LIBERTAS MATHEMATICA vol XXV (2005)

The Data Dependence for the Solutions of
Darboux — Ionescu Problem Associated with
a Hyperbolic Inclusion of Second Order

Georgeta TEODORU

Abstract. In this paper we consider the Darboux — Ionescu Problem
for a second order hyperbolic inclusion with the modified argument of the
form
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1 Introduction

On the 7" of July 1927, D. V. Tonescu (1901 — 1984) brilliantly defended his Ph.
D. Thesis in mathematics with the topic “Sur une classe d’équations fonctionnelles”.
In this dissertation he generalized the results of Darboux, Cauchy, Picard and Goursat
for partial differential equations of hyperbolic type. The essential results of his thesis
were published in Comptes Rendus de I’Académie des Sciences de Paris, T. 184 (1927),
presented by E. Goursat and J. Hadamard [1].

In his Ph. D. thesis [2], [3], D. V. Ionescu studied for the first time in the math-
ematical literature, boundary value problems of Darboux, Cauchy, Picard and Goursat
types for second order hyperbolic equations with modified argument.

More recently, a series of authors studied the same problems for second order hy-
perbolic equations with modified argument of various forms [4] — [23] and the Cauchy
— Tonescu Problem for systems of hyperbolic type equations of first order with modified
argument [21], [23], [24].

The Darboux — Ionescu Problem for third order hyperbolic equations with modified
argument is studied in [21], [23], [25], [26]. The Darboux — Ionescu, Cauchy — Ionescu,
Picard — Ionescu, Goursat — Ionescu problems for hyperbolic inclusions of second order
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with modified argument is studied in [27] — [30] and the Darboux — Ionescu problem for
third order hyperbolic inclusions with modified argument is studied in [31].
The present paper is an extension of [32]. We consider the Darboux — Ionescu
problem associated with hyperbolic inclusion of second order with modified argument
0%z
oz 0y

€ F(x,y,z(9(z,y) ,h(z,y))), (xz,y) € D=10,a] x[0,b], z € R", (1.1)

{ 2(x,0)=0(z), 0<z<a

z(0,y)=7(y), 0<y<b ’ (1.2)

where F : D x R" — 28" is a Lipschitzian multifunction with respect to z, F (x,y,2) is a
nonconvex set, g € C'(D;[0,al), h € C(D;[0,b]), c € AC([0,a];R™), 7 € AC ([0, ] ; R™),
o (0) =7(0).

Under suitable assumptions we prove three existence theorems. The results are
obtained by the successive approximations method, using two selection theorems [33],
[34]. This method was applied by A. F. Filippov [35], Henry Hermes [33] and C. J.
Himmelberg and F. S. Van Vleck [34] for the inclusion & € R (¢,2z). Our results are
similar to those reported in [32] — [35]. As corollaries we obtain the data dependence
results for the solutions of the considered problem.

2 Preliminaries

The definitions and Theorems in this section are taken from [32] — [46].

Definition 2.1. Let X and Y be two non-empty sets. A multifunction ® : X — 2Y is
a function from X into the family of all non-empty subsets of Y.

To each € X, a subset ® () of Y is associated by the multifunction ®. The set
U ® () is the range of ®.
zeX

Definition 2.2. Let us consider & : X — 2V
a) If AC X, the image of A by ®is ¢ (A) = U D (z).
T€EA
b) It B C Y, the counterimage of B by ® is

o (B)={z € X|P(x)NB # o}
¢) The graph of ®, denoted graph @, is the set
graph® = {(z,y) € X x Y|y € ¢ (2)}
Definition 2.3. A single-valued function ¢ : X — Y is said to be selection of & : X —
2Y if p(x) € @ (z) for all x € X.

Definition 2.4. Let X and Y be two topological spaces. The multifunction ® : X — 2V
is upper-semicontinuous if, for any closed subset B C Y, the set ®~ (B) is closed in X.

Definition 2.5. If X and Y are two topological spaces, the multifunction ® : X — 2V
is lower-semicontinuous if, for every open subset 2 C Y, the set &~ (Q) is open in X.
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Definition 2.6. The multifunction ® : X — 2Y is continuous if it is upper-semicontinu-
ous and lower-semicontinuous.

Definition 2.7. If (X, F) is a measurable space and Y is a topological space the multi-
function ® : X — 2V is measurable (weakly measurable) if
® (B)e F

for every closed (open) subset B C Y, F being the o-algebra of the measurable sets of
X, i.e. &~ (B) is measurable.

Let (X,d) be a metric space and P (X) the set of subsets of X. For A,B C X, we
denote

d(z, A) =yiggd(fv,y), d(z,@) =00, d"(A B)= Stelgd(y,b)-
Y

Definition 2.8. The function dy : P (X) — [0, +00],
dy (A, B) =max{d" (A,B),d" (B, A)} = max {sup d(z,B),supd(z, A)}
€A reB

is the Hausdorff — Pompeiu pseudometric.
The function dy defines a metric on the space F (X) of non-empty and closed subsets
of X, called the Hausdorff — Pompeiu metric.

Definition 2.9. Let be (X, d) and (Y, p) two metric spaces. A multifunction ® : X — 2Y
with non-empty values is said to be Lipschitzian (L-Lipschitz) if there exists a real
number L > 0 (Lipschitz constant) such that

pr (@ (), ®(y) < L-d(z,y)
for all z,y € X. If L < 1, we say that ® is a multi-valued contraction.
Notice that any Lipschitzian multifunction is lower-semicontinuous.
Definition 2.10. Let (X, d) be a metric space and P (X)) the set of subsets of X.
N (C)={ze X |d(z,c)<eforany ce C}, e¢>0, CeP(X).
For A,B € P (X),

{ inf{e¢ >0| AC N.(B) and BC N, (A)} if the infimum exists,
00

ha (A, B) = otherwise

is the Hausdorff - Pompeiu generalized pseudometric.

Definition 2.11. [36] — [39] The function u : D — R"™, D C R?, is absolutely continuous
in Carathéodory’s sense [36; §565-570] if u (, y) is continuous on D, absolutely continuous
in z (for any y), absolutely continuous in y (for any ), u, (z,y) is (posibly after a suitable
definition on a two-dimensional set of zero measure) absolutely continuous in y (for any
x) and ug, is Lebesgue integrable on D.

Theorem 2.1. [36], [37], [46] The function u: D — R™ is absolutely continuous on D
if and only if there exist f € L' (D;R"™), g € L' ([0,a];R™), h € L' ([0,b] ; R™) such that

u(z,y):/oz/oyf(s,t)dsdt—l—/ g(s)ds—i—/oyh(t)dt—i-u(0,0).

T
0



72 GEORGETA TEODORU

We denote the class of absolutely continuous functions in Carathéodory’s sense by
C* (D;R™), [38], [39]. In [37], this space is denoted by AC (D;R™).

Theorem 2.2. [37] The space C* (D,R™) endowed with the norm

a b a b
o () = /O /0 etz (5, ) ds dt + /O ke (5,0)]] ds + /O ety (0,2) | d + [1u (0, 0)]
where ||-|| is the Euclidean norm, is a Banach space.

We denote by AC ([t1,t2] ; R™) [37] the Banach space of absolutely continuous func-
tions f : [t1,t2] — R"™ endowed with the norm

to

Ifll = sup [If ()] +/ 17 (Bl dt.
tefty,ta] t1

Definition 2.12. [40] The sequence of multifunctions {F;}, .y, F; @ D — 2R"  with

values in open set Q C R”, converge to F' : D — 28" if for every ¢ > 0 and every

S € comp () there exists a number N such that for every n > N,

dy (Fn,ﬁ’) <e,

where d is a metric on R”, dy is the Hausdorff -~ Pompeiu metric on F (R"), F, and F
denote the graphs of restrictions of multifunctions F;, and F on S.
F, =graph F,, |, F =graphF |g .

Given a sequence F, Fy, Fs, ... of measurable multifunctions, with complete val-
ues, from a measurable space (X, F) into a separable metric space (Y, d), the following
two theorems caracterize the possibility of pointwise approximating every measurable
selection f of F' by means of a sequence of functions {f,}, each f,, being a measurable
selection of Fj,.

Theorem 2.3. [44] The following assertions are equivalent:
(a) For every measurable selection f of F there exists a sequence of functions {fn}
such that
(4) nllrr;o fn (z) = f () for each x € X;
(#0) fn is a measurable selection of F,, for any n € N.
(b) For any x € X,y € F (z), nlLII;od(y,Fn (z))=0.

Theorem 2.4. [44] Suppose that u is a o-finite, non-negative measure on F and the
values of F are compacts. Then the following assertions are equivalent:
a) There exists a sequence {Xi} in F, with p <X - U Xk) = 0, such that for
k=1
each measurable selection f of F there exists a sequence of functions {f,} such that:
(1) lim f, () = f (z) uniformly in Xy for every k € N;
(79) fn is a measurable selection of F, for every n € N.
b) There exists X* € F, with u(X*) =0, such that for each x € X\ X*, y € F (x),
lim d(y, F, (z)) = 0.

n—oo
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Theorem 2.5. [45] Let X and Y be two metric spaces, Y compact and ® : X — 2¥ q
multifunction with the property that ® (x) is a closed subset of Y for any x € X. The
following assertions are equivalent:

(i) the multifunction ® is upper-semicontinuous;

(#i) the graph ® is a closed subset of X xY;

(ii1) any would be the sequences (n,),cy and (Yn),ens from T, — x, Yp € O (Ty),
Yn — Yy, it follows that y € @ (x).

The set of all non-empty, compact subset of R", with the topology induced by the
Hausforff — Pompeiu metric, is a complete metric space denoted by 2". A function R,
defined on a real interval I with values in Q" is measurable (in the sense of Lebesgue) if,
for every closed subset D C R™, {t € T'| R (t) N D # (0} is measurable [33].

Lemma 1.2. [33] Let R : I — Q" be a measurable multifunction, with values in a ball
of radius p centered at origin, and let w : I — R™ be a measurable point-valued function.
Then there exists a measurable function r with values r (t) € R (t) for almost all t and
such that ||w (t) —r (t)|| = p(w(t),R(t)).

The folowing Proposition is a slight extension of the lemmas used by Filippov [35]
and Hermes [33].

Proposition 1. [34] Let (T,A), T = [to,t1] be a measurable space, let F : T —
2R be a measurable function with closed values and let w : T — R™ be a measurable
function. Then there exists a measurable function v : T — R™ such that v (t) € F (t)

and v (t) —w t)| = d(w(t),F (t) for t € T.

Let now T" be a compact Hausdorff space with the positive Radon measure p, let X be
a Polish space (i.e. a metrizable separable space with complete metric), F': T'x X — oR"
(X — a metric space with metric p) a multifunction such that F (¢, z) is measurable in ¢
for any 2 and continuous (with respect to the pseudometric Haussdorf on S (R™) — the set
of non-empty subset of R™) at « for any ¢ (conditions of Carathéodory type) (Theorem
1 [34]).

Corollary 1. [34] Let F, T, X be as in Theorem 1 [34]. Let x : T — X be a measurable
function and let us define the multifunction G : T — 28" by G (t) = F (t,x (t)). Then F
and G are weakly measurable. If F has closed values then F and G are measurable.

3 Results

Let F': D x 28" be a multifunction satisfying the hypotheses:
Hi) The values of F are contained in the ball of radius r centered at the origin of R™;
Hsy) F (z,y,z) is a compact set for every (z,y,2) € D x R™;
Hj) F is a continuous multifunction;
H,) F is Lipschitz with respect to z, there exists a function k : D — Ry, k € L' (D)
such that

dy (F (x,y,2), F(x,y,2") <k(x,9) |z =2, (z,y) €D, 2,2 eR", (3.1)

(
(
(
(
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where d (z,2') = ||z = Z/||, ||| is the Euclidean norm on R™ and dy is the Hausdorff
— Pompeiu metric;

(Hs) The function o € AC ([0,a] ,R™), 7 € AC ([0, ] ,R™) satisfy the condition o (0) =
7(0);

(Hg) There exists an absolutely continuous in Carathéodory’s sense function [36, §565-
570], ( € D — R", ( € C* (D,R"), such that

2
sup d (M, F(z,y,C (x,y))) < M < 400, for some M > 0; (3.2)
(z,y)eD Ox ay

(Hz) g € C(D;[0,a]), h € C(D;[0,0]), 0 < g(z,y) <z <a,0<h(z,y) <y<b
(Hg) The functions a: D — R™, g : D — R™ defined by
a(z,y)=o(@)+7(y) —0o(0), (z,y) €D, (3.3)
o ($7y) :<($,0)+C(07y)_C(0,0)7 (l’,y) ED? (34)
satisfy the condition
la(z,y) — ao (z,y)|| < My, (3.5)
M, > 0 is a constant.

Remark 3.1. Such function ¢ in (Hg) exist; for example, if ¢ is constant, M may be
taken = 7.

Remark 3.2. The function « and g are absolutely continuous in Carathéodory’s sense
on D [36, §565-570], o, a9 € C* (D, R™).

Definition 3.1. [27] The Darbouz-Ionescu Problem for second order hyperbolic inclusion
with modified argument

0%z
oz Oy

consists in the determination of solution of (3.6) which satisfies the conditions

{ 2(z,0)=0(x), 0<z<a
z(0,y)=7(y), 0<y<b

€ F(z,y,2(9(z,y),h(z,y)), (v,y,2)€DxR", (3.6)

(3.7)

Definition 3.2. [27] A solution of Darboux — Ionescu Problem (3.6) + (3.7) is a func-
tion z : D — R", absolutely continuous in Carathéodory’s sense [36, §565-570], z €
C* (D;R™), which satisfies a.e. for (z,y) € D the inclusion (3.6) and the conditions
(3.7).

Theorem 3.1. If the hypotheses (H1) — (Hg) are satisfied, the Darboux — Ilonescu
Problem (3.6) + (3.7) has a solution in D.
Proof. We define the sequence of succesive approximations {z;}, i € N;

20 (x7y) = 20 (g(x,y),h(x,y)) :C(‘Tay)v (:Evy) €D. (380)
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According to Lemma 1.2 [33] there exists a measurable function vy : D — R™ such
that

vo (2,y) = vo (g (x,y),h(z,y)) € F(x,y,20 (9 (z,y),h(x,9))), ae. for (z,y) € D,

(3.90)
and
2 2
A5 F o) ) ) = oo ) - ] @y e D
(3.100)
We define the second approximaxion by
Ty
a1 (3,) = 21 (9 (,9) b (3,)) = 0 (2) + 7 (3) — 0 (0) +/ / o (€, ) dé dn =
0 0
— a(2,9) +/$ / v (En)dédn, (r.y) €D (3.11,)
0 0

from which it follows
8221 (.Z' ) y)
Oz dy

Again applying the cited Lemma, it follows the existence of a measurable function vy :
D — R™ having the properties

=g (z,y) € F(z,y,20 (9 (z,y),h(z,y))), ae. for (x,y) € D. (3.12;)

v (z,y) = v1 (g (x,y),h(z,y) € F(z,y,2 (9 (z,y),h(x,y))), ae. for (z,y) € D,

(3.91)
and
0%z (z,y) B 8221 (z,y)
d< axay 7F($7yazl (g(x,y),h(x,y)))) = ||V1 (xvy)f Tay , (l‘,y)(?)Glg)

The third approximation is given by

22 (2.) = 22 (g (2,9)  h (z,9)) = (2,9) + / m / "o (€ mydedn, (e.y) € D, (3.11)

which implies
8222 ('7’. ) y)
dx dy

In this way we obtain the function sequences {z;};cx, {Vitien, 2isvi @+ D — R”,
which satisfy

= (z,y) € F(z,y,21 (9(z,y),h(x,y))), ae for (z,y) € D. (3.12)

v; (z,y) € F(x,y,2i (g (z,y),h(z,y))), ae. for (z,y) €D, 1=0,1,2,... (3.9;)
and
82Zi (.’ﬂ,y) - 8221- (x’y)
d (7395 oy F (2,9, 2 (g (x,y),h(w)))) = ||v; () — —eds || (3.10;)

(x,y) €D, i=0,1,2,...
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where
zi (z,y) = a(z,y) + /OI /Oy vi—1 (&,m)dEdn, (z,y) €D, i=1,2,... (3.11;)
From the preceding relation it follows
82;;—(;1;?%) =vi—1(z,y) € F(x,y,2i-1 (9 (z,y),h(x,y))), ae for (z,y) €D, i=1,2,...

(3.12;)
The functions {v;},cy are integrable in view of (3.12;), (Hy) and (Hg). Moreover, from
(3.1) we have

1S P i o) o) ) =
=d(vi—1 (z,9), F (2,9, 2 (9 (z.9) ,h(z,y)))) <
<d(vi-1(2,9), F (2,9, 2i-1 (9 (z, ), h (z,9)))) +
+dp (F (2,9, 2i-1 (9 (2,9) , h (2,9))) , F (2,9, 2 (9 (x,9) , h (2,9)))) <
< k(@) llzi-1(9(z,y), h(z,y) — 2 (9 (2,9),h(z,9)|| =
=k(z,y)||lzie1 (z,y) — zi (z,9)||, (z,y) €D, i=2,3,... (3.13;)

and for ¢ =1 holds (3.2) and (3.8).
After some standard calculation, using the inequality

/Ow/oyk(s,t)/()S/Otk(sl,tl)/081 /Otlk(SQ,ta)“'/osn_l/otn_lk(smtn)'

-ds, dt, ---ds; dty dsdt <

1 T y n+1
< — k dud D, (3.14
—m+niﬂtﬁ mw)uv] @y eD, (314)
we obtain the following basic estimations:

H Pzip1 (x,y) 0%z (z,y)

H=hw%m—wluWMS

Oz Jy Oz Jy
My + Mab [ [* [V -t
SH%w—%——%[/t/k@mﬁEM} =12 (3.151)
(1*1>~ o Jo
and
M, + Mab [ [* [¥ L
|zl+1(:r,y)—zl(x,y)||ng[/ / k’(fﬂ?)dfdn} ) ’L:Ovla27"'
: o Jo

(3.16;41)
From (3.15;41) we conclude that the sequence {v; (x,%)},.y converges to v : D — R™ in
L%, (D) and the sequence {z; (z,y)},cy is uniformly convergent to z : D — R™.
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Letting ¢ — oo in (3.10;), (3.11;), (3.12;) and using the hypotheses (Hs), (Hs) it
follows that the limit z is an absolutely continuous function in Carathéodory’s sense,
z € C* (D;R™) and satisfies the Darboux — Ionescu Problem (3.6) + (3.7). We obtain

822 (.’I},y) B an (x,y)
o(T22Y Py he) = o - 2L ) 6(1;,10)
z(z,y) :a(x7y)+/0x/0yv(§,n)d§dn, (z,y) € D, (3.11)
% =v(z,y) € F(z,y,z(g9(x,y),h(z,y))), ae. for (z,y) € D. (3.12)

Taking into account (3.11) and (3.12), the function z (x,y) given by (3.11) satisfies
the Darboux — Ionescu Problem (3.6) + (3.7).

Theorem 3.2. We suppose that F satisfies the hypotheses (Hy)— (Hs), (H7), (Hg) and
(H§) There exists an absolutely continuous function in Carathéodory’s sense [36, §565-

570}, ¢ : D — R", ( € C* (D;R") such that
d aQC (1“3 y)
Oz Jy

Then there exists a solution z € C*(D;R"™) of the Darbouz — Ionescu Problem
(3.6) + (3.7) satisfying

JF (x,y,C (m,y))) <e, (z,y) €D, for some e > 0. (3.2))

z oy
s @) =l < O eatjess | [ [“kendean) . wnen. @)
o Jo
The proof is similar to that one of Theorem 3.1; we obtain

My +eab | [* [Y b

and using the elementary inequality

it follows for every 7 =0,1,2,...

||zj<x,y>—c<x,y>s<M1+sab>exp[/oz /Oyk@,n)dgdn}, (z.y) €D, (3.167)

The conclusion follows letting j — oo in the preceding relation, z; (x,y) — z(z,y),
z: D — R"™, uniformly for j — oo.

Theorem 3.3. Let F: D x R" — 28" be a multifunction satisfying the hypotheses:

a) F(x,y,z) is closed for every (x,y,z) € D x R";

b) F (-,-,2) is measurable for each z € R"™, with respect to the Lebesque measure on
D .

7



78 GEORGETA TEODORU

¢) F(x,y,-) is Lipschitzian with respect to z; there exists a function k : D — R™,
k € L' (D), such that

ha (F (2,y,2),F (2,y,2") <k(z,y) ||z — 2|, (z,y) €D, z 2 €R", (3.1)

where hg is the Hausdorff — Pompeiu generalized pseudometric, and (Hs) — (Hg).
Then, the Darbouz — Ionescu Problem (3.6) + (3.7) has a solution in D.

The proof is similar to that one of Theorem 3.1, and use the Proposition 1 [34]
and the Corollary 1 [34] to ensure the existence of measurable functions v; : D — R™,
1=0,1,2,..., with

vi(z,y) € F(z,y,2i (9(x,y),h(z,y))), ae. for (z,y) €D, (3.9))

0%z; (z,y) B 9% (z, y) /
d (_&T@y 7F ($7y7 Z (g (x7y) ) h (%y)))) = ||Vi (l‘,y) — al‘—ay s (3101)
(x,y)e D, i=0,1,2,...
T Y
sy =a@n+ [ [vaEndd @yed i=012.. @)
0 0
8221'4,1 (x,y) _ ,
T@y =V; (%y) EF(.%',y,Z; (g($,y)7h($7y))), (3121)

a.e. for (z,y)e D, i=0,1,2,... .

The sequence {z; (z,y)},cy is uniformly convergent to z : D — R", and the sequence
{vi(z,y)};en converges in L7 (D) to v : D — R™.
Letting ¢ — oo in (3.11}) and (3.12}), we obtain

z(z,y) =a(x7y)+/0$ /Oyl/(&n)dédn, (z,y) € D, (3.11)

0%z ,
G =V @) € F 02 (9(00) b)) e for (wg) €D (312)

To obtain the relation (3.12") we make use of the fact that the graph F' is closed,
according to the hypotheses a), ¢). The function z given by (3.11’) satisfies (3.7), is an
absolutely continuous in Carathéodory’s sense function [36, §565-570], z € C* (D;R™)
and from (3.12'), z is a solution of the Darboux — Ionescu Problem (3.6) + (3.7).

We now study the data dependence of solutions of the Darboux — Ionescu Problem
(3.6) + (3.7).
Corollary 3.1.
(¢) In the Darbour — Ionescu Problem (3.6) + (3.7) the functions satisfy the same
hypotheses as in Theorem 3.1 and let z* € C* (D;R™) be a solution of this problem;
(i3) Let F,, : D x R" — 2R be a sequence of multifunctions convergent to F [40];
(1ii) Let z! € C* (D;R™) a solution of the Darboux — Ionescu Problem
0%z

&T—(‘?y an (x,y,z(g(:r,y) ,h($,y))), («'l?,y) GD, ZGR ’ (317)

z(2,0)=0(z), 0<z<a
{z(O,y)ZT(y), 0<y<b ’ (3.18)
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where F,, and all functions satisfy the same hypotheses as in Theorem 3.1.
Then z! — z* in C* (D;R™).

Corollary 3.2.
(2) In the Darboux — Ionescu Problem (3.6) + (3.7) the functions satisfy the same
hypotheses as in Theorem 3.1 and let z* € C* (D;R™) be a solution of this problem;

(#4) Let g, € C([0,a];R™), h,, € C([0,b];R™) be a functions, g, — g, hn, — h;
(1ii) Let z% € C* (D;R™) a solution of the Darboux — Ionescu Problem
0%z
oz 0y

€ F(z,y,2(gn(2,y) shn(2,9))),  (2,9) € D, z€ R, (3.19)

(3.20)

{ 2(z,0)=0(z), 0<z<a
Z(Ovy):T(y)v 0<y<b’

Then z: — z* in C* (D;R™).

Corollary 3.3.
(¢) In the Darboux — Ionescu Problem (3.6) + (3.7) the functions satisfy the same
hypotheses as in Theorem 3.1 and let z* € C* (D;R™) be a solution of this problem;
(#4) The functions o, € AC ([0,a];R"), 7, € AC([0,b];R™) satisty 0,, — 0, Ty, = T
and o, (0) = 7, (0);
(131) Let zt € C* (D;R™) a solution of the Darboux — Ionescu Problem

0%z "
81‘—8]; S Fn («'L‘,y,Z (g(xay) ,h(ﬁ,y))), ($7y) € D7 S R ) (321)
z(z,0) =0, (z), 0<z<a
{zw,y):rn(y), 0<y<b (3.22)

Then z — z* in C* (D;R").
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