LIBERTAS MATHEMATICA vol XXV (2005)

Close to Convex Functions Associated
with Some Hyperbola

Mugur ACU

Abstract. In this paper we define a subclass of close to convex func-
tions associated with some hyperbola and we obtain some properties re-
garding this class.
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1 Introduction

Let H(U) be the set of functions which are regular in the unit disc U = {z € C :
l2| <1}, A={feHU): f(0)=f'(0)—1=0}and S={f € A: fis univalent in U}.

We recall here the definitions of the well - known classes of starlike functions and
close to convex functions:

f(2)

CC:{feA:ngS*, Re 2 ) L zeU}.
9(2)

Let consider the Libera-Pascu integral operator L, : A — A defined as:

S*:{feA:Rer/(z)>0, zeU},

f(z) = L,F(z) = 1;(1 /F(t) -t*"'dt, a€C, Rea>0. (1.1)

0

For a = 1 we obtain the Libera integral operator, for a = 0 we obtain the Alexander
integral operator and in the case a = 1,2, 3, ... we obtain the Bernardi integral operator.

The purpose of this note is to define a subclass of close to convex functions associated
with some hyperbola and to obtain some estimations for the coefficients of the series
expansion and some other properties regarding this class.
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2 Preliminary results

Definition 2.1. [5] A function f € S is said to be in the class SH () if it satisfies

) g (v3-1)| <me V3O a5 1),

for some a (o > 0) and for all z € U.

2f'(2)
f(z)
Then Q(a) = {w=u+i-v : v? <4au+u? u>0}. Note that Q(«) is the interior of
a hyperbola in the right half-plane which is symmetric with respect to the real axis and
has vertex at the origin. If we denote with p, the analytic and univalent function with
the properties p,(0) =1, p',(0) > 0 and po(U) = Q(«a), then f € SH(«a) if and only if
2f'(2)
f(2)

Remark 2.2. We have p,(z) = (1 + 2a)

Remark 2.1. Geometric interpretation: Let Q(«) = { rzelU fe SH(a)}.

=< Pa, where the symbol < denotes the subordination in U.

1+b 1+ 4a —4a?
i 2—204, b:b(a):u and
1-2 (14 2a)?

the branch of the square root y/w is chosen so that Im /w > 0. If we consider p,(z) =

1+4
1+Clz+...,wehave01:11—23.

Theorem 2.1. [5] Let f € SH(a) and f(z) =z + baz? + b3z® +.... Then

1+ 4o Ibg| < (1+42)(3 + 16 + 2402)
1+2a 1= 41 + 2a) '

|ba| <

The next theorems are results of the so called "admissible functions method" intro-
duced by P.T. Mocanu and S.S. Miller (see [1], [2], [3]).

Theorem 2.2. Let h convex in U and Re[Sh(z) +~] >0, z € U. If p € H(U) with
p(0) = h(0) and p satisfied the Briot-Bouquet differential subordination

2 (2)
p(z) + )+ < h(z), then p(z) < h(z).

Theorem 2.3. Let g be convex in U and j : U — C with Re[j(z)] > 0, z € U. If
p € H(U) and satisfies p(z) + j(z) - zp'(2) < q(2), then p(z) < q(z).
3 Main results

Definition 3.1. Let f € A and o > 0. We say that the function f is in the class
CCH («a) with respect to the function g € SH(«) if

) —2a(\/§—1)‘ <Re{\/§zf/(z)}+2a(\/§—l),zEU-

9(2) 9(z)
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Remark 3.1. Geometric interpretation: f € CCH(«) with respect to the function

/
g € SH(«) if and only if Z;(S)
the right half-plane. Using the function p, (see Remark 2.2) we have: f € CCH («) with

2f'(2)

9(2)
Remark 3.2. From the geometric interpretation of the above definition we have CCH (o) C
cc.

take all values in the convex domain Q(«) contained in

respect to the function g € SH(«) if and only if ~ Pa-

Theorem 3.1. If f(z) =2+ Y a;z7 belongs to the class CCH(c), a > 0, with respect
j=2

to the function g(z) € SH(a), a >0, g(z) =z+ Y bjz7, then
j=2

1+ 4o (1+4a)(11 + 56a 4+ 72a%)
S 9 |a5| S - .
142 12(1 + 2a)?

Proof. We have f(z) € CCH(a) with respect to the function g(z) € SH(«) if and
!/
only if h(z) = () = pa(2), where po(U) = Q(a) (see Remark 3.1). Let h(z) =

9(2)
9 14 4o
l4ciz+cez+...,z€Uand po(2) =1+ Ciz+ ...,z € U, where Cy = T+ o0
a
1+4
Taking account the Rogosinski subordination theorem (see [4]), we have |¢;| < - i 204’
a

Jj=>1L
Using the hypothesis we have

24 Y ja;zl
Jj=2 -1 2
=l+cz+coz"+....

a2 .
z+ Y bzl
j=2

From the equality of the powers coefficients we obtain

20,2 = b2 + and 3&3 = b3 + Clbg + ca.

1
Using |¢;| < 1_—::—20(, j > 1 and the estimations from Theorem 2.1, by simple calculations,
@

we obtain

1+ 4o (14 4a)(11 + 56 + 72a%)
< d |as| < .
laa] < 75 and las| < 12(1 + 2a)3

Theorem 3.2. If F(z) € SH(a), with a > 0, then f(z) = L F(z) € SH(a), o > 0,
where L, is the integral operator defined by (1.1).

Proof. By differentiating (1.1) we obtain

(14 a)F(2) = af(z) + zf'(2) and (1 +a)zF'(2) = (1 + a)zf'(2) + 22 f"(2).
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From the above we have

z2f'(z)  22f"(2)
2F'(2) _ (1+a) @ IG) (3.1)
() O |
f(2)
With notation Z}f;S) = p(2), where p(z) =1+p1z + ..., we have
) B . B . sz//(z)
2/(:) =9(2) (=02 +
and thus
%Z()Z) =2p'(2) +p(z) (p(z) = 1).

: /
Z?(S) - p(z)+p(z)1+ azp’(z). From Remark 2.1 we have zflj(g)

Using (3.1) we have

Pa(z) and thus

p(z) + 2p'(2) < pal(z).

1
p(z) +a
We have from Remark 2.1 and from the hypothesis Re (p,(z) +a) > 0, z € U. In this
2f'(2)

f(2)

conditions from Theorem 2.2 we obtain p(z) < pa(z) or < pa(z). This means

that f(z) = L,F(z) € SH(«).
Theorem 3.3. If F(z) € CCH(«), a > 0, with respect to the function G(z) € SH(c),
a >0, and f(z) = L F(2), 9g(2) = LoG(2), where L, is the integral operator defined

by (1.1), then f(z) € CCH(&), a > 0, with respect to the function g(z) € SH(«) with
a >0 (see the above theorem,).

Proof. By differentiating (1.1) we obtain
(1+a)G(2) = ag(z) + 2¢'(2) and (1 + a)2F'(2) = (1 +a)zf'(2) + 221" (2).

From the above we have

2f'(z) | 21"()

14+a
OIS e
= y . (3.2)
G(2) z9'(2)
a+
9(2)
/ /
With the notations Zf((j) = p(z) and zg((;) = h(z), by a similarly calculus as the above
g\z g\z
theorem, it follows that
ZQf”(Z)

o =0 (W) - 1)+ 2 (2).
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2F'(2) 1 - 2F'(z)

Using (3.2) we have G =p(z)+ o+ p'(z). From Remark 3.1 we have G =

Pa(z) and thus
1 /
. =< pal(2).
P+ T () < pa(?)
We have from Remark 2.1 and the above theorem that Reh(z) > 0, z € U. Using the
hypothesis we have Re ——— e )+ >0, z € U. In this conditions from Theorem 2.3 we
2f'(2)
9(2)

to the function g(z) € SH(x).

Theorem 3.4. Let a € C, Rea > 0, and o > 0. If F(2) € CCH(a), F(z) =

z+ E a;jz?, and f(z) = L F(2), f(z) =2+ E bjz?, where L, is the integral operator
j=2 j=2
defined by (1.1), then

obtain p(z) < pa(z) or =< pa(z). This means that f(z) € CCH(«), with respect

|ba| <

a+1| 1+4a Ibs| < a+1| (1+4a)(11+ 56a + 72a2)
a+2| 1420 '~ la+3 12(1 + 20)3

Proof. From f(z) = L,F(z) we have (14 a)F(z) = af(z) + zf'(z) . Using the above
series expansions we obtain

oo o] [ee]
(14+a)z+ Z(l +a)ajz! =az+ Zabjzj +z+ Zjbjzj

Jj=2 j=2 j=2

1
and thus b;(a+j) = (1+a)a;, j > 2. From the above we have |b;| < ‘% Najl, 7> 2.

Using the estimations from Theorem 3.1 we obtain the needed results.

For a = 1, when the integral operator L, become the Libera integral operator, we
obtain from the above theorem:

Corollary 3.1. Let o > 0. If F(z) € CCH(a), F(z) = 2+ Y a2, and f(z) =
j=2

L(F(2)), f(z) =2+ Y bjz7, where L is Libera integral operator defined by L (F(z)) =
j=2
2

—/ F(t)dt, then
ZJo

by < 2 4 8o (1+4a)(11 + 56c + 720%)
2

bs| <
<3yea =S 24(1 + 20)3
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