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1 Introduction

Let (H;(-,-)) be an inner product space over the real or complex number field K.
If (€)1 <;<, are orthonormal vectors in the inner product space H, i.e., (e;,e;) = d;; for
all 4,7 € {1,...,n} where §;; is the Kronecker delta, then the following inequality is well
known in the literature as Bessel’s inequality (see for example [8, p. 391]):

n

Z |(z,e)|” < ||lz|* for any z € H. (1.1)

i=1

For other results related to Bessel’s inequality, see [4] — [6] and Chapter XV in the
book [8].

In 1971, E. Bombieri [3] (see also [8, p. 394]) gave the following generalisation of
Bessel’s inequality.

Theorem 1. If x,y1,...,yn are vectors in the inner product space (H;(-,-)), then the
following inequality:

n n

2@ yl” < ol masx > 1(wirw)l ¢ (1.2)

K2
i=1 = j=1

holds.

It is obvious that if (y;);,, are supposed to be orthonormal, then from (1.2) one
would deduce Bessel’s inequality (1.1).

Another generalisation of Bessel’s inequality was obtained by A. Selberg (see for
example [8, p. 394]):
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Theorem 2. Let x,y1,...,yn be vectors in H with y; #0 (i =1,...,n). Then one has
the inequality:

Z (2, yi)l < H$||2~ (1.3)

n
(Yi,y5)|

=B
j=1
In this case, also, if (y;);<;«, are orthonormal, then from (1.3) one may deduce
Bessel’s inequality. o
Another type of inequality related to Bessel’s result, was discovered in 1958 by H.
Heilbronn [7] (see also [8, p. 395]).

Theorem 3. With the assumptions in Theorem 1, one has

2

ZI(%yi)ISHwII > oyl ] - (1.4)

ij=1
Ifin (1.4) one chooses y; = e; (i = 1,...,n), where (€;),,,, are orthonormal vectors
in H, then -
n
> (e < Vallz||, forany x € H. (1.5)
i=1

In 1992 J.E. Pecari¢ [9] (see also [8, p. 394]) proved the following general inequality
in inner product spaces.

Theorem 4. Let z,y1,...,yn € H and c1,...,¢c, € K. Then

n
Z C; ('7;’ y7)
i=1

n

2 n
2 2

< Nel® Y lel” [ Do lways)l | <
i=1

=1

n n
2 2
< Jel® Y el mmax 93 1w up)l p - (1.6)
i=1 ==" =

He showed that the Bombieri inequality (1.2) may be obtained from (1.6) for the
choice ¢; = (z,y;) (using the second inequality), the Selberg inequality (1.3) may be
obtained from the first part of (1.6) for the choice

(Iayl)
n )
|(yisy;)
Jj=1

C; = iE{l,...,n};

while the Heilbronn inequality (1.4) may be obtained from the first part of (1.6) if one

($ayi)

(@, i)
For other results connected with the above ones, see [5] and [6].

chooses ¢; = , for any i € {1,...,n}.
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2 Some Preliminary Results

We start with the following lemma which is also interesting in itself.

Lemma 1. Let z1,...,2, € H and ay,...,a, € K. Then one has the inequality:

iZi

n
max oy|* Z;l\(zl‘»zj')l;

1 S\ 3
n 3 n n
1<k<n| k| <i=1| Z| > (’L'Z——l (JZ—_l |( v J)|> ) ’ s 1’ S 1’

n
max. |k | E |ovk | Jnax (gl(zi,Zj)|> ;

I~

S =
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<Z v | > Joax, s | Z > (=i, 2 ,op>1 5+
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1 P

(zw) 3 o] ma (2|<zi,zj>|Q> Cps1,
k=1 j=1

i= 1<i<n

-1 [1<s

n n = [ n N T
Z ‘Oék‘ (Z ai|m) <Z |:1I£13X |(ZI7ZJ)|:| ) 5 m > 17 % +%: 17

n n
3 foud ool 3 | 291

1
(z |ak|) mas [(z1,2)]

Proof. We observe that

n n n n n o n
E 25, E Q2 = E E OziOé_j (Zi72j) = E E ozioz_j (Zi,Zj)
i=1 j=1

i=1 j=1 i=1 j=1

n n n n
<D0 laallagl (i z)l = Y Ll | Dl (=i, 2)] (2.2)
i=1j=1 i=1 j=1

=M.
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Using Holder’s inequality, we may write that

lglggn\akl Z (=i, 2)]

1

n q
IESE (35 ) ( o2 > Cpsililon @)
Z || ma ‘Z“Z])
k=
for any i € {1,...,n}, giving
n
= M
s ol 3% ol 35 1(:02)] = M
1 1
n p p N n q
M < <k21|ozk| ) _Zl\ai\ (Z (=i, 25)| ) = My, (2.4)
< — = -
1,1 .
N . p > 17 E + E - 17
> law] 3 ol max |(z,25)] = Mo
k=1 i=1 1<j<n
By Holder’s inequality we also have:
n n
Do lail [ D1z 2)]
i=1 j=1
max. |az|”z_1\<z“z]>|
s\ 3
< (Z cwl") (Z (Z I(zuzj)> ) cor>1 a4 =1 (25)
i=1 i=1 \j=1
3= foul max (J;thzj));
and thus
n
max Jovel” wZzll(zmg*)I,
1
n . + n n N\ ¢ L N
s el (Sl ) (£ Bleos) ) oo beon
n
max o Zlall max | 3 [(2i,2)] |5

S,
Il
-

and the first 3 inequalities in (2.1) are obtained.
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By Holder’s inequality we also have:

1
n ?
Mp < (Z |ak|p)
k=1

i=1 \j=1
L
1 \ ©
n AN n n a 1 1
X > vl > 22 1z, 25l ;o t>1L 4o =1
i=1 i=1 \j=1

and the next 3 inequalities in (2.1) are proved.
Finally, by the same Holder inequality we may state that:

o o] 35 (1291 )

1 N T
n m n
My < o | % <Z|Oéim> (2:1<max |(2“2J)|> ) , o m>1, L41=1

3

= 1<5<
Z|Oéz|  max (2, 2515

and the last 3 inequalities in (2.1) are proved. O

2

n
If we would like to have some bounds for in terms of 3. |e|*, then the
i=1

n
> iz
=1

following corollaries may be used.

Corollary 1. Let z1,...,2z, and aq,...,ap be asin Lemma 1. If 1 <p <2, 1<t<2,
then one has the inequality

1
. ) o . Tk
Zaizi <ne Py oy Z Z (2, 25)|* (2.6)
i=1 k=1 i=1 \j=1
1 1 1
where — +—=1, -+ —=1.
t  u

Proof. Observe, by the monotonicity of power means, we may write that

1
n 2\ 2
<Z n|ak| ) < <—Zk:;|ak| ) c1<p<2,

% n 2 %
(2 aﬂ) S(thmu> Ceien
n n

B =



18 S. S. DRAGOMIR

from where we get

=

n % . N n
(Dam) (Dam) 7
k=1 k=1

()

Using the fifth inequality in (2.1), we then deduce (2.6). O

=
IN
3
.
|
[N
Y
(N
Q
ol
o
~
[N

Remark 1. An interesting particular case is the one for p = ¢ =t = u = 2, giving

n
E Q24
i=1

Corollary 2. With the assumptions of Lemma 1 and if 1 <p <2, then

n
E [&2%2)
i=1

1
2

<l | Y 1P| (2.7)
k=1

i,j=1

Q=

1<i<n

2 n n
1
<n? Y lonl” max | (D |(z1,2)[ , (2.8)
k=1 j=1

1 1
where — + — = 1.

Proof. Since

n NP fa N\
(Dw) (zw) 7

k=1 k=1
and
n n %
> low| <n? (Z |ak|2> :
k=1 k=1
then by the sixth inequality in (2.1) we deduce (2.8). O

In a similar fashion, one may prove the following two corollaries.

Corollary 3. With the assumptions of Lemma 1 and if 1 <m <2, then

2 n n l %
|| <0 Y Jol (Z Lrgjagnuzz-,zj)@) , (2.9

k=1

1 1
where — + = = 1.
m 1

Corollary 4. With the assumptions of Lemma 1, we have:

n
E ;25
i=1

1<i,j<n

2 n
§n2|ak\2 max |(z;,2;)|- (2.10)
k=1
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The following lemma may be of interest as well.

Lemma 2. With the assumptions of Lemma 1, one has the inequalities

n 2 n
2 sl < el ZI
i=1 i=1

1

(35 )’ ((z |<zi7zj>>q>5, p>114i=

1I£1a<x ‘O‘Z| ”Z_ (20, 25)| -

IN

Proof. Asin Lemma 1, we know that

n 2 n n
Doz <> il lagl (i 25)] -
=1

i=1 j=1
Using the simple observation that (see also [8, p. 394])

1 ..
aillog] < 5 (loil +1osl?) s irj e {1, im)

we have

SO el o 126 25)]

i=1 j=1

IN
DN —

n
S (1ol + lel?) 1G24, 2)]
Q=1

Z ‘O‘Z| |(zi, ;)| + Z |O‘7| (2, 25)]
i,j=1

3,7=1

n

D lal* (=i z)l,

4,j=1

which proves the first inequality in (2.11).
The second part follows by Hélder’s inequality and we omit the details.

Remark 2. The first part in (2.11) is the inequality obtained by Pecari¢ in [9].

3 Some Pecaric Type Inequalities

19

(2.11)

(2.12)

We are now able to point out the following result which complements the inequality

(1.6) due to J.E. Pecari¢ [9] (see also [8, p. 394]).

Theorem 5. Let x,y1,...,yn be vectors of an inner product space (H; (-,

) and
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C1y...,cn € K. Then one has the inequalities:
(2, 0) (3.1)
n
e leel” 3 1w 95)l;
1 st
3 Ny 1,1
| max |Ck|<2|0i| > [Z <Z|(yz,yg)|) ] ,or>1, Lyl
L= =1
n
max el Z Ic;fllrgagx j§1|(y“y] :
n e\ 7
<20klp jmax Cz|< <Z|yuyj)|> ) . p>1, %+%:1;
k=1 =1 \j=1
1 s 1
n P P n n p . )
<z x ;U%| Zkﬂ ) Qﬂ%wﬂ ,op>1 4l
= i= i=

1

n %n n q
(? |) S Jes] max (_zluyuyj)rf) sl iyl
) 2

i=1 1<i<n

n
S leel max leil 3 [max <yz,y,>|],
k=1 i=1

1<i<n 1<j<n
n n m FL n N T 1 1
S e (2|ci| ) z[max |<yz,yj>|} S om>1 i4lo
k=1 i=1 i=1 |1<5<
n 2
(Slal) o sl

i1<j<n

Proof. We note that

n n
i=1 i=1

Using Schwarz’s inequality in inner product spaces, we have

2

i (@) < |l (3:2)

Finally, using Lemma 1 with «; = ¢, 2, = y; (i = 1,...,n), we deduce the desired
inequality (3.1). We omit the details. O

n
The following corollaries may be useful if one needs bounds in terms of 3 |¢;|*.
i=1

Corollary 5. With the assumptions in Theorem 5 and if 1 < p < 2,1 <t < 2,
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=1, one has the inequality:

=
L)
3
Q2
g~

(3.3)

l 1_ 97
< Htz te Z|Cl| Z Yir Yj | y

i=1 =

Z 7, 3i)
and, in particular, for p=q=t=u =2,

2 n n
2 2 2
<lel*Y leal® | D 1wyl ] - (3-4)
i=1

[N

n

Zci (:r,yz)

i=1

ij=1

The proof is similar to the one in Corollary 1.

Corollary 6. With the assumptions in Theorem 5 and if 1 < p <2, then
1
q

2 i n n
2 1 2
< iy )2
< llll® 07 Y lenl* max |3 lwsvp)l”|
k=1 - =1

(3.5)

n

Zci (7, )

i=1

1 1
where — + — = 1.
p q

The proof is similar to the one in Corollary 2.
The following two inequalities also hold.

Corollary 7. With the above assumptions for X, y;, ¢; and if 1 <m < 2, then

2 n n AN
2 L 2
< ol n® 3 el (Z | |<yz,y7>}> T

k=1 i=1

n

Z ayz

1
where — + — = 1.
m 1
Corollary 8. With the above assumptions for X, y;, ¢;, one has

(3.7)

o] <l nzw max (31,35

Using Lemma 2, we may state the following result as well.
Remark 3. With the assumptions of Theorem 5, one has the inequalities

2 n n
2 2
< = Z\Ci| Z|(yi7yj)|
i=1 =1

n

Zci (%yz)

i=1
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n 2 n
Z;|Ci| max J; (v yi)l| 3

1

1
2 n 3 n n AN
< 2p \ *
<elPq (e (z(zuyi,ym)) el

1Iéla<X |Cz| ”2_: |(yi, y5)| 5

that provide some alternatives to Pecari¢’s result (1.6).

Q=

4 Some Inequalities of Bombieri Type

In this section we point out some inequalities of Bombieri type that may be obtained
from (3.1) on choosing ¢; = (z,y;) (i=1,...,n).
If the above choice was made in the first inequality in (3.1), then one would obtain:

(Z@c,ym?) < ol mave | () 2 3™ ()

=1 3,7=1
giving, by taking the square root,

2

Sl < ol max ol | 3 l@w)l |« weH (@)
=1 i,j=1

If the same choice for ¢; is made in the second inequality in (3.1), then one would get

1

<Z|(w,yi)|2) < |a|? max |(z, i) (Z(%,%)V) DD (we )l ;

i=1 i=1 \j=1
implying
n . n 2r n n s 2_15
> Iy < ol max [(z,y:)|? (Zux,yi)r) Slwowl] | . @2
=1 - i=1 i=1 \j=1

1 1
where — 4+ — =1, 5 > 1.
ros
The other inequalities in (3.1) will produce the following results, respectively

n

n 5[
< ; ; .
Sl p)l” < o) max [z, (Z z y1,>|) max D vl || @3)

i=1
n

Zl(ﬂc,yi)IQSlel max |(z,y:) %<Zl(w Yi) ) ST I up)l? ; (4.4)

i=1 \j=1
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1 1
where p > 1, — + — = 1;
P q
u L
n n Lp n % n n a =
2
> e < 1ot (S ) (St ) |3 (St |
i=1 i=1 i=1 i=1 \j=1
(4.5)
1 1 1 1
where p>1, - +—-=1,t>1, -+ —=1;
P q t  u
n n ﬁ n % n 2_1(1
2
2wl < e (Zl(x,yi)lp> <Z|($,yi)|> max. (s )| ,
=1 =1 =1 =1
(4.6)
1 1
where p > 1, -+ —-=1;
P q

[SIE

> Iy < [D(x,ym] max |(z.9:)|* (Z [;gjagn(yi,yj)@) JCE

[

n

> l@.w)P < [D(x,yi)WL] [ Lfg&zlyl,yﬂvﬂ S

i=1
1 1

where m > 1, — + - =1; and
m 1

> o) < el el s o) (1.9

,1<j<n

If in the above inequalities we assume that (y;);<;<, = (ei)1<i<n , where (€;);<;<,
are orthonormal vectors in the inner product space (H, (+,-)), then from (4.1) - (4.9) we
may deduce the following inequalities similar in a sense Wlth Bessel’s inequality:

Z\(l‘ el < vallell max {|(z,e:l}; (4.10)

=1

3

1
(2, €5)|* < n7

a1
2r
%}
x| 11%1?5(7]{ x,€e;) E |(z,e;)] , (4.11)

where r > 1,

Z\(%ezﬂ < [lzl] max {l(%@i) (4.12)

1<i<n

=
—
oY
\ M:
B
S
~
[N}

S l(we)l < Vil max {i(.e)?} (Z <x,ei>|”> SRS
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where p > 1;

3 Il < n [z (Zm,ei)p) ( (m)t) SRR

i=1

1 1
wherep>1,t>1, —+—=1;
t  u

> l(@e)P < ol (Zux,emf’)

n

|($»€i)|) , p>1; (4.15)

i=

max {|(m,ei)|%}; (4.16)

1<i<n

Z\(w e)]* < vz (ZI z, e

=1

3 \—/ oY
[N

; (4.17)

1
. % : 1, —
Sl <k el Yol ] 1, L
2
Z |(z,ed)|” < [|l]| Z (2, )] (4.18)
i=1 j
Corollaries 5 — 8 will produce the following results which do not contain the Fourier
coefficients in the right side of the inequality.
Indeed, if one chooses ¢; = (z,y;) in (3.3), then

1
n 2 1 | n n E “
(Z <x,yi>|2> g ] Zl z, ;) > (i)l :
i=1 = i=1 \j=1
giving the following Bombieri type inequality:
1
n n n % “
Yol ya)l* <net et fa)? > syl ; (4.19)
i=1 i=1 \j=1
1 1 1 1
where 1l <p<2,1<t<2, —+-=1, -4+ —=1.
P q it u
If in this inequality we consider p = ¢ =t = u = 2, then

2 2
S 1@y < llo] Z ()| (4.20)
=1 j=1

For a different proof of this result see also [6].
In a similar way, if ¢; = (z, ;) in (3.6), then

1
1

n n l
31l < ol (Z | ,0)| ) , (1.21)

i=1
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1 1
where m > 1, — + - = 1.
m 1

Finally, if ¢; = (z,y;) (i = ,m), is taken in (3.7), then

n
Yol ) <nla)  max (i, y5)] - (4.22)
i=1 “J

Remark 4. Let us compare Bombieri’s result

Zl(x,yz)\ < lf® max > 1y, u5)] (4.23)
=1

with our result

n n

Doy < lel*§ D o)y - (4.24)

i=1 ij=1
Denote
n
My := max Z |(yis y5)]
Jj=1
and

n
> vl
i,j=1
If we choose the inner product space H = R, (z,y) := xy and n = 2, then for y; = q,
Yo = b, a,b > 0, we have

M; = max {a® + ab,ab+b*} = (a + b) max (a,b),
My = (a4 + a?b? + a?b? +b4)% =a? + b2

Assume that a > b. Then M; = a? +ab > a? + b = M,, showing that, in this case,
the bound provided by (4.24) is better than the bound provided by (4.23). If (vi);<; <,
are orthonormal vectors, then M; = 1, My = y/n, showing that in this case the Bombieri
inequality (which becomes Bessel’s inequality) provides a better bound than (4.24).
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