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On the Original Dirac Equations with
Radiation Term

Vasil G. ANGELOV

Abstract. The well known Lorentz-Dirac equations
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generate difficulties as an appearance of a third derivative, an existence of run-
away solutions, a violation of causality over short time intervals. We overcome
these difficulties following the original P. A. M. Dirac’s physical assumptions.
Unlike Dirac we replace his local expansions with nonlocal formulation of the
problem. So we obtain instead of the above equations a system of first order
neutral functional differential equations of motion with respect to the unknown
velocities containing both retarded and advanced arguments. We show also that
the fourth equation is a consequence of the first three ones, that is, Dirac system
is not overdeterminated. This simplifies calculations in the various applications.

1 Introduction

In a previous paper [1] we have obtained a new form of Lorentz radiation term in one-
dimensional case. As a consequence we have shown that Ehrenfest paradox does not exist
provided to replace the known Lorentz radiation term [2] by the newly derived one [1]. In
the relativistic case the usually accepted radiation term leads to the well known Dirac (or
Lorentz-Dirac) equations [3].

.oe 2e2 (... 1. . .
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where x1(t), x2(t), x3(t), x4(t) = ict are the coordinates of the electron, e is its charge, m -
its rest mass, ¢ - the speed of light, the dot is a differentiation with respect to arc length,
e . dz, cdx,,
T s T V2 —udt
and Einstein summation convention is valid. The second term in (1) is the Abraham four -
vector of radiation reaction derived also by Dirac [3].
The profound analysis of the above system of equations due to F. Rohrlich [4] put on

view the following difficulties: 1) the appearance of a third derivative of positions does not
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permit a determination of the solutions of these equations in terms of the Newtonian initial
conditions of positions and velocities; 2) an existence of runaway solutions; 3) a violation of
causality over short time intervals, or an acceleration occurs prior to the applied force.

We would like to point out that here we overcome the above mentioned difficulties follow-
ing the original physical assumptions due to P.A.M.Dirac [3]. He assumes the delayed and
advanced argument to be a small parameter. Unlike Dirac we replace his local expansions
with nonlocal formulation of the problem. So we obtain instead of (1) a system of first
order neutral functional differential equations of motion with respect to unknown velocity
containing both retarded and advanced arguments. (cf. [5]). We propose slightly more dif-
ferent formulation of Dirac’s incoming and outgoing fields by comparison with [1] relaxing
the conditions on the incoming and outgoing field functions.

In view of the numerous applications of the Dirac equations much work has been devoted
to this subject [6]-[29]. Many authors suggest various solutions. Nevertheless V.Ginsburg
[24] notices that the problem in question is not clear. In [28] A.Yaghjian considers the Lorentz
model of the electron as a charged insulator. He modifies the self electromagnetic force
during the short time interval after the external force is applied. The resulting modification
of the equations of motion eliminates the noncausal pre-acceleration. In contrast to [28] we
consider the electron as a mass-point charge - an assumption due to Dirac. We study also an
existence problem for Dirac equations coming from their original form [1], using incoming
(retarded) and outgoing (advanced) fields as they has been introduced by Dirac in [1]. The
derivation of the new form of the radiation term is based on the previous results [31], [32]
using relativistic form of the retarded and advanced Lienard-Wiechert potentials [6]. We
stand on the theory of functional differential equations [5], [31], [32] of neutral type with
both retarded and advanced arguments caused by the finite propagation of the interaction
- the basic assumption of Einstein relativity theory. So Dirac equations become second
order neutral equations. As a consequence one can show as in [1] that do not exist runaway
solutions. We have also proved that the fourth equation is a consequence of the first three
ones. The proof is based on the property of the electromagnetic tensor and the new form of
the radiation term. The existence-uniqueness theorem for the equations of motion is proved
by means of fixed point theory [34]. Finally we show that Dirac combination of retarded
and advanced fields really leads to a "renormalization of mass” (cf. Section IX).

Section II is devoted the strict mathematical formulations of the original Dirac assump-
tions.

In Section IIT we show that the fourth equation is a consequence of the first three ones.
As far as we know such an assertion is not yet proved anywhere (cf. [6]-[27]). So we consider
just 3 equations for 3 unknown functions. This simplifies calculations in the applications.

In Section IV we obtain estimates of the functions 77¢*(¢) and 7% (t) by the distances
between a moving electron and incoming and outgoing fields. In order to apply fixed point
theorems from [34] we make in Section V estimates of the right-hand sides of the newly
derived Dirac equations.

In the same way in Section VI we obtain Lipschitz estimates of the right-hand sides of
the equations of motion.

In Section VII we recall some tools from the fixed point theory [34].

In Section VIII using a suitable fixed point theorem an existence-uniqueness theorem for
Dirac equations is proved.
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It is shown in Section IX that runaway solutions do not exist.

The theorem proved in Section X implies the finiteness of the energy.

In conclusion remark an estimate of the maximal velocities is made which outlines the
frame of applicability of the theory.

2 Derivation of Dirac equations using retarded and ad-
vanced potentials

Our goal here is to derive a new form of the radiation term based on the original physi-
cal reasoning’s due to P.A.Dirac [3]. We follow the approach from [1] but we specify our
reasoning’s and use the denotations from [30]-[32].

Consider a charge e describing any curve L in space-time. Let A(zq(t),x2(t), z3(t),ict)
be any event and let A" (%1 (), d2(t), #3(t),ict) be the intersection of L with the null-cone
drawn into the past from A, and let A% (& (t), #o(t), 23(t), ict) be the intersection of L with
the null-cone drawn into the future from A where £ < t and ¢ < .

Let

A= (A, do s M) = <u1A(t)v uzA(t)’ u?gt)’ Z) ,

where A =, /¢2 — Z§,=1 42 (f) be the unit tangent vector to L at A" and let

€ = (&7, &7 6.6 = (21 (t) — 21(F), 22(t) — Fa(f), w3(t) — Z3(F),ic(t — 1)), £ <t

be the isotropic vector A"t A.
Analogously, let

A= (A, Ao, A, Ag) = (alA(E)’ 122(5)’ agA(f)’ if) |

where A = /c? — Zf’{zl @2 () be the unit tangent vector to L at A*™ and

1M = (617,657, 47, €17) = (21(F) — 21(8), 22(F) — w2(t), 23(F) — w3(t), ic( — 1)), 1> ¢

be the isotropic vector AA®%.
The unit tangent vector to L at A is

)\ - ()\17 )\23 A37 >‘4) = (U1A(t)7 U1A(t)7 U1A(t) ) z) ) Where A = \/ C2 - Zi:l u’zy(t)

In accordance with Dirac assumptions the radiation term is defined as a half of the
difference between both retarded and advanced potentials, that is,

prad _ L[(OAFT AN (0Azt oA
kn 2 6:Ek 8:En, 8ik ain ’
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where

_ eAn adv _
nT T ey <5adv>

are Lienard-Wiechert retarded and advanced potentials [6]. So that Dirac physical assump-
tions lead to the following form of equations (instead of (1)):

ret __

d)\k e rad
mes = g(Fkn/\n + Fin®)
de ATt pAEt 1 [9A® gAY T
ial] Fi\, Ay — = (Pn 04 N\ (h=1,2,3.4
s [ kndn 5 < 9iy | Oin 3\ a7 3,4)
or
A\ ¢ [[OAT  pATet DA HAsdvN ]
d\e _ _ (%8 -1 .
&5~ ma At o K el el il e -t ren K Gl b

Further on we assume (cf. [31], [32]) that
(AR): t — =717 (t),t —t = 77%(¢)

In fact postulating (AR) we extend the relation between the relativistic and absolute time
from [33].

Remark 1. Recall Dirac assumptions from [3]:
1) 77et(t) = 9% (t) = 7 > 0;
2) 7 is a small parameter.

Dirac derives the radiation term expanding in 7 > 0 using Taylor formula. It is known,
however, from the theory of functional differential equations with small delays that when
7 — 0 the solution of functional differential equation could not always tend to the solution
of corresponding ordinary differential equation.

Since A" and A% lie on the trajectory L we obtain

— V> , where A = /c2 — Zi:l uZ(t —7"t),

o (w4 7Y ug(t 4 7)) ug(t 4 7)) e A 3 5 v
)\—( A X ) whereA—\/c = =y us(t+ 7).
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Therefore
€ = (z1(t) — 21 (t — 77(L)), 22 (t) — 2 (t — T7(L)), 23(2) — 23(t — T7(t)), ieT™))
and
€01 = (a1t + 70 (1)) — 21 (), wa(t + 70 (1)) — w2(t), w3t + 7)) — ws(t), ieT ™))
The functions 77¢(t), 799%(¢) can be obtained as solutions of the functional equations
<€T6t’£ret>4 -0, <£adv’£adv>4 —0

where (-, ), is the scalar product in the Minkowski space. Let us recall that £7(t), £49%(¢)
are isotropic vectors drawn into the past and into the future respectively.
Solving the last equations with respect to 77¢*(¢) and 7% (¢) we obtain:

ret 1 3 ret 2 adv 1 3 adv 2
T = - ; [25(8) =y (E =77 ()], 7%() = - ; [ (t + 70(1)) — 2 (t)]

c
(2)
We would like to point out once again that we follow strictly physical reasoning’s due
to Dirac [3] and following [31], [32] we replace the usually accepted Dirac equations obtain
nonlocal system of neutral functional differential equations with both retarded and advanced

arguments.
In what follows we use the calculations from [31], [32] and we obtain
d\g e
E = ?Fkn/\n'i'
2 ret /\ 5\ _ ;\ ret’ A d}\
oy [ AN (Y Y
2me < é’ret>4 dSret 4
<£ret )\>4 d(?:, . < , dsn,,> gret
+
<>\7 é‘ret>

) adv <)\ ;\> ~ <£adv /\> .
B[N e ).

d dX dA d
<§a v’ )\>4 dsa:u - <A’ dsqdv >4 l(cl Y

<;\7§adu>i

It is known ([6],[12]-[14],[26],[27]) that the elements of the electromagnetic tensor are:

+

(k=1,2,3,4).

Fi1 Fia Fis Fuu 0 H; H, iE;
Fo1 Fyy Fys Fou | _ [ —Hs 0 H, iE,
F31 F3p F33 F3y -Hy, -—-H; 0 iE; |’

Fy Fapo Fu3 Fy —iby —iEy —iE3 0
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where Eﬁ(El7 Es, E3) is the electric field intensity vector and ﬁ(Hl, Hy, H3) is the magnetic

field intensity vector. It is easy to see that Fj, = —F,k.

The above system (3) can be split into ”space-like” and ”time-like” parts:

dg,
T Tt
2 ret )\ ret )\ Y
- & Ay = A (€7 Ny (1+<§m7 dA>>+
mc < gret> dsret [ 4
<§rct )\>4 dswt _< ’dswt> frpt
+
(A grer),
o [a (), e N (o o
© 2me? < 3 L+ {¢ "ds +
<)\7§adv>4 adv 4
(get, >4 diii, N <)" dsdj:iv> &
+ - 5 4 (a=1,2,3).
adv
<)\’5 >4
N

&
= ) F4n>\n+
mc

n 2 _ fZet <)\7 AV> B )\43<§ret’ )‘> <1 + <§-ret7 d)\>) +
2me <)\, €T6t> dSret

. <£ret, )\> di‘j\r:t _ < , dsn,, > gret
<5\’ é'ret>

2 adv :\ )\ <§adv7/\> . ~
[ )
(g2t 0) B — (X 725 ) g

<5\7£adv>2

We use the denotation (-,-) for 3-dimensional scalar product in Euclidean subspace.
Following [31], [32] we have to find the relations between the derivatives at past, present

and future instants. Indeed, differentiating the relations ¢ — f = %\/Zi:l [24(t) — jtv(tv)]Q

ds

_|_
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with respect to ¢ (considering t = ¢(£)) we obtain

3 g a .
dt _ 7;1 [x’Y(t) xW(t)] [uﬁ(t) i “/( ):|
E B o 3 9

¢ 2::1 [mW(t) x'y(t)]

and hence

D

<é‘ret7 é‘ret> _ <§'ret, u> - c2rret _ <£ret’ ’U,(t))

@ ¢ <£ret7§ret> _ <§Tet7,[l/> c2rret <£r€t ( _ Tret)>
7 =

63

Analogously differentiating £ — t = %\/Z:;’:l [2,(1) — a:n,(t)]2 with respect to ¢ (consid-

ering t = t(#)) we obtain

3 7 A,
% 820 = 28] |in(d) - ws (0]

@i
di 3 . R )
O ENORENO]
y=1
and hence
D= l o \/W <§adv > c2radv _ <§adv’u(t + Tadv)>

di  c\/(€odv Eodvy — (gadv gy Arodv — (¢adv (L))

0 5\> ~(u(t), ut — 77 — 2 <)\ ;\> B <u(t),u(t—|—7'“d”> - 02_
) 4 AA ) B 4 - AA )
e <§T€t,u(t)> _ C2Tret wdo <§adv7u(t)> _ CQTadv
(€ N), = A ;o (N, = A ;
<5\ €ret> — <§T€ta U/(t - Tj‘et)> — C2Tret . <5\ gadu> <§adv t + Tadv)> - CQTadv
) 4 A b b 4 A
dho ¢ d [ua(t c c{u(t),u(t))
dS_Adt( A()>:A2ua(t)+ < (A)4 ) ua(t)7 (a:1’273);
dA iccd (1 ic? . . dug (t
=i (3) = Fe i (=0,
d _1d _1dtd 1,1 d _1d 1dtd_ 141
dsrer Adi Adidt AT dt’ ds,q Adt Adtdt A dt

)
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where D = dtv, D= dt
dt dt
dAe < [t (t — 77 cug(t — 77¢) (u(t — 77, a(t — 7))
ds t:D A2 ( ! (A4 ( ) (a=1,2,3)
d\y ic2D (u(t —77), a(t — 77¢t))
dSTet o A4 ’
d)o _h Clig (t + 77%) N cua (t + 7)) (u(t + 7o), 4t + 7o) (0=1.23)
dSedqn A2 Ad =1,2,
d5\4 . ic D< (t+7adv) u(t+7adfu)>'
dsadv N A4 ’
<§ret dj\a> _h <§7‘et a(t — Tret)> N ((gret’u(t _ Tvet c2 ret) _ Tet ), (t — Tret)>
’ dsret 4 A2 A
o B\ _eD [fule)a ) ()t = 7)) = A7) ult = 77, aft = 77°))
’ dsret 4_ A A2 A4
gadv d;\a :Cf) <£adv7u(t+7-adv)> N (<£adv7u(t+7_adv)> _ CQTadv) <u(t+7’adv),ﬂ(t‘adv)>
' dsadv AQ A4
\ da cD <u t+7ad”)> N (<u(t),u(t+7“dv)> _ 02T“d”) <u(t+7_adv)’,d(t+7_adv)>
’ dsadv 4 A A2 A4

Therefore the above system becomes

c dug(t c du(t
" dt( ) + A <u(t), d(t)>ua ZFaﬂuﬂ ] +

2 [gget (AN, = (e /D) (€7 ), <1+ <£ret ‘M> ) +
4

C2A

2mc? (3, frat>z " dsyet
D duOt (t _ Tret) U (t — TTEt) ret du(t ret d>\ ret
S ( @ A u(t =), dt R e C S
. 2 -
(A€,
e[S (AN), — (@A) (€, 0), a5
T L . 1+ gy, y +
mc <)\’ é’ad'u>4 Sadv 4
D dua (t—'—Tadv) Ua (t +Tadv) ret du(t+7adv) adv dj‘ adv
o (M (e BT et ) - (i A
+ 3 )

(e,
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(a=1,2,3).

2 [ier™ (A, = Ge/B) (7 N,y (H<§m’ dx >)+
<)\7§7'et>4 dspet 4

. D re du(t _ TTEt) re . Te dj\
iexq <u(t7' t)’dt> (€7t \), —icr t<)\ >4

’ dsret
(A,

2 [ier® (AN) = (ic/A) (g, 3), <1+<§adv " > ) .

_2m02 <5\7£adv>3 ’ dsad'u
4

. b adv du(t+7adv) adv - —adv dj‘
ZCA4 <u(t+7’ ), o (¢ ,/\>4 icT A, Tsatn )

(X godvy?

2mc?

+

The last equation should be divided by zc.

3 The fourth equation is a consequence of the first three
ones

After obvious transformations we obtain the following systems of four equations

3
Y Fapug(t) = Eat
B=1

Ue (t) + Ug,

(u() () _ A {
A2 me3

+E . gget (<u(t),u(t — TTGt> _ 02) — Uy (t — Tret) (<§Tet,u(t)> _ CQTret) .

2 [<£ret7 u(t _ Tret)) _ 027_7«6,5]3
+Q (<€ret, U(t)> _ 627-?”615) <ua (t _ Tret) + Ua(t . Tret) <u(t — rre gg(t _ qre )>> )
2 [<§ret7 u(t _ Tret)> _ CQTTet]z

ver (@), 0t — 7)) A%+ ((u(t), u(t — 7)) — @) (u(t — 77, it — 7))
«@ A2
[<§ret, u(t — 7ret)) — C2Tret]2

CH ™ ((u(t), ult — 7)) = ualt = 79 (€, u(t)) - Fro)

2 [<§adv7 u(t + Tadv)> _ CQTadvf’
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_é (€, u(t)) — 2rdv) (ua(t+7“d”) + uq (t4704) <u(t+7—adv)g;(t + Tadv)))
2 [(€adv, ot — Tadv)) — CQTadv]Q
oo ((2), 0t 7o)y A2 4 ((u(t), u(t+7)) — @) (u(t+7), i(t+row))
- A2 (4.a)
[<£adv7 u(t + Tad'u)> _ C2Tadv]2
(), alt) _ A L A | T u(t), u(t — 7)) — (€7 ult))
A2  mce3 (B, u(®) + 2mc? {H [(gret u(t — Tret)) — CQTret]3 +
. (u(t _ ,rret), U(t _ Tret)> (<§ret’ u(t)> _ CZTret)
D _
* [<£ret’ U(t _ Tret)> _ C2Tret]2

A2(u(t), it = 77°0) + ({u(t) u(t — 7)) — ) (ult — 77°) it - Tret»]
[(ret, u(t — 7ret)) — c2rret]®
_ﬁradv<u(t),u(t+7-adv)> . <§“d”,u(t)> b <u(t+7'“d”),u(t+7ad”)>(<§ad“,u(t)> _ C2Tadv> -

[(gadv y(t+Tadv)) — C2Tadv]3 [(€adv, q(t4Tadv)) — CQTad,U]Q
_ adv A2(u(t), a(t + 799v)) + ((u(®), u(t + 77%7)) — ) (u(t + 70%), 0t + T“dv)>]
[(€adv y(t + T7et)) — CQTad”]Q

where
H _ A2+DA2<€ret’ U(t _ Tret)>+ (<£ret’ u(t _ Trvet)> _ CQ,]_ret) <U(t _ Tret)’ U(t _ ,7_7‘615)>7
A2
ﬁ _ A2+bA2<§adv,ﬂ(t+7adv)>+(<€adv’u(t+TZ:)> _ CQTadv) <u(t+Tret)’u(t+Tadv)> .

Then multiplying (4.a) by u4(t), summing up in o and dividing into ¢® we obtain (4.4).
Indeed, in details, for the left-hand side of (4.«r) we have

(W01 (1) + 55 (0 u(O) o). 1)) = (o), a0 1+ T

— (ult), a(t)) = <u(t),u(tA)>2—|— (u(t),u(t)) _ c <U(Z)§u(t>>~

3 3 3
For the right-hand side we put F'= > Y Foguqug = >, Fapuqug. Then in view of
a=1p=1 a,p=1
Fop = —Fpq it follows Fq = 0. Therefore

3 3

F =Y Faguaus+ Y _ Fagtiqus =
a<f a>3
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3 3 3 3
= Z Fagualqg + Z FgQUQUﬁ = Z Faﬁuauﬁ — Z Faguauﬁ =0.

a<f a<f a<f a<f

Consequently

3 3
Z ZFaﬁuaug —c? Z Eu, = —c? Z Eu, = —c*(E, u(t)).
@ B y=1 ~y=1

For the second term in the right-hand side of (4.«r) we obtain
(€ u(t)) ((ult), ult —77°) =€) — (ul), ult — ") (€, ult) — 7)) =
=c? (Tret(u(t),u(t —7rety — (fret7u(t)>) )

For the corresponding term from (4.4) we have
T (), u(t — 77) — (€7, u(t)).
For the third term in the right-hand side of (4.c) we obtain
(€7 u(t)) — A7) (A% (u(t), alt — 77)) + (u(t), u(t — 7)) ult — 77), a(t — 7)) —
=€ u(®)) [(u(t), alt — 77 NA% + ((u(t), u(t = 77)) =€) (u(t), a(t — 77))] =

_ 02 [—AQTT”(U@)JL@ _ Tr-et)> _ Tret<u(t) (t _ T76t)><u(t 7et) g (t _ Tret)>+
4 <§ret7u(t)><u(t _ Tret), . _ ret) ]
For the corresponding term from (4.4) we have
<u(t _ Tret)ﬂl(t _ ret)> (<£ret ( )> _ C2Tret) o
—gret [AZ<u(t), w(t —77)) + ((u(t), u(t —77)) — 62) (u(t — 77, au(t — Tret)ﬂ =
= (€ u(t))(ul(t — 77), a(t — 7))~
— A2 (), a(t — 7)) — 7T (u(t), u(t — 7)) (u(t — 77, at — 7).

For the remaining terms corresponding to the advanced potential the verification can be
accomplished in the same way.

Consequently we should consider the following system of 3 equations for the 3 unknown
functions obtained after obvious transformations from (4.c0):

L.La(t) + <u(t)7u(t)> _ ZFaﬁuﬁ +

A2 2mc3

i (u(t), u(t — ety — 2

e [(5’”“, u(t — 7ret)) — 2rret)?
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<U(t); ﬁ(t — 7-7”6t ( t — Tret)> — 02) <u(t _ TTEt), ’d(t . Tret)>
Kﬁ’““ (e =) = e
<£ret (t)> 2 ret
(€t uft — 7oty — v
. (<£T€t ( )> 2 'ret) <'LL(t _ TTEt),’L'L(t _ Tret)>
D
i [<§T€t, u(t — TT“)> — C2Tret]2
<€7‘et ( )> 62 ret

g (t — 77 D~ 5—
AQ [<§ret’ U( Tret)> CQTret]

,gadv [:[ <u(t)a u(t + Tadv> -
« [<£adv u(t+Tadv)> c2radv
L i+ Tadv>>A2 - ({ult),u(t 4+ 700) = ) (ult + 700), it + o)) |
[ gadv u(t + Tadv)> _ CQTadv]2
<£adv ( )> 27_ad'u
[<§adv U(t + Tadv)> CZTadv]S
R (<§adv,u(t)> c Tadv) < (t + Tadv)’a(t + Tad'u))]
+D . a -
A2 [<§adv U(t + 7-adv)> _ CQTadv]
o (t + 79D (€, u(t)) — 7o = Gq- (5.2)
¢ A2 [(gadv_y(t + radv)) — c2radv)? “
Denoting by G, (a = 1,2, 3) the right-hand sides of (5.a/) we have to solve the following
system with respect to (), ta(t), us(t):

+D +

Fug(t — 77 | =

+

o

—uqy(t + T“d“) —

in (1) + 28 (0 (1) + w2 ()2 (6) + us(B)(1) = G

o () + “Z—(f) (ur (#)i (8) + ua(£)isa (1) + us(£)its () = Go

i (®) + 2 (uy (0 (1) + wa(O)ia (8) + us(2)ia(1)) = G

1+ Z(,f)) i (t) + ul(?f(t) s (t) + ul(%g(t) us(t) = Gi
UI(ZZQ(t)ul(t) + (1 + U%A(zt )) us(t) + UZ(%?’“) u3(t) = G (5.4)
Ul Uu . U9 Uu, . U2 .

(’223(” iy (t) + wuﬂt) + <1 + Z(§)> us(t) = G

We make the following;:

Assumption (C): Velocities satisfy the inequality |u(t)| = \/u3(t) +u3(t) +u3(t) < e < c
where the constant ¢ will be discussed later.
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Therefore ¢® — |u(t)|? > ¢ — ¢ and the determinant of the above system is § = g—z =

Consequently we obtain from (5.4):

1
2
1

ﬂg = sz [7U1U2G1 + (Az + U% + U%) G2 - UQU3G3]

’L.l,l [(AQ + Ug + U3) G1 — U1U2G2 — ul’LLgGg]

1
Us = = [—ulu?,Gl — uguzGa + (AQ +uf + Ug) G3]

or
i1 = — [( = u?) G1 — urusGy — ugusGs)

[—U1UQG1 + (62 — u%) Gy — UQU3G3] (6)

1
c2
. 1
’U/QZ*Q
1
2

[—U1U3G1 — uguzGo + (82 — u%) G3] .

U3 =
C

4 Estimations of the functions 77¢ and 7%

Introduce denotations:

3 2 3 2
0=\ 5 ) = B OF, 70 =[5 [0 - 2,(0)
3 3
(1) =\ 2 [solt) = ma0(®) + BIF, 7(t) = | 3 [ino(t) — aolt) + 51

Xo = min{ Xijl [0 (t) — 240()]?, \/23: [Z40(t) — wa(t)}g}

y=1

where 8 = const. > 0 and t > 0.
Obviously

r(t) = il [Z40(t) — 240(t) + 5t > \/i1 [T~0(t x'yo(t)]Z > Xo,

3 3
r(t) =4[ 22 [By0(t) — 240(t) + Bt 24/ 22 [Eq0(t) — x'yO(t)]Q > Xo.
y=1 ~y=1
The following inequalities are valid (cf. [30], [31]):

1 /3 2
T (t) = - ; [24 () — &y (t = 77(1))]” >
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70
> \/Zi:l [l‘»y(t) i”v(t)]Q — i\/zizl [-f"/(t) - j«/(t — TTet(t))]Q > @ B &c(t)
ret f(t) 1 %
) 2 5 = =0 < =) (7 ret)
In the same way we obtain
: . (7 — adv)

adv P (t)
0250 = e S

Let us recall the standard denotations
t s t

Ty = Tyo + Uyot —|—/ / wy (0)dbds, uy = u,ot —|—/ wy (s)ds,
o Jo 0

t s t
B = 0 + ol + / / ., (0)d6ds, ., — ot + / i (s)ds
0 0 0

t s t
&y = Tyo + Uyot + / / Wy (0)dbds, iy = Gy + / W (s)ds
o Jo 0

Lemma 1. Let the following conditions (W) be satisfied:
(W1) the coordinate functions of the acceleration satisfy the inequalities w~(t) < wo(t)
where wo(-) € LS (RY) N LE(RY) and wy(t) > 0
(W2) the initial dates are such that iyo — uyo — 3 > 0,0y — Uuyo — >0
— T~0 >0 ('Y = 1a253);

i‘,yo — TH0 > O,Q‘VQ
(W3) the following inequalities hold true
/ ()dsgw,/ w (s)ds < S0 =40 =6
oo 2 oo 2
Then the following estimates are valid
(1) 1 3. 7(t)
ret t>L dret ) > — — > —=
T ()_20 Z[mvo Too + Bt] > o andT ()_20 ’Ygl[z’yo Ta0 + Bt] > %
(8)
Proof.
t
)|ds<2/ wo(s)ds < @y — Uy — B =

/otwws)d —/ i (s ds</ ()

t t
= Uyo—f'/ v(S)dS—fwo—/O Wy (s)ds > B <= 0, (t) —u,(t) > 8 =

t t
= Uy(s)ds — / Uy (s)ds > .
0 0
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Therefore

g 3. 2 30T t . ¢ 2
F(t) =] 20 [#4() — 2y ()] = 7;1 {xvo — Ty + fo Uiy (8)ds — fo uw(s)ds} >

> \/23: [E00 — 20 + Bt]* = T(t).

It follows from (7) 77¢(t) > 2(2) and analogously 7% (t) > ?2(?. The Lemma 1 is thus

proved.

5 Estimations of the right-hand sides of the newly de-
rived Dirac equations

First we introduce denotations v =

)

o lo

3
Ay =2 (Z Fapug(t) — Ea) ,
B=1

o {u(t),u(t — 1) — 2

- [(€ret u(t — T7et)) — CQTTet]S
T D<u(t), u(t — TT‘et)>A2 :4_ ((u(t), u(t — 77et)) — 02) (u(Qt — ety at — Tret)>7
Az [<€T€t7 U(t — Tret)> _ 027-7"616]
ret o> ret
Cret N & <€ ,U(t» —c°T

[(€ret u(t — rret)) — 2rret]
<§ret7 u(t)) — c%—ret) (u(t — 77, u(t — Tret)>
AZ[(gret u(t — 77et)) — c27ret]?

ret = <5T6t7 u(t)> — (2qret
=D _ 2;
A2 [(gret y(t — ret)) — c2pret]
g (u),u(t+70) —

+D(

)

adv
[<£adv’ u(t + Tadv)> _ CQTadU]?’
L plu®), it £ 7)) A% + ((u(t), u(t + %)) = ¢2) {ult + 7). it + 7))
A2 [(gadv y(t 4 rodv)) — (2radv]? ’
Cadv _ _I:I <§adv7u(t)> _ C2Tadv

[<£adv’ U(t + Tadv)> _ CZTadv]3
(<£adv’ u(t)> _ CZTadv) <U(t 4 Tadv)7u(t 4 Tadv)>

+D -
AQ [<£adv’ u(t + Tadv)> _ C2Tad'u]2

)
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Dadv o <£adv, u(t)> _ CZTadv
A2 [(gadv y(t 4 rodv)) — 2radv]?’
Then (5.a) become

(u(t),ut)) A

ret sret ret ret ret, ret
U (1) A =5— [Aa + B™E + Cm%ug (t — 77) + D™ Mg (t — 77) —
—Badegadv _ gadvy, (¢ + 79 — DUy (t+ 7°)] (a = 1,2, 3). (9.0)
In what follows we derive some inequalities (cf. [31], [32]):
b At fere  c+e 1—&—07 Dl < 1+v

| |*027'7“et—c7'”t6_c—6_ 1—w

3 3 3 3 3 3
Aa2<ZFaBu5(t)Ea>§2 SoOFZs ] Youd 42y Y E2<2e > HZ+2/Y EZ
B=1 f=1 B=1 f=1 B=1 f=1

|H‘ - A2+DA2<§Tet7 U(t _ Tret)>+ (<£ret’ u(t _ Tret)> _ C2Tret) <U(t _ Tret)’ U(t _ Tret)> -
= X2 <
14w et wo(t) + (eTmee + 277 wo (t) 3v/3ermtwg (t)
S I e
et = ‘ () ut =77t = &
[(€7et u(t — 77et)) — CzTret]3
oD (u(t), u(t — 7)) A2 + ((u(®),u(t — 77)) = ) (u(t — 77), a(t — 77¢)) -
A2 [(gret, u(t — 77et)) — C2Tret]2 -
5 3V3er g (t) 24 c? L+v (e +& 4 2e)wo(t)V3
- (]_ _ U)Z (027-7’615 _ CTTetE)?’ 1—v 02(1 _ /U2)(C27—ret _ CTretE)Z —
- [CQ N 3v/3cretwyg (t)] v2+1 3v/3w(t)
= (1—v)2 Arret)3(1— )3 T 31 —v)i(rret)? =
2 6+/3wo (t) 3v/3wo (t)
= 2(rret)3(1 — v)3 + A —v)B(rret)2 T B(1—v)i(rret)? =
< 9V3Buwe(t)
= 2(rret)33(1—v)3 | B(1—v)d(rret)?’
|C'r‘et| _ 71:[ <§T6t,u(t)> _ 027_'ret

[<€ret, ’U,(t _ Tret» _ CZTTet}g
(<£7»et7 u(t)) — 027'7"et) <u(t _ 7-7"et)7 ’ll(t _ Tret))
A2 [<§ret,u(t — rret)) — Cszt]Q S

o 3VBermwg(t) | ermete + cArret 1+v (e + A1) eV 3w (t)
c f
- (]_ _ 'U)2 (CQTTet _ CTTet5)3 1—v 02(1 _ U2)(C27—ret _ CT'retE)Z

+D

<
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24 3v/3er g (t) (v+1)c? (v2 + v)wo(t)V/3 -
= 1—0)? S(1—0)3(rret)2 T T B(1 _ p)irret

2 6+/3wo (t) 2v/3w (1)

<
— ( U)3(7-7et>2 03(1 _ ,U)57-ret 03(1 _ ,U)57-7'et -
< 2 8\/3’(110(15) .
— ( ,U)B(Tret) 03(]_ _ ,U)STret’
’ ret’ _ D <€rat7u( )> CQTret 1_|_ v CTTetC—F CQTret 4 '
A2 [(gret u(t — Tret)) — 2pret]? | T 1 —w (et —errete)? T 2(1 —v)3rret
~ 3v/3cr g (t)
H‘ <2 _—
A<+ 1= 0)
‘Badv’ < 2 9\/§w0(t)
— 02(7-(1(11))3(1 _ ’U)3 03(1 _ U)5(7-ad1))2’
2 t 4
|Cadv| S 8\/§w0( ) |Dad'u| §

02(1 _ U)?)(Tadv)Z 63<1 _ U)57-adv; 02(1 _ ,U)37-adv :

We have to estimate the right-hand sides of the system:

1
Uy = 2 [(62 — u%) G1 — u1uxGs — U1U3G3]
1
tg = 2 [—u1u2Gy + (¢ — u3) G — upu3Gs] (10)

1
ug = 2 [—u1u3Gr — ugusGy + (¢ — u3) Gs] .

Indeed, the inequalities

A
UAQ|+|BTet| |£;et’+|cret| |ua(t—TTEt)|+‘DT6t} |,L-La(t_7_ret)|] S

26m03
A [ S 2 2 9v/3wo (1)
[20 aZl Hy +2 azl Ea+ < (et 3 (1 — )3 + A1 - U)S(Tret)2> +

+5< 6v/3uo (1) 2v/3u (1) ) 4w (1) ]<

03(1 U)5Tret 63(1 )57-r€t 82(1 _ U)STret

e? / 72 /3 9v/ 3wy (¢
- 2m [ P 1 + -2 z:: ret 1 —’U) + 04(1 _U())EET)TEIS +

8\/100 4”LUO (t) ‘|

(1 _ ,U)B(Tret)Q 04(1 _ U)STret (1 _ U)3Tret
imply
2
|Ga| S € ﬁg {lAa| + |Bret’ ‘E(Zet| + |Cret’ ‘ua(t _Tret)‘ + ’Dret’ |ua(t_7_ret>‘ +
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+‘Badv||£adv|+|cadv||ua t+7_ad'u ‘+|Dad'u| |ua t+7_adv)|:| S

e? /3 2 [ 3 17v/3 + 4)wp (t

E Z=: « + 2 2:: Tret 1 _ 'U) + (04(1 _+U)g7-7?e(t) +
2 (173 + 4)wo (t)

+ A(radv)2(1 — v)3 + A1 — v)5dev ] :

Consequently denoting the right-hand sides of (10) by P, (a = 1,2,3) and we obtain

3 3 34v/3 4 8)wy (t)c
[ aleC%**\/g T R

(34v/3 + 8)wo (t)c
+ 35 (t)(l—v)3+ A1 —0)r(e) ]<

<% 2 2, 8 L1 34v/3 + 8
m [ \/Z Hy+ \/Z EL+ c(1—wv)3 <r2(t)+7:2(t)>+c3(1—v)5X0w0(t)] .

(11-1)

1
IPi| < —[\(9 — 3] G| + [urua| [Ga| + [urus] |G| | <

Analogously

1
P2l < —[|u1uz| Gl + | —u§||Gz|+|u2u3||G3|} <

1 L 34v3+8
[\/;“\E (1= r<t>+r2<t>>+c3 w(’(t)]

(1—v)5X,
(11 - 2)

and
1P| < 5 [laus] Gl + fuzus| Gl + |e? — 3]G ] <

3 3
1 1 8 1 1 34v/3 + 8
= H24+ = E2 _ t
JZ +JZ ety (et ) 8 ot

7)) 2(0)) " Al —v)PXo

(11— 3)

6 Lipschitz estimates of the right-hand sides

In what follows we have to obtain Lipschitz estimates of the right-hand sides G, (o = 1,2, 3)
with respect to the arguments we (t — 77¢), wq (t + 799Y):

0G,, A £7¢ Dug () n
Qwa(t — 7€)~ 2me3 | (c2rret — (gret y(t — rret)))?
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€D ({u(t), u(t — 77)) — ¢*) ua(t) .

+ A2 <C27_7-et _ <£7-et7 U(t _ 7—7‘et)>)2
g (t — 7oty DUE ult)) = Hua(t = 7
Az (C2T7’€t — <§Tct, u(t _ ,Trct)>)

op (eret u(t)) — c2rret 2 } |
(c2rret — (£ret _y(t — 77et)))
G, A { €adv Doy, (1)

Owe (t +124v)  2me3 | ((2radv_ (gadv, u(t+7-adv)>)2
g2 B ({u(t), ult + 7)) — ) ua(t)

A2 (c2radv — (cadv (¢ 4 padv)))?
D€, u(t)) — ua(t +7°)
A2 (c2radv 4 (gret y(t + Tadv)>)2
(€90 y(t)) — c2radv }

(C2Tadv _ <§adv7u( + Tadv)>)2

+

+ g (t + 7o)

and for § # «

0G, A €ret Dug(t)
Owg(t — 77et) — 2mc3 {(CQTTet (eret u(t — rret)))>
€D ({ult), u(t — 7)) — %) upl(t ),
A2 (2rret — (gret y(t — Tret)>)2
D& u(t) — )us(t — ") }
A2 (c2rret — <£ret,u(t_7-ret)>)2 ’
)

0G, B e2A {“d”Duﬁ(
(CZTadv

_|_

+ ug(t — 77

Owpg(t + T2dv) © 2me3 — (gadv (¢ +7—adv)>)2
2D ((ult), ult + 7)) — ) ug(t)
AQ (CQTadv _ <§adv7u<t + Tadv)>)2
D((E"™ u(t)) — *Jup(t + ) } .
A2 (C2Tadu + <§ret’u(t + Tadv)>)2

0G 0G
Owe (t — 77¢) | | Qwg (t + T94v)

+ un(t+ T“d”)

because for 5 # « the

Therefore we have to estimate

last term vanishes. Indeed,
0G e 1+vw éerret et (c? + &2)e
Owa(t —77¢Y) | ~ 2mc? 1 —w {04(1 —v)2(77et)2 * (2 —e2)ct(1 — v)2(77ret)?
. F(2rret 4 erTetg) 2rret 4 erretg }
(2 — ) (1 —v)2(rret)2 " (1 —v)2(rret)2 [ =

+
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76
e2 2 + 2 n 2 n 4 <
— 2m02 2(1 _ U)37-7'et 02(1 _ /U)47-T€t 02(1 _ v)47-7'et 02(1 _ ,U>37-7'et —
€2 6 + 4
= 2metrret | (1—v)3  (1—w)* [’
0G e 14w ceradv n et (c? + &?)e .
Qw (t+724) | ~ 2me?2 1 —v | A1 —v)2(7ev)2  (? — ) (1 — v)?(redv)?
N EZ(CQTadU + CTadUE) CQTadv + CTadvE
(2= @)A1 — v)2(radv)2 " A1 — p)2(radv)2 | =
e? 2 n 2 n 2 4
— 27’7162 62(1 _ U)STadv C2(1 _ U)47-adv 62(1 _ ,U)47-adv 62(1 _ ,U)37—adv
< €2 6 n 4
= 2mctradv | (1—-w)3  (1—w)t [’
Therefore
‘Ga (wl(t—rmt),w (t—7") wg(t—rret),w1(t+7'ad“),wg(t—|—7'“d”),w3(t—|—7'ad”))

-G (7 ( Tret),,u—)2(t_7_ret)’w3(t_7_ret),u—jl(t_,'_Tadv),w2(t+7_adv)7w3<t+7_adv)) ) <

0G,
Owg(t — Tret)

oG,
/ Qwpg(t + Tedv)

e? {( 6 —" :}E:’wﬂ 7 gt — 7

~ 2metrret | (1 - v)

[wa(t = 771) — @t — 77) |+

3
<>
B=1

3

M%a+wwyﬂ%@+ﬂ“)

<

e? 6 4 d d
t aavy _ .5 t aav
T A rady {(1 — )3 + 1 _v)4}6 ‘wﬁ( + 7)) —wp(t +7)

2
— mc47—ret 4 Z "LUB TEt Uj[g(t o TTEt) +
e? d d
+ 2mc47-adv (1 4 Z ‘wﬁ t+ Ta U) UJB(t + Ta v) S
=1
3
< mcg 17,0 Z "wg _ rm‘ wg(t— ret) +

10 3
‘wg (t + 7)) — wa(t + 7edv)|,
1

+méufm%(6
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7 Tools from fixed point theory

We briefly recall some notations and definitions from [34].

By (X,.A) we mean a sequentially complete T'2-separated uniform space with a uniformity
generated by a saturated family of pseudometrics A = {p,(x,y) : @« € A}, A being an index
set. Let j: A — A be a mapping of the index set into itself whose iterates are defined as
follows j*(a) = j(i* 1) (a) (k = 1,2,3).

Introduce a family of functions (called contractive functions) (®) = {@,(t) : o € A},
D, (¢) : Rl% — %i = [0, oo) with the following properties:

(®1) ®,(t) is non-decreasing, continuous from the right on R and ®,(t) >0 for t > 0;

(®2) for every a € A there is a function @, (t) which possesses property ($2),

Sup{®x (a)(t):k=0,1,2,... } < ®,(t) and @, (t)/t is non-decreasing.

The operator T : (X, A) — (X,A) is said to be ®-contractive if p,(T(z),T(y)) <
Qo (pj(a)(,y)) for every z,y € X and o € A. The space (X, A) is called j-bounded if for
every 2,y € X and a € A there is a constant Q = Q(«,z,y) such that p;)(z,y) <Q, k =
0,1,2,....

Theorem 1. IfT : (X, A) — (X, A) is ®-contractive and there is xg € X for which there
exists Q = Q(a, zo, T(x0)) s0 that pjr(a) (o, T(z0)) < Q(k=0,1,2,...) then T has at least
one fized point.

Theorem 2. If, in addition, (X, A) is j-bounded, then the fixed point is unique.

In what follows we extend above theorems to a product of uniform spaces.

Let {(X;,A;)}™, be a finite family of uniform spaces where A; = {p(al)(x, y) :a € A}
The index sets A1 = Ay = ... = A,, = A coincide. The elements of the Cartesian product
X =TI, X; we denote by = = (z1,x2,...,2,) where z; € X;.

The product X can be endowed with a family of pseudometrics A = {p,(z,y) : « € A}
where p,(z,y) = max{p&l)(ac, y):1=1,2,...,n}. It is not difficult to check that

Po (mgO)a ffgk)) — 0)
— 00

) .(K)
—0
pue®,2®) g s | Polm) 200

k—o0

pa(z, 2y —— 0,

k—o0
So the product space (X,.A) is a sequentially complete uniform space if every (X;, A;) is
a sequentially complete uniform space.
Theorem 3. Let T; : (X;,A;) — (X, Ai) (i = 1,2,...,n) be ®-contractive mappings and
T:(X,A) = (X, A) be a mapping defined as follows:

T(x1,22,. .., Zn) = (T (1), Ta(z2), ..., Tn(xy)) for every (z1,z2,...,z,) € X.

If there are elements xEO) € X, (i=1,2,....,n) such that p;i)(a) (xgo),T(mgo))) < QW (a)
(k=0,1,2,...) then T is ®-contractive and has a fized point in (X, A).

Theorem 4. If in addition, we suppose all spaces (X;, A;) to be j-bounded it follows that
(X, A) is j-bounded and consequently T has a unique fized point in (X, A).
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8 Existence-uniqueness theorem for Dirac equations

Let us put wy(t) = ta(t),(e = 1,2,3). Then we can formulate the main initial value
problem: to find a solution (77 (t), 74 (t), w1 (t), wa(t), ws(t)) of the system

1 3 2 1 3 2
P = 1| 2 [ ()= (= T 7 ) = Ly 3 [ (e () () € R

wilt) =  [( = wd(0) G~ w (Dus(H)Ga — v (Jus(1)G]

ws(t) = 5 [~ ()G + (2~ (1) o —us(Bus()Cs], 130 (12)
ws(t) = 5 [~ (us(t)Gr — walt)us(()Ga + (& — w3 (1)) G

wl(t):ﬁ ( ) t<0 ’LUQ( ) Q(t),tSO, wg(t):wg(t),tgo,

where @, (t) (y = 1,2,3) are prescribed functions on ( — 00,0] (and z,(t) = Z,(t),t <
0, 2(0) = Tq0, uy(t) =y (1), t <0, uy(0) = TUyo).

In what follows we prove an existence—uniqueness theorem for the above system.

Theorem 5. The function wo € LR N L®(RY) (wo(t) > 0) satisfies the inequalities

62
; By ¢§ B+ (= Wl(t)ﬂ Swo(®), (13

5.1) =) | ¢

e?(34v/3 + 8)

me3(1 —v)° Xy

32 oo 3 1 3 8 1 1
52) e [ ey S e 2 s (e +f2<t>)] "=

[o0]

< / wo(t)dt < min{jg — ug, 10— B o= R Py = 1,273)} (14)
(’llA/Q — U~0 - 06> O,ﬁwo — U~Q - 6> 0)
If the initial trajectories are such that #(t) > ro > 0 and #(t) > ro > 0 fort <0, [Wy(t)| <
wo(t) fort < 0 and x(w) > x( ) then there is a unique solution <T et d”,wl,wg,wg) of

(12) such that |we ()] < wo(t )(a =1,2,3).

where A = < 1;

Proof of Theorem 5. Let (X;,.4) be a uniform space consisting of all continuous functions
7(t) : R — R with saturated family of pseudometrics pr(7,7) = S_{|7(t) = 7(t)| : t € I}
where I € A runs over all compact subsets I C R!. Define the operator

(177 ) (1) = é[m(t)—m(t )

3 2
Under the assumption ,/ > (ugp) (t)) < ¢ < ¢(p =1,2) the operator T" has a unique
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oP|  |14=1 c\ =1 _c
‘()y e 3 ) c [3 ) T
gl [z (t) =25 (t — y)] ;1 [2y(t) =24 (t — y)]

Therefore |(T" 77 —TT77¢)(t)| < EpI(TTEt, 7ret) and then py (T777¢, TT77¢t) < EpI(Tret, Fret),
¢ ¢

Then Theorem 2 implies the existence of unique solutions for each of the equations
1 1
TTt) = =y/(€ret, gret) and 1O (t) = —4/(€adv, gadv) belonging to X = Xo = C(RY).
c c
(In some inequalities above we have replaced /(£7¢t, €ret) by er”®! in order to obtain D =
2 ret _ [xret ¢ret
et — (et §) )
c2rret _ <u7‘et7 gret> :
Let X3 = L (R!) x L (RY) x LS

oo oo °° (R') be the uniform space with a saturated family of
pseudometrics A = {p;(,-) : I € A} where the index set A consists of all compact subsets
I c R and

pr ({f1, fas f3}, {f1. fo, f3}) = max {p; (f1, fr) .07 (f2. f2) . P (5. f3) }

p7 (fis fir) = esssup {| fu(t) = fi(t)| st € I} (k= 1,2,3).
Define the operator T': X3 — X3 by the formulas

Po(w)(t),t >0
(Tw)oz(t) = (a =1, 273)
We(t),t <0

where the right hand side of (11) is denoted by P, (w).
Introduce the set M C X3 in the following way:

M = {(f1, f2fs) € X3 : [fe(t)] S wo(t),t € R' (k=1,2,3)}
F(t)

and show that T maps M into itself. We use the above estimates 7" (¢) > 5 We need
c

two more inequalities, namely 7(¢) > 7(¢) and 7(t) > 7(¢). But Lemma 1 guarantees them.

It is easy to verify that

(102v/3 + 24)e? 10e? 10¢? _(102v3 +24)e* A<t
me3(1—v)5Xy " me3(1 —v)4 Xy me3(1—v)* Xy [ me3(1—v)’Xy '
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The inequalities from Section 5 and conditions of the Theorem 1 imply

3e? |1 8¢c?
T )] =|Po| < — |- —-—
| (Tw),, ()] = [Pal < m e Ar2(t)(1 —v)3+

(34v/3 + 8)wo(t)c -
1—v)3 A1 —v)57(t) | —

(Ti(zfjjg;o wo(t) < wo(?)

ie. Twe M.
In what follows we show that T' is k-contractive operator using the inequalities from
Section 6 and (14) from the conditions of Theorem 5:

[(Tw)a(t) = (Tw)a(t)| < kpjcry (w, W) (15)

where jo(Ini2) = {t =77 1t € [y} U{t — 77" 1t € Ih42} (a=1,2,3).
Now we are able to define the Cartesian product X = X; x X7 x M with a saturated
family of pseudometrics

PI ({TTEt7TadU7 f17f27f3} 5 {’T—Tetv’fadv7f_17f_27f3}) -
et 7N, pr (T4, 7Y o1 (1, £1), 03 (fou f2), 03 (f3, f3) } s

where the elements of X are ordered 5-ples (77, 79% wy, wy, w3).
Define the operator T' by the formula

= max {p; (7‘

T (Tret, 799 49y, we, w3) = (TT (Tmt) LI (T“d”) , Pr(w), Py(w), Pg(w)) .

The index set for the saturated family of pseudometrics consists of all ordered 5-tuples i.e.
A = {I1, 15,13, 1, I5} where every I; runs over all compact subsets of . Define the map
J: A — Ain the fOHOWng way J(Il,IQ,Ig,I4,I5) = (Il,Ig,jl (13)7j2(14),j3(15)) where
ja(Ia+42) are defined above. Further on J2(Iy, Iz, I3, 14, I5) = (I1, Iz, j3 (I3), 53 (14), 3 (I5))
and so on. Since the first components of J are identities it remains to show that M is
j-bounded. Indeed, for k = 1,2,3 we have

P?g(f,m) (fis fie) = esssup {Jwg (¢) =Wk (1)] : ¢ € j§ (In42)} < esssup {|2wo(t)] s t€ R} < o0

(n=1,2,...).

Therefore the space X = X; x X7 x M is j- bounded.

The above estimates imply that T is a I-contractive operator with | = max{k,v} < 1.
Then Theorem 4 guarantees an existence of a unique solution for the initial value problem
(12).

Theorem 5 is thus proved.
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9 Non-existence of runaway solutions

We proceed as in [1] considering the one-dimensional case. We take the first equation without

the external force.
Put it1 = 12, wp = w, Gl = G(Gg = 0, G3 = O) and obtain

. 1 2 2 . A2
u:C—Q[(c —u*)G| =P = w:u:§G.
We take G = G; from (9.a), @ = 1 and obtain:
e?A

53 [Breffref_'_oref ( _ ref)+Dref ( _Tret)_

o Badvg?dv o Cadvu(t + Tadv) Dadv (t + Tadv)]

u:

Then we rewrite (with & = ) the last equation as

e?A

[Bref§79t+c7et ( _ ref)+Dref ( _Tret)_
o Badvfadv o Cudvu(t + 7_adv) o Dade(t + Tadv)] (16)

w(t) =

Assume that tlim w(t) = oco. Therefore tlim wop(t) = oo. It follows from Section 4 that
— 00 — 00

Jim T () = oo, 79 (t) > B
— 00

Divide (16) into wo(t) and let t — oco. Then in the left hand-side of (16) we obtain a
constant, different from zero, while in the right hand-side we have:

1 adv adv 267_adv (t) 9\/35741(11) (t)
— < [B*E] < , 7 =0
t) 2wy (t )(T“d”(t)) (1—0v)?  A3(1—v)owe(t)(red (1))
Tadv(t 8v/3ewy (t
|Cadvu<t + Tadv)‘ < ( ) + : \/;CMO( )adv N 0;
wo(t) (1 - v)5w0(t) (rado(1))? €31 =) wo(t)Te(t)
1 4’(1]0( )
Dadv t adv < 0
wo@ TS G Pt
and analogously for |B"'¢{%| ..., |D™w(t+79%)| i.e. (16) is violated for sufficiently large
t. Consequently a runaway solution hm w(t) = oo does not exist.

hde el

10 The finiteness of the electron energy obtained as a
solution of a neutral equation

For the kinetic energy of the electron we have

Eint: = -
in (1) -
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dEin(t)  1mc(=2)(u(t),u(t)) me3(u(t), u(t))
a2 A3 - A3
Consequently
dEpin(t — 771 mc3(u(t — 77°), a(t — 7))
dt N A3 ’
dEyin (t — 7)) B med (u(t — 794) q(t — 70W))
dt B A3 ’

Then we can transform the fourth equation (4.4). Indeed we have

(u(t),a(t)) €A EA | TN u(t), u(t — 7)) — (€7, u(t))
A2 B _w<E’ u(t)>+2mc3 {H [(gret, u(t — 77et)) — 2ret]? *
N D <u(t _ Tret)’,d(t _ Tet)> (<€Tet ( )>2 CZTret)
[<§ret’ ’LL(t _ Tret)> _ CZTret]
e A2(u(t), it — 7)) + ((u(t), u(t — 77¢)) — ) (u(t — 77), au(t — 77) 1
[(€7et, u(t — 77et)) — CZTret]2
T ), ult ) (€ () o [ (Tt o)) (€, (b)) =)

[(¢odv y(t+radv)) — c2radv]®

_ adv A2(u(t), a(t + 70%)) + ((u(t), u(t + 77%)) — 2

[<§adv’u(t+7-adv)> _ CQTadv 2

1
) Gult + 7o), it + radv»] }

_|_

)

[(€adv u(t + 77et)) — c2radv]?
where
. . VA2<£ret’ ’U,(t _ T‘Pt)> (<€T‘Pt ( _ Tret)> _ CZTret <u(t _ ,7_7“et)7 u(t _ Tret)>
H=A?4+D < )
e A2+ﬁA2<§“d”, u(t—l—T"d”)}—F(<§ad”,u(t—|—7'z:)> - CQT‘ld”) <u(t+7’mt),u(t+7'“d”)>.
After obvious transformations we obtain
dBrin(t) _ e | o™ N ult), ult — 7)) — (€7, u(t))
dt - ¢ <E,U<t)> + 2 {A [<§7‘Et, u(t _ Tret)> _ 027-7‘675]3 +
Tret <u(t),u(t 7 Tret)> B <£T6t7u(t)>D ret - ret
etalt—r —
[(€ret, u(t — 77et)) — C2Tret]3 { ( )
V TEtA2<’U,(t), u(t _ Tret)>
[<€ret’ u(t — 7ret)) — ¢2rret]?
o ult),u(t = 7)) — (€ u(t) DA DAY, u(t)) — r!)
(gret

[ gve u(t _ Tret» _ CQTret]2 mCS

mc3 [<£Tet’ u(t _ Tret)> _ CZTret]

5 —
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Drret A3 ((u(t)7 u(t —77¢)) — 02) dEgin(t — 77¢t)

ch [<£7’et7 u(t _ Tret)> _ CzTTet]2 dt
_ [Az Tadv<“(t)v u(t + T“d”)> — <§adv7 z(t» .
[(€adv y(t + Tadv)) — c2radv]

7adv (4, (4) radvyy _ jeadv )
i D7)
Drodv A2 (u(t), a(t + 7))
©[{€adv, y(t + radv)) — CQTadv]2] B
B lr@dwu(t),u(t £ ) (g u()) DA DAY u(t) = Frt)
[(gadv y(t + 70dv)) — 2radv]?  mcd B [(gadv gyt 4 rodv)) — c2radv)?
D7 AR ((u(t), ult + 7)) — )

me3 [<£adv7 u(t + Tadv)> _ C2Tadv]2

dt

dEjin (t + 709) }

Therefore the above equation is a conservation law for the energy. After obvious deno-
tations we obtain:

dEyin(t)

i dEk”L(t — Tret) o Aadv o Badv dEki” (t + ,]_adv)

2 62 ret ret

= —e(E,u(t)) + 5 [A +B e o
(17)

The first term in the right-hand side of (17) is the work done by internal forces, while
the second one is the energy loss of the accelerated electron. From the mathematical point
of view the last equation is a neutral functional differential equation with both retarded

and advanced arguments. One can formulate the following initial value problem: to find

dBEpin(t)  dE}
a solution of (17) for ¢ > 0 and Eg,(t) = EY kin(?)

(T
pin (1), L = ’z;:( ) for t < 0 where

E?. (t) is a prescribed function. The last problem can be reformulated as the one for a
functional equation, namely putting

K(t t>0 th—dE’gi"t<0
(1) = =t > 0 and Ko(t) = =t <

*€2<E, u(t)>+§ [Aret+BretK(t7Tret)7Aadv7BadvE(t+Tadv)] = H(K) (18)
K(t) = Ko(t),t <0

=

a

=
I

We show that there exists a bounded solution of the above equation, i.e. |K(t)] <E
which implies the finiteness of the energy. As above we have for the right-hand side of (18):

N 4e? L 2) 3
Ft)ym(l—v)3\® 3

N 4e? L, 2) 5
Ft)ym(l —v)3 \ & (8 -

P e? 4 2wo(t) (4
N = 1Pl Ty [(m))"’ 2 (=)

e? 4 2uwo(t) (4
BEESE [(f(t))Q T (02 " 1)
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(

< e?|Ele+

2¢2 [ 4 3Bwp(t) 6e? (19)

(1—v)* | X2 Xo ] + Xom(1 —v)3c3

Theorem 6. If the initial function satisfies | Ko (t)| §E, t <0 and the following inequalities
are valid
6e2

6.1) k= ————
) Xom(l —wv)3¢c3

<1; 6.2) 2| E|c +

2¢? 4 3wo(t) —

— <(1-k
o R s n B
then the initial value problem (18) has a unique bounded solution.

Proof. Introduce the set M C L*(R') in the following way:

M = {K(-) € L®(RY) : Ko(t)| <E,t >0 and K(t) = Ko(t),t < o}

It turns out into a uniform space by the saturated family of pseudomerics A = { 15 (K , F) :

te I}, where p; (K, K) = {|K(t) —K(t)]:te I} and A consists of all compact subsets of
R'. Define the mapping j : A — A by the formula

jI) = {t*TTEt(t):tGI}ﬂ{t+T“d”(t):t€I}.

It is easy to see that M is j-bounded. Indeed, pjn(r) (K, F) < 2F < 00 (n=0,1,2,...).

Define the operator T': M — M by the formula (TK)(t) := { ?((I(i; (i)’;; 0 .
olt),t <

The inequalities (19) and condition 6.2) imply that |(TK)(t)| <E, that is T maps M
into itself. On the other hand 6.1) shows that p;(TK,TK) < kp;)(K, K). Therefore the
unique fixed point of T is a solution of (18) which proves the Theorem 6.

11 Conclusion remarks

The obtained Dirac equations do not possess unphysical solutions which are already proved
in the one-dimensional case [1]. For the applications we present some estimates of the upper

c
bound of the velocities, namely v = - < 1. In order to justify the introducing of ¢ we recall

that in Newton theory the maximumcof the velocities is oo but every body moves with finite
velocity |u| < co. In the same way in Einstein relativity theory we can assume that |u| < ¢,
i.e. ¢ could not be reached such like co.

The estimate one can obtained from (13) is

2 2 2
(102v/3 + 24)e Ael s F (102V/3 + 24)e 1y s el F (102v/3 + 24)e
mc3(1 —v)° Xy mc3(1 —v)5 Xy mc3(1 —v)5 Xy

and consequently

5[ (102V3 +24)e2 o [(102.(1,73) +24)(1,6.10719)2  _[(2,11).10-31)
m3(1—v)°Xy 9.10-31.27.1024 X, - X,
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We would like to point out: to speak about electron radius (and hence for a radiation
time) is incorrect because bodies with finite size could not be considered in the special
relativity. It is well-known that Coulomb potentials become infinity at the point where the
electron is. The contradiction generates the Coulomb law because his formulation assumes
that the interaction propagates with infinite velocity in analogy with gravitational Newton
law. Consequently we can speak about radiation distance at the initial instant, denoted
here by Xy. Obviously our method does not insist some restrictions on Xg. If we choose
Xo ~ 1. then & < (1—107°%)c which is sufficient for the applications (cf. [12]-[14], [26]-[29]).
Obviously, if Xg — co then ¢ — c.
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