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Abstract. In this paper we introduce the notion of weakly (1,2)-M-continuous
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1 Introduction

Semi-open sets, preopen sets, a-open sets and [-open sets play an important role in the
researching of generalizations of continuity in topological spaces and bitopological spaces.
By using these sets many authors introduced and studied various types of modifications of
continuity in topological spaces and bitopological spaces. The notions of quasi-open sets or
T1T2-0open sets and quasi-continuity or 7 7p-continuity are studied in [9], [15] and [29]. The
notions of (1,2)-semi-open sets, (1,2)-preopen sets, and (1,2)-a-open sets and also (1,2)-semi-
continuity, (1,2)-precontinuity, and (1,2)-c-continuity are introduced in [11]. The notions
of (1,2)-semi-preopen sets and (1,2)-semi-precontinuity are introduced and studied in [12]
and [27]. In 1961, Levine [13] introduced the concept of weakly continuous functions in
topological spaces. By using the notions of semi-open sets, preopen sets, a-sets and S-open
sets, several authors introduced and studied various forms of weak continuity in topological
spaces and bitopological spaces. Quite recently, a new form of weak continuity is introduced
and studied in [4].

In [24], [25] and [26], the present authors introduced and investigated the notions of
minimal structures, m-spaces, M-continuity and weak M-continuity. By using the notions
of minimal structures and m-spaces, the present authors [21], [22] introduced and inves-
tigated new forms of weak continuity in bitopological spaces. The purpose of this paper
is to introduce the notions of weakly (1,2)-M-continuous functions which generalize the
notions of blurly (1,2)-S-irresolute functions [4] and to transfer the study of weakly (1,2)-
M-continuous functions between bitopological spaces to the study of weakly M-continuous
functions between m-spaces.
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2 Preliminaries

Let (X, 7) be a topological space and A a subset of X. The closure of A and the interior of
A are denoted by Cl(A) and Int(A), respectively.

Definition 2.1. Let (X, 7) be a topological space. A subset A of X is said to be
(1) semi-open [14] if A C Cl(Int(A)),
(2) preopen [17] it A C Int(Cl(A)),
(3) a-open [20] if A C Int(Cl(Int(A))),
(4) B-open [1] or semi-preopen [3] if A C Cl(Int(CL(A))).

The family of all semi-open (resp. preopen, a-open, S-open) sets in (X, 7) is denoted by
SO(X) (resp. PO(X), a(X), B(X) or SPO(X)).

Definition 2.2. The complement of a semi-open (resp. preopen, a-open, -open) set is
said to be semi-closed [6] (resp. preclosed [17], a-closed [18], 5-closed [1] or semi-preclosed

[3])-

Definition 2.3. The intersection of all semi-closed (resp. preclosed, a-closed, S-closed)
sets of X containing A is called the semi-closure [6] (resp. preclosure [10], a-closure [18],
B-closure [2] or semi-preclosure [3]) of A and is denoted by sCl1(A) (resp. pCl(A), aCl(A),
3CL(A) or spCl(A)).

Definition 2.4. The union of all semi-open (resp. preopen, a-open, -open) sets of X
contained in A is called the semi-interior (resp. preinterior, a-interior, B-interior or semi-
preinterior) of A and is denoted by sInt(A) (resp. pInt(A), aInt(A), sInt(A) or spInt(A)).

Throughout the present paper, (X, 7) and (Y, o) (or simply X and Y') denote topological
spaces and (X, 71, 72) and (Y, 01, 02) denote bitopological spaces.

3 Minimal structures and M-continuity

Definition 3.1. A subfamily mx of the power set P(X) of a nonempty set X is called a
minimal structure (briefly m-structure) on X [24], [25] if § € mx and X € mx.

By (X, mx), we denote a nonempty subset X with a minimal structure mx on X and
call it an m-space. Each member of mx is said to be mx-open (briefly m-open) and the
complement of an mx-open set is said to be mx-closed (briefly m-closed).

Remark 3.1. Let (X, 7) be a topological space. Then the families 7, SO(X), PO(X), a(X),
B(X), SPO(X) are all m-structures on X.

Definition 3.2. Let X be a nonempty set and mx an m-structure on X. For a subset A
of X, the mx-closure of A and the mx -interior of A are defined in [16] as follows:

(1) mCl(A) = ({F:AC F, X\ F e€mx},

(2) mInt(A) = {U : U C A, U € mx}.
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Remark 3.2. Let (X, 7) be a topological space and A a subset of X. If mx = 7 (resp.
SO(X), PO(X), a(X), B(X), SPO(X)), then we have

(1) mCl(A) = Cl(A4) (resp. sCl(A), pCl(A), aCl(A), zCl(A), spCl(4)),

(2) mInt(A) = Int(A) (resp. sInt(A), pInt(A4), alnt(A), gInt(A), spInt(A)).

Lemma 3.1. (Maki [16]) Let X be a nonempty set and mx an m-structure on X. For subsets
A and B of X, the following properties hold:
(1) mCl(X \ A) = X \ mInt(A) and mInt(X \ A) = X \ mCI(A),
) If (X \ A) € mx, then mCl(A) = A and if A € mx, then mInt(A) = A,
) mC1(0) = 0, mCl(X) = X, mInt()) = 0 and mInt(X) = X,
) If A C B, then mCl(A) C mCl(B) and mInt(A) C mInt(B),
) AC mCl(A) and mInt(A) C A,
(6) mCl(mCl(A)) = mCl(A) and mInt(mInt(A)) = mInt(A).

Lemma 3.2. (Popa and Noiri [24]) Let (X, mx) be an m-space and A a subset of X. Then
z € mCl(A) if and only if UN A # D for every U € mx containing .

(2

(3
(4
(5

Definition 3.3. An m-structure myx on a nonempty set X is said to have property B [16]
if the union of any family of subsets belonging to mx belongs to mx.

Lemma 3.3. (Popa and Noiri [26]) Let X be a nonempty set and mx an m-structure on X
satisfying property B. For a subset A of X, the following properties hold:

(1) A € mx if and only if mInt(A) = A,

(2) A is mx-closed if and only if mCl(A) = A,

(3) mInt(A) € mx and mCl(A) is mx-closed.

Definition 3.4. A function f : (X,mx) — (Y,my) is said to be weakly M -continuous
[26] (resp. M -continuous [24]) at x € X if for each V € my containing f(z), there exists
U € mx containing x such that f(U) € mCl(V) (resp. f(U) C V). A function f :
(X,mx) — (Y,my) is said to be weakly M-continuous (resp. M-continuous) if it has the
property at each point z € X.

Theorem 3.1. For a function f : (X,mx) — (Y,my), where my has property B, the
following properties are equivalent:

(1) fis weakly M-continuous at x € X;

(2) for every V € my with x € f~1(V),z € mInt(f~(mC1(V)));

(3) for every my -closed set F of Y with x € mCl(f~!(mInt(F))),x € f~1(F);

(4) for every subset B of Y with x € mCl(f~(mInt(mCl(B)))),z € f~(mCl(B));

(5) for every subset B of Y with x € f~!(mInt(B)),z € mInt(f~1(mCl(mInt(B))));

(6) for every my -open set V with x € mCl(f~*(V)),z € f~1(mCl(V)).

Proof. (1) = (2): Let f be weakly M-continuous at z and V' € my such that x € f~1(V).
Then, f(z) € V and there exists U € mx containing x such that f(U) C mCl(V'). Then we
have z € U C f~1(mCl1(V)). This implies that x € mInt(f~*(mC1(V))).

(2) = (3): Let F be any my-closed set of Y. Suppose that ¢ f~1(F). Then Y\ F € my
and x € X \ f7}(F) = f~YY \ F). By (2) and Lemma 3.1, we have

r € mInt(f~1(mCLY \ F))) = mInt(f (Y \ mInt(F)))
= mlnt(X \ f~H(mInt(F))) = X \ mCIl(f~(mInt(F))).
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Therefore, we obtain z ¢ mCI(f~!(mInt(F))).

(3) = (4): Let B be any subset of Y. Since my has property B, mCl(B) is my-closed
and for any z € mC1(f~!(mInt(mCl(B)))),z € f~(mCl(B)).

(4) = (5): Let B be any subset of Y and z € f~!(mInt(B)). Then we have z €
f~l(mInt(B)) = X \ f~Y(mCl(Y \ B)). Then z ¢ f~'(mCl(Y \ B)). Then, by (4) z €
X\ mCI(f~H(mInt(mCl(Y \ B))) = mInt(f~ (mCl(Int(B))).

(5) = (6): Let V be any my-open set of Y. Suppose that z ¢ f~!(mCIl(V)). Then
f(z) ¢ mCl(V) and by Lemma 3.2 there exists W € my containing f(x) such that WNV =
(; hence mCl(W) NV = . By (5), we have x € mInt(f~*(mCI(W))) and hence there exists
U € mx such that x € U C f~1(mCl(W)). Since mCl(W)NV =0, UN f~4(V) = 0 and by
Lemma 3.2 ¢ mCI(f~(V)). Therefore, for each x € mC1(f~1(V)),z € f~H({mCL(V)).

(6) = (1): Let V be any my-open set containing f(x). Then we have z € f~1(V) C
fH(mInt(mC1(V))) = X \ f~1(mCL(Y \ mC1(V))). By (6), x ¢ mCI(f~ (Y\mCl( ))) and
x € mInt(f~H(mCl(V))). Therefore, there exists U € myx such that z € U C f~1(mCl(V));
hence f(U) C mCl(V). This shows that f is weakly M-continuous at x € X.

Definition 3.5. Let S be a subset of an m-space (X, mx). A point z € X is called an
mg-adherent point of S if mCl(U) NS # () for every mx-open set U containing .

The set of all mg-adherent points of S is called the my-closure of S and is denoted by
mCly(S). If S = mCly(S), then S is said to be my-closed. The complement of an my-closed
set is said to be mg-open.

Remark 3.3. Let S be a subset of a topological space (X, 7) and mx = 7 (resp. SO(X),
PO(X)), then mCly(S) = Clyp(S) [30] (resp. sCly(S) [7], pCly(S) [23]).

Lemma 3.4. (Popa and Noiri [26]) Let A be a subset of an m-space (X, mx). Then the
following properties hold:

(1) If A is mx-open in (X, mx), then mCl(A) = mCly(A),

(2) If mx satisfies property B, then mCly(A) is mx-closed for every subset A of X.

Theorem 3.2. (Popa and Noiri [26], [21]) For a function f : (X,mx) — (Y,my), the
following properties are equivalent:
(1) fis weakly M -continuous;
(2) f~YV) c mInt(f~1(mCLV))) for every V € my;
(3) (mCl( )) C mClg(f(A)) for every subset A of X;
(4) mCl(f~1(B)) C f~1(mCly(B)) for every subset B of Y;
(5) mCI(f~ (mInt(mCl( ) C f~H(mCL(B)) for every subset B of Y;
(6) mCl(f~H(mInt(F))) C f~Y(F) for every my -closed set F of Y.

Theorem 3.3. (Popa and Noiri [26]) Let (Y, my) be an m-space and my satisfy B. Then,
a function f : (X,mx) — (Y,my) is weakly M-continuous if and only if mCl(f~*(V)) C
f~HmClV)) for every my -open set V of Y.

For a function f: (X,mx) — (Y, my), we define Dy pc(f) as follows:

Dwpe(f) ={xz € X : f is not weakly M-continuous at x}.
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Theorem 3.4. For a function [ : (X,mx) — (Y,my), where my has property B, the
following equalities hold:

Dwaic(f) = Ugem, {f71(G) \ mInt(f~(mCl(G)))}
= Uper{mCL(f ™ (mInt(H))) \ f~'(H)}
= Upep(y) imCl(f ™! (mInt(mCL(B)))) \ f~ (mCL(B))}
= Upep) {f " (mnt(B)) \ mInt(f ! (mCl(mInt(B))))}
= Ugem, {mCIf~HG) \ f7H(mCU(G))},

where F is the family of my -closed sets of (Y, my).

Proof. We shall show only the first equality since the proofs of other are similar to the
first. Let # € Dwasc(f). By Theorem 3.1, there exists V' € my such that z € f~1(V) and
z ¢ mInt(f~H(mCl(V))). Therefore, we have

ze f7H (V) \mint(f~ (mCl(V))) | {f71(G)\ mInt(f~" (mCl(G)))}.

Gemy

Conversely, let € Ugep,, {f7H(G) — mInt(f~'(mCI(G)))}. Then, there exists V € my
such that z € f~1(V) \ mInt(f~*(mC1(V))). By Theorem 3.1, we obtain x € Dw pc(f).

Definition 3.6. Let (X, mx) be an m-space and A a subset of X. The m-frontier of A,
mFr(A), is defined as follows: mFr(A) = mCl(A) NmCl(X \ A) = mCl(A) \ mInt(A4).

Theorem 3.5. (Popa and Noiri [26]) The set of all points x € X at which a function
[ (X,mx) = (Y,my) is not weakly M-continuous is identical with the union of the m-
frontiers of the inverse images of the my -closures of my -open sets containing f(x).

4 Minimal structures and bitopological spaces

Definition 4.1. A subset A of a bitopological space (X, 71, 72) is said to be quasi-open [9],
[29] or TyTe-open [11] if A= BUC, where B € 71 and C € Ta.

The complement of a 7;7s-open set is said to be T 7o-closed. The intersection of all
T1To-closed sets containing a subset A of X is called the 7 7o-closure and is denoted by
7172C1(A). The union of all 71 72-open sets of X contained in A is called the 7 m»-interior
of A and is denoted by 71 75Int(A). The family of all 71 72-open sets of (X, 71, 72) is denoted
by (1,2)0(X).

Definition 4.2. A subset A of a bitopological space (X, 71, 72) is said to be
(1) (1,2)-semi-open [11] if A C 772Cl(11Int(A)),
(2) (1,2)-preopen [11] if A C 7Int(m172Cl(A)),
(3) (1,2)-a-open [11] if A C 7Int(my72Cl(mInt(A))),
(4) (1,2)-semi-preopen [12], [27] if A C 1172Cl(mInt(T172C1(A4))).
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The complement of (1,2)-semi-open (resp. (1,2)-preopen, (1,2)-a-open, (1,2)-semi-pre-
open) set of X is said to be (1,2)-semi-closed (resp. (1,2)-preclosed, (1,2)-a-closed, (1,2)-
semi-preclosed). The intersection of all (1,2)-semi-closed (resp. (1,2)-preclosed, (1,2)-a-
closed, (1,2)-semi-preclosed) sets containing A is called the (1,2)-semi-closure (resp. (1,2)-
preclosure, (1,2)-a-closure, (1,2)-semi-preclosure) of A and is denoted by (1,2)sCl(A) (resp.
(1,2)pCl(A), (1,2)aCl(A), (1,2)spCl(A)). The union of (1,2)-semi-open (resp. (1,2)-preopen,
(1,2)-a-open, (1,2)-semi-preopen) sets of X contained in A is called the (1,2)-semi-interior
(resp (1,2)-preinterior, (1,2)-a-interior, (1,2)-semi-preinterior) of A and is denoted by
(1,2)sInt(A) (resp. (1,2)pInt(A4), (1,2)alnt(A4), (1,2)spInt(A4)).

The collection of all (1,2)-semi-open (resp. (1,2)-preopen, (1,2)-a-open, (1,2)-semi-pre-
open) sets of X is denoted by (1,2)SO(X) (resp. (1,2)PO(X), (1,2)a0(X), (1,2)SPO(X)).

Remark 4.1. Let (X, 71, 72) be a bitopological space and A a subset of X.

(1) mm0(X), (1,2)SO(X), (1,2)PO(X), (1,2)aO(X) and (1,2)SPO(X) are all m-struc-
tures on X having property B.

(2) By (1,2) M(X), we denote the collection of all m-structures determined by the topolo-
gies 71 and 72 on X and call each member of (1,2)M(X) a (1,2)M-structure on X. Let
(12)M(X) € (1,2)M(X). If (1,2)M(X) = 11=20(X) (resp. (1,2)SO(X), (1,2)PO(X),
(1,2)a0(X), (1,2)SPO(X)), then we have

i) (1,2)mCl(A) = 12 CI(A) (resp. (1,2)sCl(A), (1,2)pCl(A), (1,2)aCl(A), (1,2)spCl(A)),

i7) (1,2)mInt(A) = my7m2Int(A) (resp. (1,2)sInt(A), (1,2)pInt(A), (1,2)alnt(A),
(1,2)spInt(A)).

(3) A subset A is 1y7e-closed (resp. (1,2)-semi-closed, (1,2)- preclosed (1,2
(1,2)-semi- preclosed) if and only if A = 7372 Cl(A) (resp. A = (1,2)sCl(A4), A= (1
A = (1,2)aCl(A), A = (1,2)spCl(A)).

(4) Ais 1ym2-open (resp. (1,2)-semi-open, (1,2)-preopen, (1,2)-a-open, (1,2)-semi-preopen)
if and only if A = 7y7oInt(A) (resp. A = (1,2)sInt(A), A = (1,2)pInt(4), A = (1,2)alnt(A),
A = (1,2)spInt(A)).

(5) By Lemma 3.2, we obtain the results established in Lemma 8(iii) of [4].

(6) By Lemma 3.1, we obtain the relations between (1,2)mCl(A) and (1,2)mInt(A).

(7) Let (1,2)M(X) € (1,2)M(X) and A be a subset of X. By (1,2)mCly(A), we denote
the myg-closure of A in (1,2)M(X).

)-a-closed,
2)pCI(4),

5 Weakly (1,2)-M-continuous functions

Definition 5.1. A function f : (X, 71, 72) — (Y, 01, 02) is said to be blurly (1,2)-5-irresolute
[4] if for each point € X and each V € (1,2)SPO(Y) containing f(x), there exists U €
(1,2)SPO(X) containing x such that f(U) C (1,2)spCl(V).

Hence, it turns out that f : (X, 7,72) — (Y,01,02) is blurly (1,2)-B-irresolute if and
only if f: (X, (1,2)SPO(X)) — (Y, (1,2)SPO(Y")) is weakly M-continuous.

Definition 5.2. Let (X, 71, 72) and (Y, 01, 02) be bitopological spaces and (1,2)M(X) (resp.
(1,2)M(Y)) a (1,2)M-structure on X (resp. Y). A function f : (X,71,72) — (Y,01,02)
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is said to be (1,2)-M-continuous or (1,2)-M-irresolute (resp. weakly (1,2)-M-continuous
or blurly (1,2)-M-irresolute at a point x € X (resp. on X) if f : (X,(1,2)M(X)) —
(Y, (1,2)M(Y")) is M-continuous (resp. weakly M-continuous) at x € X (resp. on X).

Remark 5.1. (1) If (1,2)M(X) = (1,2)SPO(X) and (1,2)M(Y) = (1,2)SPO(Y’), then we ob-
tain the definitions of (1,2)-S-irresolute functions [19] and blurly (1,2)-S-irresolute functions
[4].

(2) If (1,2)M(X) = (1,2)0(X) (resp. (1,2)SO(X), (1,2)PO(X), (1,2)a0(X),
(1,2)SPO(X)), (1,2)0(Y) (resp. (1,2)SO(Y), (1,2)PO(Y), (1,2)a0(Y), (1,2)SPO(Y)) and
(X, (1,2)M(X)) = (Y, (1,2)M(Y)) is (1,2)-M-continuous or weakly (1,2)-M-continuous,
then we obtain the deﬁnltlons of a (1,2)-continuous (resp. (1,2)-semi-continuous, (1,2)-
precontinuous, (1,2)-a-continuous, (1,2)-semi-precontinuous) function or a weakly (1,2)-
continuous (resp. weakly (1,2)-semi-continuous, weakly (1,2)-precontinuous, weakly (1,2)-
a-continuous, weakly (1,2)-semi-precontinuous) function.

p-
S
i

(3) (1,2)-M-continuity (or weak (1,2)-M-continuity) is a unified form of the functions
stated in (1) and (2).

The following three theorems follow from Theorems 3.1, 3.2 and 3.3.

Theorem 5.1. Let (X, 71,72) and (Y,01,09) be bitopological spaces and (1,2)M(X ) (resp.
(1L2)M(Y)) a (1,2)M-structure on X (resp. Y ), where (1,2)M(Y ) has property B. For a
function f: (X, 711,72) — (Y,01,02), the following properties are equivalent:

(1) fis weakly (1,2)-M-continuous at x € X ;

(2) for every (1,2)M-open set V of Y withx € f~1(V),z € (1,2)mInt(f~1((1,2)mCL(V)));
(3) for every (1,2)M-closed set F of Y with x € (1,2)mCl(f~1((1,2)mInt(F))),z €

fUE);

(4) for every subset B of Y with z € (1,2)mCl(f~1((1,2)mInt((1,2)mCl(B)))),z €
f7H(1,2)mC(B));

(5) for every subset B of Y with x € f~((1,2)mInt(B)),

€ (1,2)mInt(f~((1,2)mCl((1, 2)mInt(B))));
(6) for every (1,2)M-open set V with x € (1,2)mCl(f~1(V)),z € f~1((1,2)mCL(V)).

Theorem 5.2. Let (X, 71,72) and (Y,01,02) be bitopological spaces and (1,2)M(X ) (resp.
(1,2)M(Y')) a (1,2)M-structure on X (resp. Y ). For a function f: (X, 171,72) — (Y,01,02),
the following properties are equivalent:

(1) fz's weakly (1,2)-M—continuous;

(2) fF~Y(V) c (1,2)mInt(f~1((1,2)mCLV))) for every (1,2)M-open set V of Y;

(3) f((1,2)mCl(A)) C (1, Z)mCl (f(A)) for every subset A of X;

(4) (1,2)mCl(f~1(B)) C f~1((1,2)mCl,(B)) for every subset B of Y;

(5) (1,2)mCI(f~1((1, )mInt((l 2)mCI(B)))) C f~1((1,2)mCl(B)) for every subset B of
Y;

)

(6) (1,2)mCI(f~1((1,2)mInt(F))) C f~L(F) for every (1,2)M-closed set F of Y.

Theorem 5.3. Let (X, 71,72) and (Y,01,02) be bitopological spaces and (1,2)M(X ) (resp.
(L2)M(Y)) a (1,2)M-structure on X (resp. Y ), where (1,2)M(Y ) has property B. A
function f: (X, 11,72) = (Y,01,02) is weakly (1,2)-M -continuous if and only if
(1,2)mC1(f~1(V)) C F~1((1,2)mCL(V)) for every (1,2)M-open set V of Y.
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Remark 5.2. (1) If (1,2)M(X) = (1,2)SPO(X) and (1,2)M(Y) = (1,2)SPO(Y"), then by
Theorems 5.2 and 5.3 we obtain the results established in Theorem 29 of [4] and Theorem
31 (4), (i), (ii3) of [4].

(2) The results of Theorem 34 of [4] are not correct (see Definition 30 and Theorem 3.5
of [5]).

Let (X, 7,72) and (Y, 01,02) be bitopological spaces and (1,2)M(X) (resp. (1,2)M(Y))
a (1,2)M-structure on X (resp. Y). For a function f : (X, 7,72) — (Y,01,02), we define
D 2ywae(f) as follows:

D gywame(f) ={x € X : f is not weakly (1,2)-M-continuous at x}.

By Theorem 3.4, we obtain the following theorem.

Theorem 5.4. For a function f: (X, 71,72) — (Y,01,02), where (1,2)M(Y) has property
B, the following equalities hold:

D(1,2)WMC(f) = UG€(1,2)M(Y){f_1(G) \ (1, 2)mInt(f‘1((1, 2)mCl(G)))}
= Uper{(1,2)mCI(f~((1,2)mInt (H))) \ f~(H)}
= Upepan {1, 2)mCI(f~((1, 2)mInt((1, 2)mCL(B)))) \ f~1((1,2)mCL(B))}
= Upeppn 1 ((1,2)mInt(B))\ (1, 2)mInt(f~*((1,2)mCl((1, 2)mInt(B)))) }
= Uge@ 2man{(1,2)mCI(f~H(G) \ f7H((1,2)mCHG))},

where F is the family of (1,2)M-closed sets of Y.

Definition 5.3. Let (X, 71, 72) be a bitopological space, A a subset of X and (1,2)M(X) a
(1,2) M-structure on X. Then the (1,2)M-frontier of A is defined as follows: (1,2)MFr(A
= (1,2)mCl(A4) N (1,2)mCl(X \ A) = (1,2)mCl(A4) \ (1,2)mInt(A).

By Definition 5.3 and Theorem 3.5, we obtain the following theorem.

Theorem 5.5. Let f : (X,71,72) — (Y,01,02) be a function. Then Dq aywarc(f) is
identical with the union of the (1,2)M-frontiers of the inverse images of the (1,2)M-closures
of (1,2)M-open sets of Y containing f(x).

6 Weak (1,2)-M-continuity and (1,2)-M-continuity

In this section, we investigate the relationships between (1,2)-M-continuous functions and
weakly (1,2)-M-continuous functions.

Definition 6.1. A function f : (X,mx) — (Y,my) is said to satisfy the m-interiority
condition [26] if mInt(f~1(mC1(V))) C f~1(V) for each my-open set V of Y.

Lemma 6.1. (Popa and Noiri [26]) If a function f : (X,mx) — (Y,my) is weakly M-
continuous and satisfies m-interiority condition, then fis M -continuous.
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Definition 6.2. Let (X, 7, 72) and (Y, 01, 02) be bitopological spaces and (1,2)M(X) (resp.
(1,2)M(Y)) a (1,2) M-structure on X (resp. Y). A function f : (X, 7,72) = (Y,01,02) is
said to satisfy (1,2)M-interiority condition if f : (X, (1,2)M(X)) — (Y, (1,2)M(Y)) satisfies
m-interiority condition.

Therefore, a function f: (X, 71,72) — (Y, 01,02) satisfies (1,2) M-interiority condition if
(1,2)mInt(f~1((1,2)mCl(V))) C f~1(V) for every (1,2)M-open set V of Y.

Theorem 6.1. Let (X, 71,72) and (Y,01,02) be bitopological spaces and (1,2)M(X ) (resp.
(1,2)M(Y)) a (1,2)M-structure on X (resp. Y). If f : (X, 71,72) = (Y,01,02) is weakly
(1,2)-M -continuous and satisfies (1,2)M-interiority condition, then fis (1,2)M-continuous.

Proof. The proof is an immediate consequence of Lemma 6.1.

Definition 6.3. An m-space (X, mx) is said to be m-regular [26] if for each mx-closed set
F and each ¢ F, there exist disjoint m x-open sets U and V such that z € U and F C V.

Remark 6.1. Let (X, 7) be a topological space and mx = 7 (resp. SO(X), PO(X)). Then
m-regularity coincides with regularity (resp. semi-regularity [8], pre-regularity [23]).

Lemma 6.2. (Popa and Noiri [26]) Let (Y, my) be an m-regular m-space and satisfy property
B. Then, for a function f:(X,mx) — (Y,my), the following properties are equivalent:

(1 )fzs M -continuous;

(2) f~H(mCly(B)) = mCl(f~H(mCly(B))) for every subset B of Y;

(3) fis weakly M -continuous;

(4) f~YF) = mCI(f~1(F)) for every mg-closed set F of Y;

(5) f~HV) =mInt(f~Y(V)) for every mg-open set V of Y.

Definition 6.4. Let (X, 71,72) be a bitopological space and (1,2)M(X) a (1,2) M-struc-
ture on X. Then (X, 7, 72) is said to be (1,2)M-regular if (X, (1,2)M(X)) is m-regular,
equivalently if for each (1,2)M-closed set F' of (X, 71,72) and each x ¢ F, there exist dis-
joint (1,2)M-open sets U and V such that x € U and F C V.

Remark 6.2. If (X, 7y, 72) is (1,2) M-regular and (1,2)M(X) = (1,2)SPO(X), then (X, 71, 72)
is (1,2)-semi-preregular [4].

Theorem 6.2. Let (X, 71,72) and (Y,01,03) be bitopological spaces and (1,2)M(X ) (resp.
(1L,L2)M(Y')) a (1,2)M-structure on X (resp. Y ), where (1,2)M(Y ) satisfies property B and
(Y,01,02) is (1,2)M-regular. Then, for a function f: (X, 11,72) — (Y, 01,02), the following
properties are equivalent:

(1) fis (1,2)-M-continuous;

(2) F71((1,2)mCl,(B)) = (1,2)mCL(f~*((1,2)mCl,(B))) for every subset B of Y;

(3) fis weakly (1,2)-M-continuous;

(4) f~YF) = (1,2)mCIl(f~1(F)) for every (1,2)my-closed set F of Y;

(5) f7HV) = (1,2)mInt(f~1(V)) for every (1,2)mg-open set V of Y.

Proof. The proof is an immediate consequence of Lemma 6.2.

Remark 6.3. If (1,2)M(X) = (1,2)SPO(X) and (1,2)M(Y) = (1,2)SPO(Y), then by The-
orem 5.2 we obtain the result established in Theorem 37 of [4].
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7 Properties of weakly (1,2)-M-continuous functions

We can obtain several properties of weakly (1,2)-M-continuous functions by using those of
weakly M-continuous functions established in [26].

Definition 7.1. An m-space (X, mx) is said to be m-Ts [24] (resp. m-Urysohn [26]) if for
each distinct points x,y € X, there exist U,V € mx containing x and y, respectively, such
that UNV = (resp. mCL{U) NmCLV) = 0).

Definition 7.2. Let (X, 71, 72) be a bitopological space and (1,2)M(X) a (1,2)M-structure
on X. Then (X, 7y, 72) is said to be (1,2)m-Ts (resp. (1,2)m-Urysohn) if (X, (1,2)M(X)) is
m-Ty (resp. m-Urysohn).

Remark 7.1. If (X, 7, 7) is (1,2)m-T, and (1,2)M(X) = (1,2)SPO(X), then (X, 11, 72) is
(1,2)-B-T [4].

Lemma 7.1. (Popa and Noiri [26]) If f : (X,mx) — (Y,my) is a weakly M -continuous
injection and (Y, my) is m-Urysohn, then (X, mx) is m-T5.

Theorem 7.1. Let (X, 71,72) and (Y,01,02) be bitopological spaces and (1,2)M(X ) (resp.
(1,2)M(Y)) a (1,2)M-structure on X (resp. Y ). If f : (X,71,72) = (Y,01,02) is a weakly
(1,2)-M-continuous injection and (Y,01,02) is (1,2)m-Urysohn, then (X, 7, 72) is (1,2)m-
Ts.

Proof. The proof is an immediate consequence of Lemma 7.1.

Definition 7.3. A function f : (X,mx) — (Y, my) is said to have a strongly M-closed
graph [26] if for each (z,y) € (X x Y) — G(f), there exist an mx-open set U containing x
and an my-open set V of Y containing y such that [U x mCl(V)]NG(f) = 0.

2

Definition 7.4. Let (X, 71, 72) and (Y, 01, 02) be bitopological spaces and (1,2)M(X) (resp.
(1,2)M(Y)) a (1,2) M-structure on X (resp. Y). A function f: (X, 7,72) — (Y,01,02) is
said to have strongly (1,2)M-closed graph if f : (X, (1,2)M(X)) — (Y, (1,2)M(Y)) has a
strongly m-closed graph.

Lemma 7.2. (Popa and Noiri [26]) Let f : (X,mx) — (Y,my) be a weakly M-continuous
function. Then the following properties hold:

(1) If (Y, my) is m-Urysohn, then G(f) is strongly M-closed,

(2) If f is injective and G(f) is strongly M-closed, then (X, mx) is m-Ts.

Theorem 7.2. Let (X, 11,72) and (Y,01,02) be bitopological spaces and (1,2)M(X ) (resp.
(1,2)M(Y)) a (1,2)M -structure on X (resp. Y ). For a weakly (1,2)-M-continuous function
f:(X,m,7m2) = (Y,01,02), the following properties hold:

(1) If (Y, 01, 092) is (1,2)m-Urysohn, then G(f) is strongly (1,2)M-closed,

(2) If f is injective and G(f) is strongly M-closed, then (X, 71,72) is (1,2)m-Ts

Proof. The proof is an immediate consequence of Lemma 7.2.

Definition 7.5. An m-spacce (X, mx) is said to be m-connected [24] if X cannot be written
as the union of two nonempty disjoint m x-open sets.
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Definition 7.6. Let (X, 71, 72) be a bitopological space and (1,2)M(X) a (1,2) M-structure
on X. Then (X, 71,72) is said to be (1,2)M-connected if (X, (1,2)M(X)) is m-connected.

Lemma 7.3. (Popa and Noiri [26]) If f : (X,mx) — (Y,my) is a weakly M -continuous
surjection, where mx satisfies B and (X, mx) is m-connected, then (Y, my) is m-connected.

Theorem 7.3. Let (X, 71,72) and (Y,01,02) be bitopological spaces and (1,2)M(X ) (resp.
(1,2)M(Y)) a (1,2)M-structure on X (resp. Y ), where (1,2)M(X) satisfies property B.
Iff: (X,71,m2) = (Y,01,02) is a weakly (1,2)-M-continuous surjection and (X,71,72) is
(1,2)M-connected, then (Y,01,02) is (1,2)M-connected.

Proof. The proof is an immediate consequence of Lemma 7.3.

Definition 7.7. A subset K of an m-space (X, mx) is said to be m-closed [24] (resp. m-
compact [24]) relative to (X, mx) if for any cover {V, : @ € A} of K by mx-open sets
of X, there exists a finite subset Ag of A such that K C [J{mCl(V,) : o € Ao} (resp.
K C | J{Va : @ € Ag}). If X is m-closed (resp. m-compact) relative to (X, mx), then
(X, mx) is said to be m-closed (resp. m-compact).

Definition 7.8. Let (X, 71, 72) be a bitopological space and (1,2)M(X) a (1,2) M-structure
on X. Then a subset K of (X,71,72) is said to be (1,2)M-closed (resp. (1,2)M-compact)
relative to (X, 7, 72) if K is m-closed (resp. m-compact) relative to (X, (1,2)M(X)).

Lemma 7.4. (Popa and Noiri [26]) Let f: (X,mx) — (Y, my) be a weakly M -continuous
function. Then the following properties hold:
(1) If K is m-compact relative to (X, mx), then f(K) is m-closed relative to (Y, my),
(2) If f is a surjection and (X, mx) is m-compact, then (Y, my) is m-closed.

Theorem 7.4. Let f : (X,11,72) — (Y,01,02) be a weakly (1,2)-M-continuous function
and (1,2)M(X) (resp. (1,2)M(Y)) a (1,2)M-structure on X (resp. Y ). Then the following
properties hold:

(1) If K is (1,2)M-compact relative to (X, T, 72), then f(K) is (1,2)M-closed relative to
(Y,01,02),

(2) If fis a surjection and (X, 11, 72) is (1,2)M-compact, then (Y, 01, 02) is (1,2)M-closed.

Proof. The proof is an immediate consequence of Lemma 7.4.
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