LIBERTAS MATHEMATICA vol XXV (2005)

Some Squences of Type oo, All with Limit 1
Gheorghe COSTOVICI

Abstract. In this Note we will prove the Propositions 1-4. All se-
quences which appear in the conclusions of these Propositions are of type
oo and with limit 1. Several examples are given.

Everywhere in this Note we suppose that A\, > 0 for all n € {1,2,...} and that the
sequence A,+1 — Ay, is bounded. (For example, A, = /n, ?**V/n with k € {1,2,...},
Inn, and any convergent sequence of nonnegative numbers.)

Proposition 1. Suppose that f : (0,1] — (0, 1] is increasing, that exists a € (0, 1]
such that f (z) < az for all x € (0,1], and that exists b > 1 such that 3 lir% Lm €

b
x
[0,00). Then the sequence

e () () () )

has the limit 1 for every p € {2,3,...}.
Proof. First step. We show that the sequence

1 1
is convergent. To this end we consider the sequences 3,, = a |1+ 5 4+---4+——In n)
n

which is known to be convergent to ay where v is Euler’s constant. We have

Bu—an=@1= )+ (o5 -1 (5)) +-+ (o -1 (3)) =

= 1 1 1 1
the sequence of the partial sums of the series > (a— —f <—)) with a— — f (—> >0
n n n

n=1 n
. k- f ()
Vn € {1,2,...}. By the hypothesis, 3b > 1 such that 3 lim —2——2~ € [0,00). By
n—00 —_
. = 1) " .
the comparison test, the series > (a— — f | — is convergent, hence s,, = ,, — a, is
n=1 n n

convergent. So «, is convergent.
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Second step. We show that lin%) M = a. We have
r— €T
J@) _J@)arter e f@) e f@) e,
x T x T
So 4 hrr%] / (:10) =
Third step

‘f(n+1)+f<%w> +f<<2n>p>“":
=1 (5)+ () +r () 4o () -
—aln(2n)’ +aln (2n)” — (f(1)+f<§> +---+f(ﬁ>)+

+alnn —alnn+ A, —

since aln (2n)’ —alnn = aln2P+a(p — 1)Inn — co. z, = @ = = e We investigate
Ina, 1 —Ina, | apy1r
n+1)—-n  a,
| f (n+2> + f (7L—10—3) +oeet f (m) + )\TL+1 + ‘f (TL-lFl) - f (ﬁ) A= An
= In . =
1 1 1 1
W (1 N f ((zn)p+1) +f ((gn)p+2) + + f ((2n+2)1’) B f (n+1) n Ant1 —>\n> .
aTL aTL a”n,
I om) +f (o) + -+ f (o)
0< @n)P+1 )72 (Zn+2) <
an
§ 1 (C;gpnp—l + 022pnp—2 R 217) f <(2n)++1) .
—_ > — U.
1
f (T) f (%) 1
= T — 0.
an " (n+1)a,
|
So lim Bn 0 and thus limz,, = 1. O

n—oo
Remarks. 1. If ¢ € (0, 1] then the functions f (x) = cz, sincx, argshez, arctan cz,
tanh cz, In(1 4 cz) satisfy the hypotheses on f, with @ = ¢ and b = 2.

2. If f and g satisfy the hypotheses of Proposition 1, with a = 1, then g o f also

satisfies them. Indeed, lin%f (x) = lin}J (@x) =0 and

—9(f @) _e—g(@)+/ @)~ f@) _z-f(@) <>g<f<x>><f<x>>”

o = = (F@) \w



SOME SQUENCES OF TYPE oc?, ALL WITH LIMIT 1 33

and so lim wa(x))
x—0 €T

€ [0, 00).

Proposition 2. Suppose that the function f : (0,1] — (0,1] has the following
properties: [ is increasing, exists a € (0,1] such that [ (z) < ax for all z € (0,1], and

az — [ (x)
b

exists b > 2 such that 3 lin% € [0,00). Then the sequence
xr—

1 1 1 v
= flo— )+ f— )+ +f— ]+
<f<\/n+1) f<\/n+2> f(«/(Zn)p) )
has the limit 1 for every p € {1,2,...}.
Proof. First step. We show that the sequence

et s () 01 (5) o

is convergent. To this end we consider the sequence

1 1 1
=a(l+—=+—=++—=-2Vn
which is convergent to al where I is Ioachimescu’s constant, ([1]).

We have
et s (1) ()

& a 1 a 1
th f th tial s of the series — —f|l—= ith——f | —= | >
e sequence of the partial sums of the series nz::l < Tn I ( \/_>> wi Tn < \/_) >

=1 (%)
0,¥n € {1,2,...}. By the hypothesis, 3b > 2 such that 3 lim YY"/ ¢ [0, o0).
n—oo m
Therefore the series is convergent, s,, = f3,, — a,, is convergent, and thu7sl ay, is convergent.
Second step. We show that hr% / (w) =a
fo) _J@-erter  ar-f@),,  arf@ e,
T T T T
From here we see that lim & =a
z—0 X

Third step.
e r() o () oo ()
f(1)+f<%> f<f> ~ +f< n>+f< > +f<\/(;7)>

— a2/ (2n)" +a2/ (2n)" ( 1)+f<%)+~~+f<ﬁ>>+2a\/_2a\/ﬁ+/\nﬂoo

_|_
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since
2n)” —
2a4/(2n)? — 2av/n = 2a (\/ (2n)F — \/ﬁ> = 2a(n)7n =
NG
:2anp 2p_"pl — 00.
PP
X, = Mo = — ™™ We have
Ina,+1 —Ina, 1 Any1 _

(n+1)—n an,

f(ﬁ)-l—f(\/;—w)-l-"'*—f(\/ﬁ)+/\n+1+f( )—f(\/nl—ﬁ)+)‘n_)‘n

=1In =

an
1 1 1
[ A ) ) v s
075 an, an,

— e SN B R 1
o<f<¢wmﬁ>+f<¢@mﬁ>+ +f<ﬂﬁzv><
a A -
(Chopnp=1 4 C22PnP=2 ... 4 27) f ( (211)141)

<

@y =) f (7

1 1
_ Cp2enPTl L CR2PP T e 4 2P f <\/(2n)"+1> NGCDR V(2n)P .
N (2n)’ —n ——— (2n)” +1
Vet f{ i

Thus Inay, — 0 and z, — 1. O
n

Remarks. 1. If ¢ € (0, 1] then the functions f (z) = cz, sin cz, argsh cz, arctan cz,
tanh cz satisfy the hypotheses on f, with a = ¢ and b = 3.

2. If f and g satisfy the hypotheses of Proposition 2, with a = 1, then g o f also
satisfies them (what can be checked as in Proposition 1).

Proposition 3. Suppose that the function [ :(0,a) — R has the following proper-

ties: it is increasing, f (x) > x for all © € (0,a), and 3 hm f( ) € [0,00). Then the

sequence
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Ty = <f<ﬁ>+f<ﬁ>+”'+f<W>+An>l/n

has the limit 1 for every p € {1,2,...} and any a € (0,1).

Proof.
—f(#) +f(;> ++f(#> + N\, >
1 1 1
e R A ) R ey Ll
2n)? — P — Lt
el ( (T;L)pan = np(lfa)72pz Q.

Ina

T, = e = ¢~n. We have

Ina, 1 —Ina, n ani1

(n+1)—n an
! (o) + () + - 41 (o) + () — 7 () +An H v =2 _
an
. . I () +/ (((2n>fl’22>“) -+ f () o (m;;m) . /\n+;f A
ng(m)”(m)*””(m) S
an
) (Oégpnp—l + ngpnp—2 N 21?) f (W) .
: (i
fwr) &)
0s =T % CESVErR.
So Ina, — 0 and z, — 1. O

Remarks. 1. The functions f (z) = z, sinhz, arcsinz, tanz, argthz, satisfy the
hypotheses of Properties 3 on f.
2. If f: (0,a) — (0,b) and ¢ : (0,b) — R have the properties in the hypotheses then
go f:(0,a) — R has the same properties. Indeed,
iy 01 iy (L222) 0wty LD _ 9D 0
r— €T

x—0 x—0 xT x—0 f (Jj) x

€ [0, 00).

Proposition 4. Suppose that f: (0,a) — R satisfies the following properties: it is
f (=)
€
T

increasing, f (z) > x for all x € (0,a), and lir% 0,00). Then the sequence
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= (f(nL) ”(n@) +"'+f<<21)p> “")W

has the limit 1 for every p € {2,3,...}.

Proof.
1 1 1 1 1 1
n = —_— _— )\TLZ_ —_— =
i f<n+1>+f<n+2>+ +f<(2n)1”>+ il nia +(2n)P
1 1 1 1 1
=l 4+ttt —— b ——— —In(2n)P + 1n2P — 11
+2+3+ +n+n+1+ +(2n)p n(2n)’ +In2” + (p— 1) lnn+

1 1 1
+hn—(1+-4+-+--+—) — o0
2 3 n

Inan

z, = P = e~ n". We consider
Ina,+1 —Inay, 1 Gnt1
(n+1)—n an,

() 1 (s8) - () 3o+ (k) 4 (s8) 30—

—In =

Qn
— (1 n f ((2n)1p+1) + f ((2”)1p+2) + 4 f ((2,”_1,_2)?) n )\n+1 _ )\n B f (ﬁ)
An an, Qp
f( R )+f( > )+ -~+f(—n1 p)
0< EDig D ) _
Qn
(C;QPnP—l + 012)21)”1)—2 et QP) f (_(Zn)l”+1>
< P T — 0.
(@7 ) e
() (&)
= 1 1 — 0.
(7% P (n —+ ) A,
1 n
So =% 0 and z, — 1. O
n

Remarks. 1. The functions f (z) = x, sinhz, arcsinz, tanz, argthz, satisfy the
hypotheses of Proposition 4 on f.

2. If f: (0,a) — (0,b) and g : (0,b) — R verify the hypotheses of Proposition 4 then
gof:(0,a) — R also satisfies thes hypotheses (what can be checked as in Proposition 3).
References

[1] Gazeta Matematicd, 2, 1895, Bucuresti.



