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1 Preliminaries

Let N* = {1,2,...}, let N = N* U {0} and let N, k € N* be the class of functions of
the form .
f)=2z- Za‘jzj,ajZO,jeN,jZkJrl (1)

j=kt1
that are analytic in the unit complex disc U = {z;|z| < 1}.

Definition 1. [4] We define the differential operator D™ : N, — N ,n € N, by
a) D°f(z) = f(2);
b) D'f(z) = Df(z) = zf'(2);
c) D"f(z) = D(D" 'f(z)), z€U.

Definition 2. Let o €[0,1), A € [0,1], let B € [-1,0), -1 < B < A<1 and let n € N;
we define the class An (A, B,a) by

Jn -1

Amk,)\(AvBaa) = {f S Nk : ‘ ’/\(Z)

(A= B)(1 —a)=B[Jnx(z) = 1]

<1, zeU,neN}, (2)

where

Tua(2) = [AD"f(2) + (1 = \)D"F f(2)] /2. 3)

Remark 1. The class Ay x0(1,—1,0) = A; ,1(1,—1,0) is the well-known class of starlike
functions with negative coefficients introduced and studied by H. Silverman [2] and [3].

Remark 2. If in (2) and (3) we replace the operator D™ by Ruscheweyh’s operator D",
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where

n—1 (n)
D" f(z) = G (G T{'(Z)) , neN
we obtain the definition of the class T}, (A, B,«) defined and studied by J. Patel and

P. Sahoo in [1].

2 Characterization theorem

Theorem 1. Let a €[0,1), A € [0,1], let Ae (—1,1], B € [-1,0), with -1 < B<A<1
and let n € N; the function f € Ny, is in A, xx(A, B,a) if and only if
> (1=B)j"j— A — Dla; < (A= B)(1—a). (4)
j=k+1
The result is sharp and the extremal functions are
A-B)(1—-«a) , .
fiz)=2———F——227  jelk+1,k+2,...}. 5
Proof. We suppose that (4) holds. Then we have

| Jnk(2) = 1| = [(A = B)(1 — a) = BlJnx(2) —1]| =

=1 > M=) +4la;@ T = [(A=B)1—a)+ B Y "ML - )+ jlaj
j=k+1 j=k+1

Let |z| = 1; then
[ Jnk(2) = 1] = [(A = B)(1 = a) = BlJnx(2) = 1]| <

< MM =f) +dla;—(A=B)Y(1—a) =B Y j"M1—j)+jla; =
j=k+1 j=k+1

= Y (1=B)j" A1 —j) +jlaj — (A= B)(1 —a) <0,
j=k+1
where we used (4).
Hence, by maximum modulus theorem and by (2), f € A, (4, B, a).
Conversely, we assume that f € A, ;1 (A, B,a). Then

‘ Jn)\(z) —1 ’ _
(A—B)(1 — ) — BlJpa(z) — 1]

B S0 k1 3 = ) + a2 . )
(A=B)(1—a)+ By 5" M1 = j) + flagzi !
For z € [0,1) (z real number) the inequality (6) can be rewritten
2 e AN = ) + jlajzi Tt
ijk+1.7 AL —=3) +jlay <1 (7)

(A=B)(1—a)+ B> 72, 5" [M1 = j) + jlajzi—?



ON SOME CLASSES OF ANALYTIC FUNCTIONS 85

We note that

E(z)=(A=B)(1-a)+ B Y_ j"[M1—j)+4la;z7"' >0, z€[0,1)
j=k+1
because F(z) # 0 for z € [0,1) (by (6)) and E(0) > 0.
Upon clearing the denominator in (7) and by letting z — 1~ (z € [0,1)) we deduce

Y M=) +dla; <(A=B)(1—a)+B > A1 —j) +la;
j=k+1 j=k+1

and this gives (5).

3 Coefficients bounds

The next theorem follows from Theorem 1.

Theorem 2. If f e A, ;x(4,B,a), then
o (A-B)(1—-«)

T (=B - A - 1)

The estimates are sharp and the extremal functions are f; given by (5).

4 Inclusion results

Theorem 3. a). If 0 <A < Xy <1, then

An,k,)q (A7 Ba a) - An,k,)\z (A7 Ba Oé); (8)
b)]f —1§Bl<Bg<0, —1<A <Ay <1 CLTLdBQ<A1, then
An i a (A1, Bo, o) C A gox, (A2, Ba, ) C Ap o, (A2, By, ). 9)

Proof. a). For 0 < Ay < X2 <1, wehave j—Xo(j —1)<j—Ai(j—1), j>k+1 and by
(4) we obtain that (8) holds.
b). If Ay, As, By, By satisfy the hypotheses of the theorem, then

1-B, 1-B, _1-B,
zélzf.Bl_le*Bz_fh*Bz7
because Ay > Ay > By > B; and, by (4), we have that (9) holds.

Theorem 4. If n€ N and

4B g

k41 ’

then Apt1,10(A, B,a) C Ap i A(A*, B,a) and the result is sharp.

Proof. Let f given by (1) be in the class A, 4151 (4, B,a). Then by (4) we have

*

(10)

[ee]

> (1=B)i"Mj = A —Da; < (A= B)(1 - a).
j=k+1
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We find the largest A* such that
> (1=B)j"i =AU~ Dlay < (A" = B)(1 - )
j=k+1
holds. But this is implied by
jn jn+1

<
A*—B -~ A-DB’

i>k+1,

or, equivalently,
A-B
A*> ——+ B, j>k+1.
J
The last inequality is satisfied for A* given by (10). We note that A < A* <1 and
B < A* < A. The extremal function is fi4+1 given by (5).

5 Integral properties

Let I.: Ny — N} be the integral operator defined by g = I.(f), where ¢ € (-1, ),

€ N, and
! koat c+1 [7

9(z) = L et gyar (11)
< 0
We note that if f € N}, is a function of the form (1), then
= c+1 ;
9(2) =L(f)(z) =2~ Y _ a7 (12)
i ¢t

and by using Theorem 1 we obtain that f € A, ;. A(4, B, ) implies g € A, x.1(4, B, o).
The following theorem improve this result.

Theorem 5. If fe€ A, p\(A, B,a) and g = I.(f), then g € A,k A(A*, B, a), where
c+1)A+EB

.
A= c+k+1 (13)

The result is sharp.
Proof. Let f e A, (A, B,a) be given by (1); then

Jj=k+1 c+ ‘7
We find the smallest A* such that
> "= AU = Da; < (A = B)(1-a)
J=k+1

But this inequality is implied by
c+1 - 1

j > 1
T —Berj-A-p kL
because [ satisfies (4). We obtain
A > (C+1)A+(j*1)B’ ikl

c+j
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and this inequality is satisfied for A* given by (13), because the function
hilk+1,00) =R, h(z) =[(c+ 1A+ (z—-1)B]/(c+z)
is a decreasing function of .
The result is sharp for the extremal function f = fry; given by (5).

We note that A* < A and, according to Theorem 3 b), we have A, (A%, B,«) C
An,k,)\(Aanol)'
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