.
Math. Soc., 57 (1951), 223-237.

P.W. Cholewa, Remarks on the stability of functional equations, Aequationes Math., 27
(1984), 76-86.

St. Czerwik, On the stability of the quadratic mapping in normed spaces, Abh. Math.
Sem. Univ. Hamburg, 62 (1992), 59-64.

H. Drljevic, On the stability of the functional quadratic on A-orthogonal vectors, Publ.
Inst. Math. (Beograd) (N.S.), 36(50) (1984), 111-118.

I. Fenyo, Osservazioni su alcuni teoremi di D.H. Hyers, Istit. Lombardo Accad. Sci.
Lett. Rend., A 114 (1980), (1982) , 235-242.

I. Fenys, On an inequality of P.W. Cholewa. In: General Inequalities, 5. [Internat.
Schriftenreiche Numer. Math., Vol. 80]. Birkh#user, Basel-Boston, MA, 1987, pp. 277-
280.

G.L. Forti, Hyers-Ulam stability of functional equations in several variables, Aequationes
Math., 50 (1995), 143-190.

7. Gajda and R. Ger, Subadditive multifunctions and Hyers-Ulam stability. In: General
Inequalities, 5. [Internat. Schriftenreiche Numer. Math., Vol. 80]. Birkh#user, Basel-
Boston, MA, 1987.

P. Gavruta, An answer to a question of John M. Rassias concerning the stability of
Cauchy equation. In: Advances in Equations and Inequalities, Hadronic Math. Series,
U.S.A., 1999, pp. 67-71.

P.M. Gruber, Stability of Isometries, Trans.Amer. Math. Soc., U.S.A.; 245 (1978),
263-277.

D.H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. 27
(1941), 222-224: The stability of homomorphisms and related topics, "Global Analysis-
Analysis on Manifolds", Teubner - Texte zur Mathematik, 57 (1983), 140-153.

S.-M. Jung, On the Hyers-Ulam stability of the Functional Equations that have the
Quadratic Property, J. Math. Anal. & Appl., 222 (1998), 126-137.

Pl. Kannappan, Quadratic functional equation and inner product spaces, Results Math.,
27 (1995), 368-372.

J.M. Rassias, On Approximation of Approximately Linear Mappings by Linear Mappings,
J. Funct. Anal. 46 (1982), 126-130.

J.M. Rassias, On Approzimation of Approzimately Linear Mappings by Linear Mappings,
Bull. Sc. Math. 108 (1984), 445-446.

J.M. Rassias, Solution of a Problem of Ulam, J. Approx. Th. 57 (1989), 268-273.
J.M. Rassias, On the Stability of the General Euler-Lagrange Functional Equation, Demon-



174 JONH MICHAEL RASSIAS

str. Math. 29 (1996), 755-766.

20. J.M. Rassias, Solution of the Ulam Stability Problem for Euler-Lagrange quadratic map-
pings, J. Math. Anal. Appl. 220 (1998), 613-639.

21.J.M. Rassias, On the Ulam stability of mized type mappings on restricted domains, to
appear in: J. Math. Anal. Appl.(2002).

22. Th.M. Rassias, On the stability of linear mappings in Banach spaces, Proc. Amer. Math.
Soc., 72 (1978), 297-300.

23.F. Skof, Sull” approssimazione delle applicazioni localmente §-additive, Atti Accad. Sci.
Torino Cl. Sci. Fis. Mat. Natur., 117 (1983), 377-389.

24.F. Skof, Proprieta locali e approssimazione di operatori. In Geometry of Banach spaces
and related topics (Milan,1983). Rend. Sem. Mat. Fis. Milano, 53 (1983), 113-129
(1986).

25. F. Skof, Approssimazione di funzioni §-quadratiche su dominio ristretto, Atti Accad. Sci.
Torino Cl. Sci. Fis. Mat. Natur. 118 (1984), 58-70.

26.F. Skof, On approzimately quadratic functions on a restricted domain. In Report of the
third International Symposium of Functional Equations and Inequalities, 1986. Publ.
Math. Debrecen, 38 (1991), 14.

27.S.M. Ulam, A collection of mathematical problems, Interscience Publishers, Inc., New
York, 1968, p.63.



