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Stable Range in Unitary Modules
Amir M. RAHIMI

Abstract. The concept of stable range in commutative rings with iden-
tity is naturally extended to unitary R-modules. Let A be a unitary R-
module and J (A) the Jacobson radical of A. It is shown that any uni-
modular sequence of elements in A that meets J(A) is stable. For any
submodule B C J (A) of a finitely generated R-module A, A is n-stable if
and only if A/B is n-stable. If A is a finitely generated n-stable R-module,
then 1 < rank (A) < n. A torsion-free cyclic R-module is strongly n-stable
(resp., n-stable) if and only if R is a strongly n-stable (resp., an n-stable)
ring. The homomorphic image of a strongly n-stable R-module is strongly
n-stable. The homomorphic image of a cyclic n-stable R-module is also
n-stable.

1 Preliminaries

All rings considered (unless otherwise indicated) are commutative rings with identity
and all modules are unitary modules. For any R-module A, J (A) the Jacobson radical
of A is defined to be the intersection of all maximal submodules of A. If A has no
maximal submodules, then we set J (4) = A. An element u of an R-module A is said
to be a unit provided that w is not contained in any maximal submodule of A. A
minimal generating set of an R-module A is a subset X of A such that (X) = A and
no proper subset of X spans A. For a finitely generated R-module A, we say that A
is of rank m (m a positive integer) if A has a minimal generating set of m elements
and does not have a minimal generating set of fewer than m elements. For any integer
n > 1, a sequence aj,as,..., a0y, a,4+1 Of elements of an R-module A is said to be a
unimodular sequence whenever the submodule (a1, as,...,a,,an+1) = A. A sequence
a1,a2, ..., 0n, apt1 Of elements of A is said to be stable whenever (aq,as,...,an, Gpi1) =
(a1 4+ r1ant1,02 + 126041, .« ., Gp + Thant1) for some ri,79,...,7, € R. For any fixed
integer n > 1, A is said to be strongly n-stable (resp., n-stable) provided that any (resp.,
unimodular) sequence of elements in A of size larger than n is stable. For convenience, a
strongly n-stable (resp., n-stable) module is called strongly stable (resp., stable) whenever
n = 1. It follows that if A is a strongly n-stable (resp., an n-stable) module, then also A
is strongly m-stable (resp., m-stable) for any fixed integer m > n. For a detailed study
of stable range in commutative rings, see [1], [4], [5], [7].
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The following first results are obtained from [3] and we state here for the sake of
reference.

Result 1.1. In a finitely generated R-module A, every proper submodule of A is con-
tained in a maximal submodule of A.

Proof. See Theorem 1.2 in [3]. The result is easily obtained simply by using an argument
quite similar to the standard proof given for maximal ideals in a ring with identity. [
Result 1.2. Let A be a finitely generated R-module. Then J(A) = A if and only if
A =(0).

Proof. See Corollary 1.3 in [3]. O

Result 1.3. Let B C J(A) be a submodule of a finitely generated R-module A. If
A/B = ({a; + B},.;) for an arbitrary index set I, then A = ({a;};c;)-

Proof. See Lemma 2.2 in [3]. O
Result 1.4. In a finitely generated R-module A, u € A is a unit if and only if (u) = A.
Proof. See Theorem 1.4 in [3]. O

Result 1.5. Let A be an R-module (not necessarily finitely generated) such that A has
a unit. Then x € J (A) if and only if uw— rx is a unit in A for any element v € R and
any unit u in A.

Proof. See Theorem 1.6 in [3]. O

Theorem 1.1. In a finitely generated R-module A, any unimodular sequence a1, as,. ..,
ap,ant1 € A is stable whenever {ay,as,...,an,ans1} N J(A) # 0. More precisely if
a; € J(A) for some 1 < i <mn, then {(a1,...,ai—1,0; + Qni1,0it1,...,0,) = A and for
the case i =n+ 1,

(a1 4+ Qnt1,02, ..y an) = (a1,02 + Gpi1y .oy Q) = - ={a1,02,...,0, + Gpt1) = A.

Proof. Without loss of generality, assume a; € J(A). Henceif (a1 + apy1,a2,...,an) # A,
then by Result 1.1 there exists a maximal submodule M of A such that
(a1+any1,a2,...,an) C M which implies A C M and this contradicts the maximality
of M. O

Theorem 1.2. For any fized integer n > 1, A is strongly n-stable if and only if any
sequence of size n + 1 is stable.

Proof. A proof by induction is given for the sufficient part. Assume, ay,as,...,ay, Gni1,

ant2 is a sequence in A. Thus, ani2 € (a1,a2,...,0n,0nt1,0n42) implies a0 =
n+2 n
3 ajm; = a;x; + 1 for some x1,29,..., T, Tpi1,Tpie € R and | = app12,41 +
i=1 i=1
Gpt2%nta. Consequently, a,19 € (a1,as,...,a,,l) and for appropriate r1,r9,...,7, € R,

Gpta € {ar +rilyas +1al, ... a, + 1,0} C
g <CL1 + " Tp+20n+2,02 + T2Tp+4+20n4+2, ... ,0n + TnTn420n+4+2, An41 + 0an+2> .

Theorem 1.3. For a fized integer n > 1, a cyclic R-module is n-stable if and only if
any unimodular sequence of size n + 1 is stable.
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Proof. Proof by induction on the number of the generators of A. Let A = (a) be a cyclic
R-module and ay,as,...,a,,an11, apto a unimodular sequence of A. Thus, by assuming
a € {(a1,a2,...,an, Ant1,ant2), the pattern of the proof is parallel to the argument in
the above theorem. ([

Example. For any integer n > 1, it is clear that if {aj,as,...,an,an41} is a stable
minimal generating set of a nontrivial R-module A, then for appropriate r1,79,...,7, €
R, {a1 +r1an+41,a2 + r20n41, ..., Ay + Trap1} is also a minimal generating set of A.
Consequently, a finitely generated R-module of rank m > 2 cannot be (m — 1)-stable.
Also, by virtue of Theorem 1.1, none of the elements of a minimal generating set of size
m of an R-module A of rank m belongs to J (A). Actually, Corollary 2.5 of [3] states
that every element of any minimal generating set of a finitely generated R-module A lies
outside J (A).

Remark. In the above example, it is clear that for at least one 1 < i < n, r; 3 ann (A).

Theorem 1.4. For any integer m > 2 if A is a finitely generated (m — 1)-stable R-
module, then 1 < rank (A) <m — 1.

Proof. The proof is an immediate consequence of the above example and the fact that
any n-stable R-module is also m-stable for any integer m > n. (I

Remark. From the above result, it is clear that a finitely generated stable module must
be cyclic. Also, in the next section, we will show that the converse of this statement is
not valid in general.

2 Some Basic Algebraic Properties

Theorem 2.1. The homomorphic image of a strongly n-stable R-module is strongly
n-stable.

Proof. Let B be a submodule of a strongly n-stable R-module A and a1 + B,ax+ B, ...,
an + B,an+1 + B a sequence in A/B. Thus,

n+1 n n

Ant1 = Z ria; +b= ZTiai +Tpg1an41 +0 = Zriai +1

i=1 i=1 =1

for some ry,ra,..., 7, "ny1 € R and b € B with | = r,41a,41 + b. Consequently, for
appropriate $1,S2,...,8, € R, any1 € (a1 + s1l,a9 + sal,. .., a, + s,l) implies
Ap+1 + B S <a1 + $1Tn4+10n+1 + 37 az + S2Tn+10n+1 + 37 e, Qp + SnTn+10n+1 + B) .
O

Theorem 2.2. Let B C J (A) be a submodule of a finitely generated R-module A. Then
A is n-stable if and only if A/B is n-stable.

Proof. The proof can be followed directly from the definition and Result 1.3 above. [
Theorem 2.3. The homomorphic image of an n-stable cyclic R-module is n-stable.

Proof. Let B be a submodule of an n-stable cyclic R-module A = (a) and a, + B,
as + B,...,a, + B,a,41 + B a unimodular sequence in A/B. Hence, for appropriate
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n+1 n
T1,72, .y TnyTnt1 € R, a+B =Y ra;+ B implies a = Y r;a; +Tny16n+1 +b for some
i=1 i=1
b € B. Now, the rest of the proof is similar to the argument in Theorem 2.1 above. [J
Theorem 2.4. A torsion-free cyclic R-module is strongly m-stable (resp., n-stable) if
and only if R is a strongly n-stable (resp., an n-stable) ring.

Proof. The proof can be followed directly from the definition. Here, we just make
an argument for the necessary part of the strongly n-stable case. Let A = (a) be a

torsion-free cyclic R-module and (r1,72,...,7n,7n+1) an ideal of R. Therefore, r,411 €
n+1

(r1,79y ...y PnyTpt1) implies 7,11 = Z r;s; for some $1,82,...,8,, 8,41 € R. Thus,
n—+1 n—+1 =t

Tni1a = Y18, = Y s;a; where a; = r;a. Consequently, for appropriate ¢y, ta, ..., t, € R,
i=1 i=1

Tp10 € (a1,02, ..., Qny Gpg1) = (a1 + L1ng1, 02 + E2Gng1, o5 Gn + tpGpyr)
which implies Tntl € (7"1 +t1rn+1, 72 F a1,y T + tnrnJrl)- O

Example. In Theorem 3.4 of [2], it is shown that any n-dimensional commutative
integral domain (resp.,ring) is N = 1- (resp., n + 2- ) stable. Thus, by applying the
above theorem, it is clear that any torsion-free cyclic R-module over an n-dimensional
integral domain (resp., ring) R is n + 1- (resp., n + 2- ) stable.

Example. In Theorem 4 of [6], it is shown that R[X] the ring of polynomials is not
stable for any commutative ring R. Hence, by virtue of Theorem 2.4, we can conclude
that a torsion-free cyclic R [X]-module is never a stable module.
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