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Univalent Functions in Simply Connected
Domains

Arpad BARICZ

Abstract. In this paper we define the notions of starlikeness , spi-
rallikeness and convexity for analytic functions in the simply connected
domain and in the other hand we obtain sufficient conditions for an ana-
lytic function to be a convex, starlike and spirallike function in the simply
connected domains. For applications we deduce conditions in the domains
bordered by the Lamé curves: (%)Qp + (%)QP =1, where p € Q* \ P, with
P={p=2t cQ; | €Z,m¢€ Z"} and in an the domain which are the

2m

area 7. We generalize the result of N. N. Pascu and coauthors [3].
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1 Starlike, spirallike and convex functions in the unit
disk

Let g be a complex function, g : U — C defined in the unit disc U = {z € C, |z| < 1},
with g(z) = u(z,y)+iv(z, y). By definition [1], [2] we say that the function g belongs to the
class C1(U), respectively C%(U) if the functions u(z,y) = Reg(z) and v(z,y) = Im g(z)
of the real variables z and y have continuous first order, respectively second order partial
derivatives in U. In this paper we use the following operators: Dg = 2z2% — 224 and
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Jg = az‘ , where 5% = 3 (61’ 18y> and 7% = 3 (81‘ +18y)'

The professor P. T. Mocanu [1], [2] obtained sufficient conditions for a non-analytic

function in the U, to be univalent, starlike, spirallike, a-convex and convex. We know
the following definitions and theorems:
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Definition 1.1. A function g € C*(U), with g(0) = 0 is a starlike, respectively spirallike
y-type function (|y| < ) if g is injectiv in U and f(U) is a starlike, respectively spirallike
~y-type domain with respect to the origin.

Definition 1.2. A function g of the class C*(U) is a convex function in U if it is univalent
and g(U) is a convex domain.

Theorem 1.1. Let |y| < Z. If the function g € C*(U) satisfies the conditions:
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a) g(0) =0, g(z) #0, for all z € U\ {0};
b) Jg(z) >0, for all z€ U;

¢) Re [[;g(—iz))] > 0, respectively Re [e” D;ZS)} >0, forall z€ U\ {0}

then g is a starlike, respectively spirallike function in U.

Theorem 1.2. If the function g € CY(U) satisfies the conditions:
a) g(0) =0, Dg € CY(U) and g(2)Dg(z) #0, for all z € U\ {0};
b) Jg(z) > 0, for all z€ U;
¢) Re [ng(z)} >0, forall z€ U\ {0}

Dg(z)
then g is a convez function in U.

2 Starlike, spirallike and convex functions in simply
connected domains

Let A a simply connected domain, A # C and let the functions g : U — C, h: U —
A, f: A — C such that g = f o h. Clearly there exists a function h € C'(U) such that
h(U) = A. If we calculate the expressions in the above theorems for the function g, we

have:
2

Jo() = | 22| |22 <P )P - Ihe), Dg(z) = f/(h(=) - Dh(2),
Do(x) o FE) e
95— i) L D) = PN DHGIT + 7 (=)D,
D(x) . PG | D)
De(z) " FmE) T D

Definition 2.1. A function f, with f(0) = 0 is a starlike, respectively spirallike y-type
function (|y| < %) if f is injective in A and f(A) is a starlike, respectively spirallike
~y-type domain with respect to the origin.

Definition 2.2. A function f is a convex function in A if it is univalent and f(A) is a
convex domain.

Theorem 2.1. If the functions h: U — A, f: A — C satisfy the conditions:

a) (foh)(0)=0, f(h(z)) #0 and f'(h(z)) #0 for all z € U\ {0};
b) Jh(z) > 0, for all z € U;

¢) Re [Dhgfg,{(;()h)(z) ] > 0, respectively Re [e” Dh(;({(lzgl)(z L'> 0, for all z € U\ {0}
and | < 3,

then f is a starlike, respectively spirallike function in A.

Theorem 2.2. If the functions h: U — A, f: A — C satisfy the conditions:

a) (foh)(0)=0 and f'(h(z)) #0 for all z € U\ {0};
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b) Jh(z) >0, for all z€ U;
Dh(z)f" (h(z D2%h(z
c¢) Re W} + Re [ Dh((z))} >0, for all z€ U\ {0},
then f is a convex function in A.

Remark 2.1. The proofs of above theorems are immediately because if we consider the
function g = f o h, then it is enough to show that g satisfies the conditions of Theorem
1.1 and Theorem 1.2.

3 An application for domains bordered by Lamé curves

In this section we consider the Lamé curve: (%)21) + (%)21) =1, where p € Q* \ P,
with P = {p = 24l cQ;1eZ, me Z*}. We know that the above curve are closed and

2m
the domains bordered by this curve are simply connected domains. On the other hand

the parametrization of this curve is the following:
z = a(cos t)%
y = b(sin t)%

So it is clearly that the function which transform the unit disk in

Ep:{z=x+iy6(C: (§)2p+(%)2p—1<0, pe@*\P}

is given by

hy(z) = a(z—gi)% +ib(z2—17)%.

Theorem 3.1. If the analytic function f: E, — C satisfies the conditions
a) f(0)=0, f(z) #0 and f'(2) #0,Vz e E,\ {0};
b) the inequality Re [%j{m} — Im [%Zf)/(z)} > 0, respectively the inequality

Re [ei"’%zf)/(z)} —Im {e”%zf;(z)} > 0 (where we denote by Q1(z) = (352) -

~A\P - —1\P
(2%1) and Q2(z) = (&£Z) - (%;‘é%) . |7l < 5) holds for all z € E, \ {0},

then f is starlike, respectively spirallike function in I,.

Proof. Let the function h, : U — E), be the function defined by

hp(z) = a(z—;E)% +ib(22_,2)%.

7

Then h, € C'(U) and h is a univalent function in U, h,(U) = E,. We consider the
function g : U — C, g = f o hy. In order to prove that f is a starlike, respectively
spirallike function in £, it is sufficient to show that the function g satisfies the conditions
from Theorem 1.1. We have

Dy(2) = %f’(u) [(A+B)z— (A Bz,
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1 i
where u = h,(z) € E, and A = a(&Z2)" ' B= b(52)” ', Since f(u) #0,Vu € E,,
then g(z) # 0, Vz € U \ {0}. The Jacobian of g is

1
J%@=%MMMHM+BP—M—BW>& vz eU.

We also have

9(z)  2p f(u)
But u = hy(z) = a(Z2)7 +ib(%2)7 and T = a(ZZ)7 —ib(52)7, it follows that
2= (%) +1i(%2)" and 7 = (4E2)" —i(%E)". A simple calculation yields that
2ol 1
A=a(=E)" b o 27~ 1P (u+7u)" " and B =b ZE) = (2P P (u —u)""?. So we
have that the expression
1 1
(A + B)Z — (A — B)? = ip_l(u — E)Q(u) + lp—_l(u +ﬁ)m,

where Q(u) = (%%)p. But out of this expression follows that

Dg(z) _ 1f/(u) :

= - Q1(u) +iQ2(u

o) p ) (O HIG)
and by the assumption result that Re L;%S) > 0, respectively Re ei“fz%—g) > 0. Sog
satisfies the conditions of Theorem 1.1. O

Remark 3.1. For p = 1 we obtain the Lamé curve: i—z + Z—Z =1 from boundary. In this

case we have A =a, B =0 and 2z = 3 [(a + b)u — (a — b)u] . We obtain that

(A+B)z—(A-B)z=(a+b)z— (a—b)z = % [(@®+b*)u — (a® = b*)u],
it follows that Dg(2) L P
9(2) _ u -
W) 2 ) (@ P (@ =V
So if f with f(0) =0, f(u) # 0 and f'(u) # 0 for all u € E; \ {0} satisfies

(a® +b%)Re Uff(/l(;;) —(a® = b*)Re ﬂ}f(’iz;) >0, YueF =E,
respectively
(a2+b2)Reei”%f(anbQ)Ree”% >0, YueFE; =FE,

then it is starlike, respectively spirallike in the elliptical domain
. 2?42
Ei=E=<z=z+iyeC: 5+ —-1<0;.
a? = b2

For a = b (Ey = E = U) the condition from above are the same with the well-known

conditions of starlikeness, respectively spirallikeness for analytic functions in the unit
disk.
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Theorem 3.2. If the analytic function f: E, — C satisfies the conditions

a) f(0) =0 and f'(2) #0,Vz € E,;

b) the inequality Re {%} + Re [—)(zl] > 0 holds for all z € Ep,
then f is a convex function in E,. In the above inequality we denote by S(z), M(z) the
followings

8(:) =17 (2 + )i + (-1 =22

Q(2)

M(z) = 1P pye {(z 1+ 3)

- e =)

b
Q*(2)

and Q(z) = (% ztg)p

Proof. We know that for the function g = f o h;, we have
1 _
Dy(z) = %f’(U) [(A+B)z - (A- B)z],

where u = hy(z) € E,. It follows that

0Dg(z) __9Dg(z)

2 = — =
D7g(2) = 2 0z 0z

1

= 2—pf”(ﬂ) [(A+B)z— (A~ Bz + %f’(U) {[((A+ B)z = (A= B)z| + M(2)},

where

M(z) = 8A+GB 2 8A+8A aB+aB _ 0A OB -
“=\%: " o2 0z "z 0z oz oz oz
So we obtain that
D2g(z)  f"(u) (A+B)z+ (A—B)z+ M(z)
Dg(z) — f'(u) (A+ B)z—(A-B)z
Since f'(u) # 0, for allu € E,, then g(z)Dg(z) # 0, for all z € U\{0}. We apply Theorem

1.2 and show that g satisfies the conditions of Theorem 1.2. But we know that Jg(z) > 0

for all z € U and 2= (“Jﬁ)p +i (“ij)p, Z= (“;aﬂ)p —i (“if)p On the other hand we
have A = a(”z) =20"1aP(u+7)' " and B = b(35Z)7 pl o (20)P~ 0P (u —w) " P,
A long calculation yields

[(A+B)z—(A—B)z] +

(A+B)z+ (A— B)z = 2u,

(A+B)s— (A— B)z =il [(u ) Q(lu) (1P - WQw)| = S(uw),
g_Ag_A(> (m T sy

It follows that
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0B

0A
M(z) = 5-(2 -2+ 5 +2)° =
1 —p 1—p |: _ 1 _ 2

=—(-1 U+T)——+ (z —)Q"(u)| = M(u),

p() ( )Q2(u) (z = w)Q"(u) (u)
where Q(u) = (gz—fg)p. Finally we obtain that %2;’((;)) = S(q}),{:)(u) + zugf‘f)(“) and by
the condition Re %299((;)) > 0 which follows that the function g satisfies the conditions of
Theorem 1.2. |

Remark 3.2. If we consider p = 1, we obtain the result of authors in [3]: M(u) = 0,
S(u) = & [(a* 4+ b*)u — (a* — b*)u| and if the function f with f(0) = 0 and f’(u) # 0
for all u € Ey = F satisfies the following inequality

uf"(u) " (u)
f'(u) f'(w)
then it is convex in elliptical domain E. If a = b (Ey = E = U) the condition from above

are the same with the well-know conditions for convexity for analytic functions in the
unit disk.

(a2+bz)Re{ +1}—(a2—b2)Re{ +1}>0, Yu € B,

4 Another application for domain with area m

Let the following geometric place problem: a point M of the circle C(O,1) has
the projections on the diameters orthogonals AA’ and BB’ in the points M; and Ms,
respectively on M My in My. In the segment Ms M let the point P such that M P = M M
and let P in exterior or interior of the segment MyM according to M is in semicircle
ABA’ or A’B’A. The place of P when M traverse the circle C' is a cuartic universal.

If we denote by o = m, A(1,0) and B(0, 1), then the curve has the parametriza-
tion
x = (1+sina)cosa
Yy =sina
or has the following implicity equality (y + 1)*(y2 —1) 42 = 0. It is clear that this curve
is symmetric with respect to BB’ and the area of the domain bordered by this curve
coincide the area of the unit disk.

™

Z
Area = 2/ (1+sint)dt = - 1% = Areagisk-

2

Like in the above section we consider the domain bordered by this curve
G={z=a+iyeC:(y+1)*@y* —1)+2° <0}.
The function
h(z) = % [z — (=2 — 2)]

transform the unit disk U in the domain G. If we calculate the expressions in the above



UNIVALENT FUNCTIONS IN SIMPLY CONNECTED DOMAINS 103

theorems, we have for the function g = f o h: U — C the followings
1 .
Dy(e) =5[22 -1 + ], Ja(a) = 1 wP (14557

2i
Dg(z) _ 1/
o) 2 1)

Do) _L[P0) 1 a ey, 2o

Dg(z) 2| f'(w) 2z —i(22+7%) [’
where v = h(z). But we get z = %(u;ﬂ# and zZ = %4152;(1%?2 Using this expressions
and the Theorems in the section Preliminaries we have the followings theorems for this
domain.

[2z —i(z* +7%)]

and

Theorem 4.1. If the analytic function f: G — C satisfies the conditions
a) F(0) =0, f(2) £ 0 and f'() 0, vz € G\ {0};
b) the inequality Re {%{7’)(2)} > 0, respectively the analogous inequality
Re [e”%} > 0 (where we denote by
1 1
T - - - @@ | _ %4 _=\3 4i 2 = —2 1
(2) o — [—i(z —2)* + 6(z —2)° + 4i(52° — 2z + 3%°) — 162]
|v| < &) holds for all z € G\ {0},
then f is starlike, respectively spirallike function in G.
Theorem 4.2. If the analytic function f:G — C satisfies the conditions
a) f(0)=0 and f'(2) #0, Vz € G;
b) the inequality Re [%:)(z)} + Re []j\f((j))} > 0 holds for all z € G,
then f is a convex function in G. In the above inequality we denote by T(z), N(z) the
followings

1 1
T(z) = TGT [—i(z —2)" +6(2 — 2)° + 4i(52 — 227 + 32°) — 162]
1 1 9 e .
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