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1 Introduction

Let X be a nonempty set. Take a metric d(.,.) over it; as well as a selfmap T : X — X.
We say that © € X is a Picard point (modulo (d,T)) if i) (T™x;n > 0) (=the orbit of x) is
d-convergent, ii) z := lim,, 7"« is in Fix(T) (i.e., z = Tz). If this happens for each x € X
and iii) Fix(T') is a singleton, then T is referred to as a Picard operator (modulo d); cf. Rus
[10, Ch 2, Sect 2.2]. For example, such a property holds whenever d is complete and T is
d-contractive; cf. (b04). A structural extension of this fact — when an order (<) on X is
being added — was obtained in 2004 by Ran and Reurings [9]. For each z,y € X, denote

(a01) x <> y iff either z < y or y < z (i.e.: z and y are comparable).

This relation is reflexive and symmetric; but not in general transitive. Given a > 0, call T,
(d, a, <)-contractive if

(a02) d(Tz,Ty) < ad(z,y), Y,y € X, z < y.
If this holds for some « €]0, 1[, we say that T is (d, <)-contractive.

Theorem 1.1. Let d be complete and T be d-continuous. In addition, assume that T is
(d, <)-contractive and

(a03) X(T,<>):={z € X;x <> Tx} is nonempty
(a04) T is monotone (increasing or decreasing)

(a05) for each x,y € X, {x,y} has lower and upper bounds.
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Then, T is a Picard operator (modulo d).

According to some authors — including Nieto and Rodriguez-Lopez [6] or (quite recently)
O’Regan and Petrusel [7] — this result is the first extension of the classical 1922 Banach’s fixed
point theorem [2] to the realm of (partially) ordered metric spaces. However, the assertion
is false. Some early statements of this type have been obtained in 1970 by Chandra and
Fleishman [3, Sect 5]. Further, in 1986, a couple of fixed point results over such structures
is being established by Turinici [11, Theorems 2-4], under the lines in Matkowski [5]. Note
that, none of these is covered by the recent contributions in the area; we do not give details.

Despite these historical remarks, the Ran-Reurings fixed point result found some useful
applications to matrix equations; see the quoted paper for details. So, it cannot be surprising
that, soon after, many extensions of Theorem 1.1 were provided. The most recent one
(constructed under the lines above) was established in 2008 by O’Regan and Petrusel [7].
But (as we shall see in Section 4), their statement cannot extend the Ran-Reurings’; which,
until now, remains the ”absolute” model for such developments. Having these precise, it is
our aim in the following to discuss the ”ontological” status of Theorem 1.1. The conclusion
to be derived reads (cf. Section 2): the Ran-Reurings theorem is but a particular case of
the beautiful 1968 fixed point statement in Maia [4, Theorem 1]. Further, in Section 3, an
extension is given for this last result. Some other aspects will be delineated elsewhere.

2 Main result

(A) Let again (X, <, d) be an ordered metric space; and T': X — X, a selfmap of X. Given
x,y € X, any subset {z1,...,25} (for k > 2) in X with z; = 2, 2z = y, and [z; <> 241,
i€ {1,..,k — 1}] will be referred to as a <>-chain between = and y; the class of all these
will be denoted as C(x,y; <>). Let ~ stand for the relation over X attached to <> as

(b01) z ~ y iff C(x,y; <>) is nonempty.

Clearly, (~) is reflexive and symmetric; because so is <>. Moreover, (~) is transitive; hence,
it is an equivalence over X.
The following variant of Theorem 1.1 is our starting point.

Theorem 2.1. Let d be complete and T be d-continuous. In addition, assume that T is
(d, <)-contractive, (a03) holds, and

(b02) T is <>-increasing [x <>y implies Tz <> Ty]
(b03) (~) =X x X [C(x,y;<>) is nonempty, for each z,y € X].
Then, T is a Picard operator (modulo d).

This result is a weaker form of Theorem 1.1; because (a04) = (b02), (a05) = (b03).
[In fact, given z,y € X, there exist, by (a05), some u,v € X with u < <wv, u <y < w.
This yields <> u, u <> y; wherefrom, = ~ y; i.e., (b03) holds]. The remarkable fact to be
noted is that Theorem 2.1 (hence the Ran-Reurings statement as well) is deductible from
the 1968 Maia’s fixed point statement [4, Theorem 1]. Let e(.,.) be another metric over X.
Call the selfmap T : X — X, (e, a)-contractive (for some « > 0) when
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(b04) e(Tz,Ty) < ae(x,y), Yo,y € X;

if this holds for some a €]0, 1], the resulting convention will read as: T is e-contractive.
Further, let us say that d is subordinated to e when d < e (i.e.: d(z,y) < e(z,y), Vx,y € X).
The announced Maia’s result is:

Theorem 2.2. Assume that d is complete, T is d-continuous and e-contractive, and d is
subordinated to e. Then, T is a Picard operator (modulo d).

In particular, when d = e, Theorem 2.2 is just the Banach contraction principle [2].
However, its potential is much more spectacular; as certified by

Proposition 2.1. Under these conventions, we have Theorem 2.2 =—> Theorem 2.1; hence
(by the above) Maia’s fixed point result implies Ran-Reurings’.

Proof. Let the conditions of Theorem 2.1 hold; and (~) stand for the equivalence relation
(b01). We introduce a mapping e : X x X — R, as: for each z,y € X,

(b05) e(x,y) = inf[d(z1, 22) + ... + d(zk—1, 2)],
where {z1, ..., 2t} (for k > 2) is a <>-chain between z and y.

Clearly, e is reflexive [e(x,z) = 0, Vo € X], symmetric [e(y,y) = e(y,x), Vz,y € X] and
triangular [e(x, z) < e(x,y) + e(y, 2), Vz,y,z € X]. In addition, the triangular property of
d gives d(z,y) < d(z1,22) + ... + d(2k-1, 2k), for any <>-chain {z1,...,2;} (where k > 2)
between z and y. So, passing to infimum, yields d(x,y) < e(z,y), Vo,y € X; ie: dis
subordinated to e. Note that e is sufficient in such a case [e(z,y) = 0 = = = y]; hence,
it is a (standard) metric on X. Finally, let a €]0,1[ be the number appearing in (a02).
Given z,y € X, let {z1,...,2;} (for k > 2) be a <>-chain connecting them (existing by
(b03)). From (b02), {Tz1,..., Tz} is a <>-chain between Tz and Ty. So, combining with
the contractive condition,

k—1 k—1
B(TJZ,Ty) S Z d(TZi,TZi+1) S « Zd(zz, Zi+1)7
i=1 i=1

for all such <>-chains; wherefrom, passing to infimum, e(Tz, Ty) < ae(z,y); i.e., (b04)
holds. Summing up, Theorem 2.2 applies to these data; and we are done. O

(B) A different proof of the above statement is available from the following statement in
Maia [4, Theorem 2]:

Proposition 2.2. Suppose that T : X — X fulfills, for some X\ > 1,
(b06) g(z,y) :=>_,50 A"d(T"x, T"y) < 0o, for allz,y € X.

Then j) g is a metric over X, jj) T is (g, p)-contractive for pn > 1/\ (hence, T is g-
contractive), jjj) d < g [i.e.: d is subordinated to g].

Proof. (Sketch) The first and third part are clear. For the second one, it will suffice noting
that, by the very definition above,

g(z,y) = d(z,y) + A\g(Tx,Ty) > A\g(Tz, Ty), Yo,y € X.

Hence the conclusion. O
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Having this established, we may now pass to an alternate

Proof. (Theorem 2.1) Let o €]0,1[ be the number appearing in (a02). Given z,y € X,
there exists, from (b03), a <>-chain {z1,...,2;} (where &k > 2) connecting them. By
monotonicity, T"z; <> T"z;41, Vi € {l,....k — 1}, Vn; hence, combining with (a02),
d(T"z;, T"2;41) < a™d(zi, zi+1), for the same ranks (i,n). But then

k—1
ATz, T"y) <> d(T"2,T"211) < Ma", Vn;

=1

where M := Zf;ll d(z;, zi+1); so that, for each A €]1,1/a],

S ONA(T 2, Ty) < MY (Aa)™ < oo;
n>0 n>0

i.e., (b06) holds for our data. Taking Proposition 2.2 into account, the result follows, via
Theorem 2.2. [

3 Extensions of Maia’s result

From these developments, it follows that Maia’s result [4, Theorem 1] is an outstanding tool
in the area; so, the question of enlarging it is of interest. A positive answer to this — in a
pseudometric setting — will be described below.

(A) Let X be a nonempty set. By a pseudometric over X we shall mean any map d :
X x X — R,. If dis reflexive, we call it a r-pseudometric; and if d is reflexive triangular,
we shall talk about a rt-pseudometric (on X). Note that this last object is not a semimetric
over X; because the symmetry is not accepted here. Given the pseudometric d, let us say
that the sequence (x,,) is d-Cauchy when [Ve > 0, In(e): n(e) <n <m = d(xn,zm) < ¢l
Further, define a d-convergence structure on X by the convention: x, A iff d(xp,x) — 0
as n — oo; referred to as: x is a d-limit of (x,,). The set of all these will be denoted lim,, z,;
when it is nonempty, we call (z,), d-convergent. Note that, by the lack of symmetry, a
relationship like [(for each sequence) d-convergent —> d-Cauchy] is not in general true.
However, we say that d is complete when each d-Cauchy sequence in X is d-convergent. Call
d, Hausdorff admissible when, for each sequence (x,), lim, x, is a singleton whenever it

is nonempty. Finally, we say that 7' : X — X is d-continuous provided z,, B implies
Tz, i> Tx.
(B) Now, take a relation V over X; supposed to be reflexive [xVzx, Va € X]. Denote, for

each z € X: X(z,V) = {y € X;2Vy} (the z-section of V in X). Let us associate to (V)
another relation (<) over X according to

(c01) = <y iff there exists a V-chain {z1, ..., z.} (for k > 2) between x and y.

[Here, the last convention means: z; = x, 2z = y, and 2;Vz;11, @ € {1,...,k — 1}]. Clearly,
(=) is reflexive and transitive (hence, a quasi-order) on X. Let F(Ry) stand for the class of
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all functions ¢ : Ry — R4 ; and F1(R4), the subclass of all ¢ € F(Ry) with ¢(0) = 0 and
o(t) < t, V& > 0. We say that ¢ € Fi(R4) is a strong comparison function if p=increasing
and ), ¢"(t) < oo, for all t > 0. (Note that ¢ € F; (R ) follows from these; cf. Matkowski
[5]; but, this is not essential for us). Further, let e(.,.) be a pseudometric over X; and
T:X — X be aselfmap of X. Given ¢ € Fi(R4), we say that T is (e, V; ¢)-contractive if

(c02) e(Tx, Ty) < ple(z,y)), Yo,y € X, xVy;

if this holds for at least one strong comparison function ¢, then we say that T is extended
strong (e, V)-contractive. Finally, given the pseudometric d on X, let us say that it is
V-subordinated to e, provided d(z,y) < e(z,y), when zVy.

Theorem 3.1. Let the reflexive relation V be such that
(c03) X(T,V) :={x € X;2VTz} is nonempty
(c04) T is V-increasing (xNy = TxVTy).

In addition, let the rt-pseudometric d and the r-pseudometric e be such that d is complete
and Hausdorff admissible, T is d-continuous and extended strong (e, V)-contractive and d is

V-subordinated to e. Then, for each xg € X (T, V), there exists * € Fix(T) with T"x 2y 2
as n — 00, for each x € X (xg, ).

Proof. Put z,, = T"zg, n € N; and let ¢ € Fi1(R+) be the strong comparison function
appearing in the extended strong (e, V)-contractive property of T. By (c04) and (c02),
e(Tnt1, Tnt2) < @(e(@n, Tnt1)), for all n. This yields (by the V-subordination property of
d with respect to e)

d($n,l‘n+1) < €($n,$n+1) < np"(e(xo,xl)), VTL,

wherefrom (by the triangular property of d), (x,) is a d-Cauchy sequence. As d is complete,
Tn Ay 2t asn — oo, for some x* € X. This, along with the d-continuity of T, yields

Tnt1 = Ty, LN Tz*; wherefrom, z* € Fix(T) (as d is Hausdorff admissible). Finally, take
some = € X (x, ). By definition, there exists a V-chain {z1, ..., 24} (for some k > 2) with
21 =, 2 = Xg, 2;Vzit1, t € {1,...,k —1}. From (c04) and (c02), this yields, for all such i,
and alln >0

T2 VT" 201, d(T" 2, T  zi41) < e(T"2:, T zi41) < ©"(e(2i5 2i41));

wherefrom (again by the triangular property of d) lim, 7"z = ... = lim,, T"z;, = {z*}; and
this gives the conclusion we want. O

In particular, when V = X x X (=the trivial quasi-order on X) and the comparison func-
tion ¢ is linear (p(t) = at, t € Ry, for some « €]0, 1[), the obtained result includes Maia’s
(Theorem 2.2). In fact, Theorem 3.1 also covers the statement in Nieto and Rodriguez-Lopez
[6]; we do not give details. Some related facts may be found in Rus [10, Ch 3, Sect 3.3].
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4 Further aspects

As already mentioned, another extension of Theorem 1.1 was provided by O’Regan and
Petrusel [7, Theorem 3.3]. To state it, we need some preliminaries.

Let (X, <;d) be an ordered metric space; and T : X — X, be a self-map of X. The
question to be solved is the one in Section 1. Denote

(d01) X(<)y = (2)U(>) (ie: (w,y) € X (<) iff either x <y or z > y).

Note that X<y is just the graph of the relation <> over X introduced as in (a01); so, it
may be identified with this relation. As a consequence, X (<) is reflevive [(v,x) € X (<), for
each x € X| and symmetric [(z,y) € X (<) iff (y,7) € X(<)]. However, X <y is not in general
transitive, as simple examples show. We say that ¢ € F1(R4) is a comparison function if
p=increasing and ¢"(t) — 0 as n — oo, for all ¢ > 0. (As before, ¢ € Fi(R) follows from
these; we do not give details). Given ¢ € Fi(Ry), let us say that T is (d, <>; ¢)-contractive
provided

(d02) d(Tz,Ty) < @(d(z,y)), Yo,y € X, v <> y;

if this holds for at least one comparison function ¢, then T is referred to as extended (d, <>)-
contractive. Finally, let us say that T is h) orbitally continuous if: T"Dg — z as i — oo
imply T+ — Tz as i — oo; and hh) orbitally X (<)-continuous provided: Ty — 2
as i — oo and (T"Wz, 2) € X (<), for all i > 0, imply TV 1z — Tz as i — oo; cf. Petrusel
and Rus [8].

We are now in position to give the announced result.

Theorem 4.1. Assume that d is complete, T is extended (d,<>)-contractive and (a03)+(b02)
hold, as well as

(d03) X (<) is transitive: (x,y), (y,2) € X(<) = (2,2) € X(<)
(d04) (z,y) ¢ X<y = Fe=c(z,y) € X: (z,¢),(y,c) € X(<).
In addition, assume that one of the conditions below is fulfilled:
(d05) T is orbitally continuous

(d06) T is orbitally X <)-continuous and there exists xo € X (T, <>)
and a subsequence (T™Wxq;i > 0) of (T"xo;n > 0) in such a way that
(T Dz, 2*) € X (<), for each i.

Then, T is a Picard map (modulo d).

This result is claimed to include the 2004 contribution in the area due to Ran and Reur-
ings [9] (i.e., Theorem 1.1 in our notations), obtained under a linear comparison function:
p(t) = at, t € Ry, for some « €]0, 1[. However, this is not true; because, (d03)+(d04) give
(by the symmetry of X (<))

X x X = X(<) (i.e.: the ambient order (<) is total).
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In fact, let o,y € X be arbitrary fixed. If (x,y) € X(<), we are done; so, assume (z,y) ¢
X(<y. By (d04), there exists ¢ = c(z,y) € X such that (z,¢c) € X(<), (y,¢) € X(<). This,
along with the symmetry of X (<), gives (c,y) € X(<); hence, by (d03), (z,y) € X(<); and
the claim follows. As a consequence, Theorem 4.1 cannot extend the Ran-Reurings result
(based on non-total orderings). In addition, the sentence (d06) is invalid; because z* is not
appearing as a variable for the basic existential (3) or universal (V) operators. Perhaps its
corrected form is the one appearing in [7, Theorem 3.10]; namely

(d07) T is orbitally X (<)-continuous and there exists zo € X (7', <>)

and a rank sequence (n(7);¢ > 0) in such a way that
(Va): [T Dzg — o7 = (T"Pg, 2*) € X<y, for all i > 0;

we shall discuss these facts elsewhere. Further aspects may be found in Agarwal, El-Gebeily
and O’Regan [1].
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