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On the General Quadratic Functional

Equation !

John Michael RASSIAS

Abstract. In 1940 and in 1968 S.M. Ulam proposed the general prob-
lem: "When is it true that by changing a little the hypotheses of a theorem
one can still assert that the thesis of the theorem remains true or approxi-
mately true?". In 1941 D.H. Hyers solved this stability problem for linear
mappings. In 1951 D.G. Bourgin was the second author to treat the same
problem for additive mappings. According to P.M. Gruber (1978) this kind
of stability problems are of particular interest in probability theory and in
the case of functional equations of different types. In 1981 F. Skof was the
first author solving the Ulam problem for quadratic mappings. In 1982-
2002 we solved the above Ulam problem for linear and non linear mappings
and established analogous stability problems even on restricted domains.
Besides, we applied some of our recent results to the asymptotic behavior
of functional equations of different types. In this paper we establish the
stability of the Ulam problem for the general quadratic functional equation.
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1 Introduction

In 1940 and in 1968 S. M. Ulam [27] proposed the general problem:

"When is it true that by changing a little the hypotheses of a theorem one can
still assert that the thesis of the theorem remains true or approrimately true?".

In 1941 D.H. Hyers [13] solved this stability problem for linear mappings. In 1951
D.G. Bourgin [3] was the second author to treat the same problem for additive mappings.
According to P. M. Gruber [12] (1978) this kind of stability problems are of particular
interest in probability theory and in the case of functional equations of different types.
In 1978 Th.M. Rassias [22] employed Hyers’ ideas to new additive mappings. In 1981

1 The Editorial Board has to apologize for several errors that occured in the printed version of this
paper, published in LIBERTAS MATHEMATICA, tomus XXIII (2003), 165-174. We are including
its corrected version here.
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and 1983 F. Skof ([23-24]) was the first author solving the Ulam problem for quadratic
mappings. In 1982-2002 we ([16-21]) solved the above Ulam problem for linear and non
linear mappings and established analogous stability problems even on restricted domains.
Besides, we applied some of our recent results to the asymptotic behavior of functional
equations of different types. In 1999 P. Gavruta [11] answered a question of ours [16]
concerning the stability of Cauchy equation. In 1996 and 1998 we ([19-20]) solved the
Ulam stability problem for quadratic mappings @@ : X — Y satisfying the functional
equation

Q(arm1 + azx2) + Q(aswy — arx2) = (a7 + a3)[Q(21) + Q(z2)].

for every x1,z2 € X and fixed reals aq, as # 0, where X and Y are real linear spaces.
In this paper we solve the Ulam stability problem for quadratic mappings @ : X — Y
satisfying the more general functional equation

Q (Z aﬂ&) + Z Qajzi — air;) = mZQ(l“i) (*)

1<i<j<p

for every x; € X (i = 1,2,...,p), and fixed reals a; # 0 (i = 1,2,...,p), where p is
arbitrary but fixed and equals to 2,3 ,4,. .., such that

P
0<m= Zaf.
i=1

If X and Y are normed linear spaces and Y complete, then we establish an approximation
of approximately quadratic mappings f : X — Y by quadratic mappings @ : X — Y,
such that the corresponding approximately quadratic functional inequality

f(Zaixi>+ > flajm — amy) - <Za2> [Zf(mi)] ScHHxiH” ()

1<i<j<p
holds with constants ¢ > 0 (independent of z; € X : ¢ =1,2,...,p), and any fixed reals
a;,mi 70 (i =1,2,...,p). Denote
L={(rm)eR:r<2, m>1lorr>2 0<m< 1},
L={(rm)eR>:r<2, 0<m<lorr>2 m>1},

13:{(T7m)€R25T<2, m=1=pb?, ai:b:pfl/Q:izl,Q,...,p},

P

where r = 3 r; # 0, where p is arbitrary but fixed and equals to 2, 3, 4,... . Note that
i=1

m"=2 < 1if (r,m) € 1, m®>™" < 1if (r,m) € Iz, and p"~2 < 1if (r,m = 1) € I5. Also

p
denote v = [] |a;
i=1

"i > (). Besides denote

m=2"f(m"x), if (r,m) € I
fo(z) =< m2f(m™"z), if (r,m) € I
pfnf(pn/Qx% if (T7 m = 1) € I3a
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forallz € X andne N:2,3,4... .
It is useful for the following, to observe that, from (*) with x; =0 (i = 1,2,...,p),
and 0 < m # 1 we get
Q(0) =0. (1)
Note that for m = 1 we assume in addition that (1) holds.

Definition 1.1. Let X and Y be real linear spaces. Let a = (a1,as,...,ap) #
(0,0,...,0) with a; € R (i = 1,2,...,p), where R :=set of reals. Then a mapping

7
=1

functional equation (x) holds for every x; € X (i =1,2,...,p).
Denote

» 1/2
Q : X =Y is called quadratic with respect to a : |a] = (Z a2> , if the quadratic

Z Q(a;r) P
F1p77 if (r,m: Za?=|a|2> el
Q) ={  a? -

1

Zp 9 P a;r . p 9 9
_Zlai 4 1Q av ik if r,mzzlai=|a| €l
i= i= i=1 % i=

holds for all z € X.

~

(2)

2 Quadratic functional stability

Theorem 2.1. Let X and Y be normed linear spaces. Assume that Y is complete.
Assume in addition that mapping f: X — 'Y satisfies the approximately quadratic func-
tional inequality (). Also assume f(0) =0 in the case m = 1. Then the limit

Q) = lim_f(x) 3)
exists for all x € X and @ : X — Y is the unique quadratic mapping, such that
~ve/(m? —m™), if (r,m) € I
I1f(z) = Q)| < [|l=[| § ~e/(m" —m?), if (r,m) € I (4)
¢/(p—p'?), if (r,m=1) € I,

holds for all x € X and ¢ > 0 (real constant independent of = € X).

Existence

PROOF. It is useful for the following, to observe that, from (%) with z; = 0(i = 1,2, .., p)
and 0 < m # 1, we get
2+ p(p — 1) = 2mp| [ £(0)]| <0,
or
f(0) =0. (5)
Note that for m = 1 we assume in addition that (5) holds. Now claim that for n € N
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ﬁ (1 — m”(T_Q)) , if(rym) el :mm2 <1
T e n(2—r : . —r
1f (@) = f(@)] < ll2|" § s (L= =), if (rm) € L :m? T < 1 (6)
c

m (]. 7pn(7”72)/2) 5 if (T’,m = 1) S 15 IpriQ < 1.

For n =0, it is triviaL -
By replacing @, @ of (2), with f, f, respectively, one denotes:

‘ f(a;x) p
= if (r,mzza?=|a2) €
flay=4 Xai - Q
P 4 &
£ [Er ()] o (me St =) <

holds for all z € X.
From (5), (7) and (**), with «; = a;x (i =1,2,...,p), we obtain

Flma) + () £0) =m Y flaw) | <yelle]]"
Hf(mx) —m [_Z f(ai@] < velall”.
Im=2f(ma) - )]l < Sl (®)

if I; holds. Besides from (5), (7) and (x*), with 1 =z, z; =0 (j =2,3,...,p), we get

P
flarz) + Y flagz) —m[f(z) + (p = D FO)]]| <0,
j=2
or
P
or = )
f(z) = f(x), (9)

if I; holds. Therefore from (8) and (9) we have

() = m=2f(ma)]| < Lo = T (1= m72) o], (10)

which is (6) for n = 1, if I; holds.
Similarly, from (5), (7) and (xx), with z; = Gig (t1=1,2,...,p) we obtain
m

Hf(m) +(0)ro- m_zpjf (%)

~ye
< WH¢||T~



ON THE GENERAL QUADRATIC FUNCTIONAL EQUATION 155

or

If(x) = F@)ll < 2= ), (11)

m”

if I, holds. Besides from (5), (7) and (xx), with 1 = 2, z;=0(j=2,3,...,p) we get
m

f(Ga) + 321 (Fa) = mlfm™"2) + (- DS O] <0,
=
or
P
a;
> () s~y <0
or
f(z) =m?f(m '), (12)
if Iy holds. Therefore from (11) and (12) we have
17G) = m?sn )] < 2l = =2 —m el (19

which is (6) for n = 1, if I5 holds.
Also, with #; = 2 (i = 1,2,...,p) in (%%) and a; = b=p V2 (i = 1,2,...,p), we
obtain

[ (pbx) — pf (@)l < cll]",

or
C

1 (@) = p~ f (" 22) | = || f(2) —p~ " F((p) )| < el =7 1 —p(TZ)/Q]x(Hl;,)

which is (6) for n = 1, if I3 holds.
Assume (6) is true if (r,m) € I;. From (10), with m~"™z on place of z, and the
triangle inequality, we have

1) = Faa @) = () =m0 fn )| < £ ) = mo2" ™)+
2 f () — w2 ) | <

e [(1 _ mn(r72)) + m72n(1 _ mr72)mnr]”x”r _ (15)

<
= o

m2

— e n+1)(r—2 r
= (L= m D) ],
if I; holds.
Similarly assume (6) is true if (r,m) € I. From (13), with m~ "z on place of z, and
the triangle inequality, we have

£ (@) = fara (@)l = (@) = m>HD fm= D) | < [|f(2) — m?" f(m~")||+
+||m2"f(m*”x) _ m2(n+1)f(m7(n+1)x)” <
< =2 (1= D) (1 )] = (16)

’yc n - ™
= (L= m ) el
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if I5 holds.
Also, assume (6) is true if (r,m = 1) € I3. From (14), with (pb)"z(= p"/?x) on
place of x, and the triangle inequality, we have

1) = fara (@) = |[£(@) =0 f (5°52) | = (@) = o= (b)) | <
< 7 @) =" ()" )| + I~ F(ph)" @) — p~ D (o)) <

< {2 o [ 22 ) ] = (17)
= LD Y,

if I3 holds.
Therefore inequalities (15), (16) and (17) prove inequality (6) for any n € N.
Claim now that the sequence {f,(x)} converges.
To do this it suffices to prove that it is a Cauchy sequence. Inequality (6) is involved
if (r,m) € I. In fact, if i > j > 0, and h; = m?z, we have:

I fi(2) = £ (@)]| = |m™= flm'z) = m=2 flmIz)|| = m=27||m =20 flm'=Thy) — f(h)|| <

e (1= ml=DE=2) |7 < — € || =0,
m"’

<m~%
- m2 _ m2 —mr

(18)
if I; holds: m" 2 < 1.
Similarly, if ho = m™72 in I, we have:
1fi(x) = fi(@)]| = |m* fim ™" x) —m fim™Ix)|| = m* |m2C=9) fim=C"Dhy) — flhe)|| <
e ye

— (1 —m=DC=) ||z < —

m? ||z = o,

< m¥
(19)
if I holds: m2~" < 1.
Also, if hg = p//2x in I3, we have:
I fi(z) = fi(@)|| = |p~ " f(p?x) — p 3 f (07 2) || = p~ |p~ =) F(pU =)/ 2h3) — f(h3)|| <

‘ c o c . Jj—00
<p o (L=t g < g e 0,

(20)

if I3 holds: p™—2 < 1.

Then inequalities (18), (19) and (20) define a mapping @ : X — Y in p-variables
z; € X (i=1,2,...,p), given by (3).

Claim that from (xx) and (3) we can get (x), or equivalently that the afore-mentioned
well-defined mapping Q : X — 'Y is quadratic with respect to a (# 0).

In fact, it is clear from the functional inequality (sx) and the limit (3) for (r,m) € I
that the following functional inequality

m=2 || f (Zalm”xz> + > flagme; —amPzy) — <Z “12> [Zf(mn“)] =

1<i<j<p i=1 i=1

p
<m=2re ][ llmma| ™,
=1
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holds for all vectors (1,22, ..,2,) € XP, and all n € N with p =2,3,4,... and f,(z) =
m~2" f(m"zx) : I holds. Therefore

nh—>n;o In (i aimi) + 7}1_{1;0 Z fn AL — azxj (ZCL ) [i nh—>H;o fn(xz)‘| <
=1 =1

1<i<j<p
p
< ( lim m”“*?)) [T el =0

because m"™ ™2 < 1 or
p P
Q <Z a,-:z:i> + Z Qajz; — a;z;) (Za ) [Z Q(azz)] =0, (21)
i—1 1<i<j<p i=1

or mapping @) satisfies the quadratic functional equation (x).
Similarly, from (xx) and (3) for (r,m) € I we get that

f(Zp: aim”mi> + Z flaym™"z; —aym™"x;) — <z”: a?) lzp: f(m”xi)] <
i=1 1<i<j<p = /

T4
)

P
<m*c H [lm ™",
i=1

holds for all vectors (z1,22,...,7,) € XP, and all n € N with f,,(z) = m* f(m "x) : I
holds. Thus

nh—>H;o fn (i aixi> +nh_)r20 Z fn a;jT; — a’Z'Tj (i ) [Z lim fn(xz)‘| S
i=1 —1

1<i<j<p =1
P
< (tim m @) e sl =o,

because m?~" < 1, or (21) holds or mapping Q satisfies ().
Also, from (xx) and (3) for (r,m = 1) € I3 we obtain that

p p
R S LT R por | oI | B
1<i<j<p i=1 i=1

|| T

p
< p nCH Hpn/sz
i=1

holds for all vectors (1,2, ...,7,) € X?, and all n € N with f,(z) = p~"f(p"/?z) : I3
holds.
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Hence
P p P
nler;o In (Z aixi> +n1Lrgo Z folajz; —ajzj) — (Z a?) [Z nhjgo fn(am)] <
i=1 1<i<j<p i=1 i=1
p
< (nli}n;op7l(r_2)/2) CH ‘|$z i _ 0,
i=1

because p"~2 < 1, or (21) holds or mapping @ satisfies (x).

Therefore (21) holds if I; (j = 1,2,3) hold or mapping () satisfies the quadratic
functional equation (x), completing the proof that Q is a quadratic mapping with respect
to ain X.

It is now clear from (6) with n — oo, as well as from the formula (3) that the
functional inequality (4) holds in X. This completes the existence proof of the afore-
mentioned Theorem 2.1.

Uniqueness
Let Q' : X — 'Y be a quadratic mapping with respect to a satisfying (4), as well as
Q. Then Q' = Q.
Proor. Condition
m~Q(m"x), if (r,m) € L,
Q(z) = m?"Q(m™"z), if (r,m)e€ I (22)
p Q™ %x), if (r,m) € I3
holds for all x € X and n € N where p is arbitrary but fixed and equals to 2,3,4,...,

as a consequence of (6) with ¢ = 0. Remember @’ satisfies (22), as well, for (r,m) € I,
too. Then for every z € X and n € N,

1Q(z) — Q' (@)l = [m~?"Q(m"z) — m~2"Q'(m"z)|| <

< m 2 {[[Qm ) — fm"a) | + |Q'(m"x) — f(m a)||} < (23)
2 2
< m-2n _ e Jmra||” = mn(r72)2i”$”7’ — 0, as n — 00,
m= —m" m= —m”

if I; holds: m" 2 < 1.
Similarly for (r,m) € I, we establish
1Q(z) = Q' (@) = [m*"Q(m~"z) — m*"Q'(m™"z)|| <
<m? {|Q(m™"z) — f(m™"z)|| +[|Q'(m™"x) — f(m™"z)|} < (24)
2ve 2ye r
m” ———||z[|" — 0, as n — oo,
if I holds: m?~" < 1.
Also for (r,m =1) € I3, we get
1Q(x) — Q' ()| = [p"Q(p""*z) — p~"Q' (p"/*x)|| <

< {1QW2) — F )| + 1@ (/%) — F )]} < o5)
2c 2c
—n n/2.||r — yn(r—2)/2
=p p_pr/QHp LK’H p _p'r‘/2

< m2n m—nx”r — mn(2—7‘)

m’ —m

lz]|” — 0, as n — oo,
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if I3 holds: p"~2? < 1. Thus from (23), (24) and (25) we find Q(z) = Q' (z) for all z € X.

This completes the proof of the uniqueness and the stability of the quadratic func-

tional equation (). m

References

1]
2]
3]
[4]

[5]

[12]

[13]

J. Aczél, Lectures on functional equations and their applications, Academic Press,
New York and London, 1966.

C. Borelli and G.L. Forti, On a general Hyers-Ulam stability result, Internat. J.
Math. Sci., 18 (1995), 229-236.

D.G. Bourgin, Classes of transformations and bordering transformations, Bull. Amer.
Math. Soc., 57 (1951), 223-237.

P.W. Cholewa, Remarks on the stability of functional equations, Aequationes Math.,
27 (1984), 76-86.

St. Czerwik, On the stability of the quadratic mapping in normed spaces, Abh. Math.
Sem. Univ. Hamburg, 62 (1992), 59-64.

H. Drljevic, On the stability of the functional quadratic on A-orthogonal vectors,
Publ. Inst. Math. (Beograd) (N.S.), 36(50) (1984), 111-118.

L. Fenyo, Osservazioni su alcuni teoremi di D.H. Hyers, Istit. Lombardo Accad. Sci.
Lett. Rend., A 114 (1980), (1982), 235-242.

I. Fenyd, On an inequality of P.W. Cholewa. In: General Inequalities, 5. [Internat.
Schriftenreiche Numer. Math., Vol. 80]. Birkh&user, Basel-Boston, MA, 1987, 277-
280.

G.L. Forti, Hyers-Ulam stability of functional equations in several variables, Aequa-
tiones Math., 50 (1995), 143-190.

Z. Gajda and R. Ger, Subadditive multifunctions and Hyers-Ulam stability. In: Gen-
eral Inequalities, 5. [Internat. Schriftenreiche Numer. Math., Vol. 80]. Birkh&user,
Basel-Boston, MA, 1987.

P. Gavruta, An answer to a question of John M. Rassias concerning the stability
of Cauchy equation. In: Advances in Equations and Inequalities, Hadronic Math.
Series, U.S.A., 1999, 67-71.

P.M. Gruber, Stability of Isometries, Trans.Amer. Math. Soc., U.S.A., 245 (1978),
263-277.

D.H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci.
27 (1941), 222-224: The stability of homomorphisms and related topics, "Global
Analysis-Analysis on Manifolds", Teubner - Texte zur Mathematik, 57 (1983), 140-



160 JOHN MICHAEL RASSIAS

153.

~M. Jung, On the Hyers-Ulam stability of the Functional Equations that have the
14] S.-M. J On the H; Ul bl he F onal B ; hat h h
Quadratic Property, J. Math. Anal. & Appl., 222 (1998), 126-137.

[15] P1. Kannappan, Quadratic functional equation and inner product spaces, Results
Math., 27 (1995), 368-372.

[16] J.M. Rassias, On Approximation of Approzimately Linear Mappings by Linear Map-
pings, J. Funct. Anal. 46 (1982), 126-130.

[17] J.M. Rassias, On Approzimation of Approximately Linear Mappings by Linear Map-
pings, Bull. Sc. Math. 108 (1984), 445-446.

[18] J.M. Rassias, Solution of a Problem of Ulam, J. Approx. Th. 57 (1989), 268-273.

[19] J.M. Rassias, On the Stability of the General Euler-Lagrange Functional Equation,
Demonstr. Math. 29 (1996), 755-766.

[20] J.M. Rassias, Solution of the Ulam Stability Problem for Euler-Lagrange quadratic
mappings, J. Math. Anal. Appl. 220 (1998), 613-639.

[21] J.M. Rassias, On the Ulam stability of mized type mappings on restricted domains,
to appear in: J. Math. Anal. Appl.(2002).

[22] Th.M. Rassias, On the stability of linear mappings in Banach spaces, Proc. Amer.
Math. Soc., 72 (1978), 297-300.

[23] F. Skof, Sull” approssimazione delle applicazioni localmente d-additive, Atti Accad.
Sci. Torino CL. Sci. Fis. Mat. Natur., 117 (1983), 377-389.

[24] F. Skof, Proprieta locali e approssimazione di operatori. In Geometry of Banach
spaces and related topics (Milan,1983). Rend. Sem. Mat. Fis. Milano, 53 (1983),
113-129 (1986).

[25] F. Skof, Approssimazione di funzioni §-quadratiche su dominio ristretto, Atti Accad.
Sci. Torino Cl. Sci. Fis. Mat. Natur. 118 (1984), 58-70.

[26] F. Skof, On approzimately quadratic functions on a restricted domain. In Report of
the third International Symposium of Functional Equations and Inequalities, 1986.
Publ. Math. Debrecen, 38 (1991), 14.

[27] S.M. Ulam, A collection of mathematical problems, Interscience Publishers, Inc.,
New York, 1968, 63.



