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Some Squences of Type 0, All with Limit 1

Gheorghe COSTOVICI

Abstract. In this Note we will prove the Propositions 1—4. All se-
quences which appear in the conclusions of these Propositions are of type
0 and with limit 1. Several examples are given.

Everywhere in this Note we suppose that 0 for all {1 2 } and that the
sequence +1 is bounded. (For example, = , 2 +1 with {1 2 },
ln , and any convergent sequence of nonnegative numbers.)
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Remarks. 1. If (0 1] then the functions ( ) = , sin , argsh , arctan ,
tanh , ln(1 + ) satisfy the hypotheses on , with = and = 2.
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Proposition 2. Suppose that the function : (0 1] (0 1] has the following
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Thus
ln

0 and 1. ¤

Remarks. 1. If (0 1] then the functions ( ) = , sin , argsh , arctan ,
tanh satisfy the hypotheses on , with = and = 3.

2. If and satisfy the hypotheses of Proposition 2, with = 1, then also
satisÞes them (what can be checked as in Proposition 1).

Proposition 3. Suppose that the function : (0 ) R has the following proper-

ties: it is increasing, ( ) for all (0 ), and lim
0

( )
[0 ). Then the

sequence
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Remarks. 1. The functions ( ) = , sinh , arcsin , tan , argth , satisfy the
hypotheses of Properties 3 on .

2. If : (0 ) (0 ) and : (0 ) R have the properties in the hypotheses then
: (0 ) R has the same properties. Indeed,
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Proposition 4. Suppose that : (0 ) R satisÞes the following properties: it is

increasing, ( ) for all (0 ), and lim
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Remarks. 1. The functions ( ) = , sinh , arcsin , tan , argth , satisfy the
hypotheses of Proposition 4 on .

2. If : (0 ) (0 ) and : (0 ) R verify the hypotheses of Proposition 4 then
: (0 ) R also satisÞes thes hypotheses (what can be checked as in Proposition 3).
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