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On the Original Dirac Equations with

Radiation Term
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Abstract. The well known Lorentz-Dirac equations
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ẍnẍnẋr
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generate difficulties as an appearance of a third derivative, an existence of run-
away solutions, a violation of causality over short time intervals. We overcome
these difficulties following the original P. A. M. Dirac’s physical assumptions.
Unlike Dirac we replace his local expansions with nonlocal formulation of the
problem. So we obtain instead of the above equations a system of first order
neutral functional differential equations of motion with respect to the unknown
velocities containing both retarded and advanced arguments. We show also that
the fourth equation is a consequence of the first three ones, that is, Dirac system
is not overdeterminated. This simplifies calculations in the various applications.

1 Introduction

In a previous paper [1] we have obtained a new form of Lorentz radiation term in one-
dimensional case. As a consequence we have shown that Ehrenfest paradox does not exist
provided to replace the known Lorentz radiation term [2] by the newly derived one [1]. In
the relativistic case the usually accepted radiation term leads to the well known Dirac (or
Lorentz-Dirac) equations [3].
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where x1(t), x2(t), x3(t), x4(t) = ict are the coordinates of the electron, e is its charge, m -
its rest mass, c - the speed of light, the dot is a differentiation with respect to arc length,
i.e.

ẋn =
dxn

ds
=

cdxn√
c2 − u2dt

and Einstein summation convention is valid. The second term in (1) is the Abraham four -
vector of radiation reaction derived also by Dirac [3].

The profound analysis of the above system of equations due to F. Rohrlich [4] put on
view the following difficulties: 1) the appearance of a third derivative of positions does not
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permit a determination of the solutions of these equations in terms of the Newtonian initial
conditions of positions and velocities; 2) an existence of runaway solutions; 3) a violation of
causality over short time intervals, or an acceleration occurs prior to the applied force.

We would like to point out that here we overcome the above mentioned difficulties follow-
ing the original physical assumptions due to P.A.M.Dirac [3]. He assumes the delayed and
advanced argument to be a small parameter. Unlike Dirac we replace his local expansions
with nonlocal formulation of the problem. So we obtain instead of (1) a system of first
order neutral functional differential equations of motion with respect to unknown velocity
containing both retarded and advanced arguments. (cf. [5]). We propose slightly more dif-
ferent formulation of Dirac’s incoming and outgoing fields by comparison with [1] relaxing
the conditions on the incoming and outgoing field functions.

In view of the numerous applications of the Dirac equations much work has been devoted
to this subject [6]-[29]. Many authors suggest various solutions. Nevertheless V.Ginsburg
[24] notices that the problem in question is not clear. In [28] A.Yaghjian considers the Lorentz
model of the electron as a charged insulator. He modifies the self electromagnetic force
during the short time interval after the external force is applied. The resulting modification
of the equations of motion eliminates the noncausal pre-acceleration. In contrast to [28] we
consider the electron as a mass-point charge - an assumption due to Dirac. We study also an
existence problem for Dirac equations coming from their original form [1], using incoming
(retarded) and outgoing (advanced) fields as they has been introduced by Dirac in [1]. The
derivation of the new form of the radiation term is based on the previous results [31], [32]
using relativistic form of the retarded and advanced Lienard-Wiechert potentials [6]. We
stand on the theory of functional differential equations [5], [31], [32] of neutral type with
both retarded and advanced arguments caused by the finite propagation of the interaction
- the basic assumption of Einstein relativity theory. So Dirac equations become second
order neutral equations. As a consequence one can show as in [1] that do not exist runaway
solutions. We have also proved that the fourth equation is a consequence of the first three
ones. The proof is based on the property of the electromagnetic tensor and the new form of
the radiation term. The existence-uniqueness theorem for the equations of motion is proved
by means of fixed point theory [34]. Finally we show that Dirac combination of retarded
and advanced fields really leads to a ”renormalization of mass” (cf. Section IX).

Section II is devoted the strict mathematical formulations of the original Dirac assump-
tions.

In Section III we show that the fourth equation is a consequence of the first three ones.
As far as we know such an assertion is not yet proved anywhere (cf. [6]-[27]). So we consider
just 3 equations for 3 unknown functions. This simplifies calculations in the applications.

In Section IV we obtain estimates of the functions τ ret(t) and τadv(t) by the distances
between a moving electron and incoming and outgoing fields. In order to apply fixed point
theorems from [34] we make in Section V estimates of the right-hand sides of the newly
derived Dirac equations.

In the same way in Section VI we obtain Lipschitz estimates of the right-hand sides of
the equations of motion.

In Section VII we recall some tools from the fixed point theory [34].
In Section VIII using a suitable fixed point theorem an existence-uniqueness theorem for

Dirac equations is proved.
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It is shown in Section IX that runaway solutions do not exist.
The theorem proved in Section X implies the finiteness of the energy.
In conclusion remark an estimate of the maximal velocities is made which outlines the

frame of applicability of the theory.

2 Derivation of Dirac equations using retarded and ad-

vanced potentials

Our goal here is to derive a new form of the radiation term based on the original physi-
cal reasoning’s due to P.A.Dirac [3]. We follow the approach from [1] but we specify our
reasoning’s and use the denotations from [30]-[32].

Consider a charge e describing any curve L in space-time. Let A(x1(t), x2(t), x3(t), ict)
be any event and let Aret(x̌1(t), x̌2(t), x̌3(t), ict) be the intersection of L with the null-cone
drawn into the past from A, and let Aadv(x̂1(t), x̂2(t), x̂3(t), ict) be the intersection of L with
the null-cone drawn into the future from A where ť < t and t < t̂.

Let
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2
γ(ť) be the unit tangent vector to L at Aret and let

ξret = (ξret1 , ξret2 , ξret3 , ξret4 ) = (x1(t)− x̌1(ť), x2(t)− x̌2(ť), x3(t)− x̌3(ť), ic(t− ť)), ť < t

be the isotropic vector AretA.
Analogously, let
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,
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where ∆̂ =
√

c2 −∑3
γ=1 û

2
γ(t̂) be the unit tangent vector to L at Aadv and

ξadv = (ξadv1 , ξadv2 , ξadv3 , ξadv4 ) = (x̂1(t̂)− x1(t), x̂2(t̂)− x2(t), x̂3(t̂)− x3(t), ic(t̂− t)), t̂ > t

be the isotropic vector AAadv.
The unit tangent vector to L at A is

λ = (λ1, λ2, λ3, λ4) =

(
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∆
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∆
,
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,
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, where ∆ =
√

c2 −∑3
γ=1 u

2
γ(t).

In accordance with Dirac assumptions the radiation term is defined as a half of the
difference between both retarded and advanced potentials, that is,

F rad
kn =

1

2

[(
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n
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− ∂Aret
k
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)

−
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n
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k

∂x̂n

)]

,
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where

Aret
n = − eλ̌n

〈

λ̌, ξret
〉 , Aadv

n = − eλ̂n
〈

λ̂, ξadv
〉

are Lienard-Wiechert retarded and advanced potentials [6]. So that Dirac physical assump-
tions lead to the following form of equations (instead of (1)):

m
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(k = 1, 2, 3, 4).

Further on we assume (cf. [31], [32]) that

(AR): t− ť = τ ret(t), t̂− t = τadv(t)

In fact postulating (AR) we extend the relation between the relativistic and absolute time
from [33].

Remark 1. Recall Dirac assumptions from [3]:
1) τ ret(t) = τadv(t) = τ > 0;
2) τ is a small parameter.

Dirac derives the radiation term expanding in τ > 0 using Taylor formula. It is known,
however, from the theory of functional differential equations with small delays that when
τ → 0 the solution of functional differential equation could not always tend to the solution
of corresponding ordinary differential equation.

Since Aret and Aadv lie on the trajectory L we obtain

x̌(t) =
(

x̌1(ť), x̌2(ť), x̌3(ť), x̌4(ť) = icť
)
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Therefore

ξret =
(

x1(t)− x1(t− τ ret(t)), x2(t)− x2(t− τ ret(t)), x3(t)− x3(t− τ ret(t)), icτ ret)
)

and

ξadv =
(

x1(t+ τadv(t))− x1(t), x2(t+ τadv(t))− x2(t), x3(t+ τadv(t))− x3(t), icτ
adv)

)

.

The functions τ ret(t), τadv(t) can be obtained as solutions of the functional equations
〈

ξret, ξret
〉

4
= 0,

〈

ξadv, ξadv
〉

4
= 0

where 〈·, ·〉4 is the scalar product in the Minkowski space. Let us recall that ξret(t), ξadv(t)
are isotropic vectors drawn into the past and into the future respectively.

Solving the last equations with respect to τ ret(t) and τadv(t) we obtain:
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1

c

√

3
∑
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[xγ(t)− xγ(t− τ ret(t))]

2
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[
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]2

(2)
We would like to point out once again that we follow strictly physical reasoning’s due

to Dirac [3] and following [31], [32] we replace the usually accepted Dirac equations obtain
nonlocal system of neutral functional differential equations with both retarded and advanced
arguments.

In what follows we use the calculations from [31], [32] and we obtain
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




(k = 1, 2, 3, 4).

(3)

It is known ([6],[12]-[14],[26],[27]) that the elements of the electromagnetic tensor are:








F11 F12 F13 F14

F21 F22 F23 F24

F31 F32 F33 F34

F41 F42 F43 F44









=









0 H3 H2 iE1

−H3 0 H1 iE2

−H2 −H1 0 iE3

−iE1 −iE2 −iE3 0









,
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where ~E(E1, E2, E3) is the electric field intensity vector and ~H(H1, H2, H3) is the magnetic
field intensity vector. It is easy to see that Fkn = −Fnk.

The above system (3) can be split into ”space-like” and ”time-like” parts:

dλα
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=

e
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−
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4


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=

e

mc2
F4nλn+

+
e2

2mc2

[

ξret4
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〉

− λ̌4 〈ξret, λ〉
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+
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
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+
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.

We use the denotation 〈·, ·〉 for 3-dimensional scalar product in Euclidean subspace.
Following [31], [32] we have to find the relations between the derivatives at past, present

and future instants. Indeed, differentiating the relations t − ť = 1
c

√

∑3
γ=1

[

xγ(t)− x̌γ(ť)
]2
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with respect to ť (considering t = t(ť)) we obtain

dt

dť
− 1 =

3
∑

γ=1

[

xγ(t)− x̌γ(ť)
]

[

uγ(t)
dt

dť
− ǔγ(ť)

]

c

√

3
∑

γ=1

[

xγ(t)− x̌γ(ť)
]2

and hence

Ď ≡ dt

dť
=

c
√

〈ξret, ξret〉 − 〈ξret, ǔ〉
c
√

〈ξret, ξret〉 − 〈ξret, u〉
=

c2τ ret − 〈ξret, u(t− τ ret)〉
c2τ ret − 〈ξret, u(t)〉

Analogously differentiating t̂ − t = 1
c

√

∑3
γ=1

[

x̂γ(t̂)− xγ(t)
]2

with respect to t̂ (consid-

ering t = t(t̂)) we obtain

1− dt

dt̂
=

3
∑

γ=1

[

x̂γ(t̂)− xγ(t)
]

[

ûγ(t̂)− uγ(t)
dt

dt̂

]

c

√

3
∑
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[

x̂γ(t̂)− xγ(t)
]2

and hence
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dt̂
=

c
√
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〈
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〉

c
√
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=
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〈
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〉
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Further on we have

〈
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〉

4
=
〈u(t), u(t− τ ret〉 − c2

∆∆̌
;

〈
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〉

4
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〈
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〉
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∆∆̂
;

〈

ξret, λ
〉

4
=
〈ξret, u(t)〉 − c2τ ret

∆
;

〈

ξadv, λ
〉

4
=

〈

ξadv, u(t)
〉

− c2τadv

∆
;

〈

λ̌, ξret
〉

4
=
〈ξret, u(t− τ ret)〉 − c2τ ret

∆̌
;

〈

λ̂, ξadv
〉

4
=

〈

ξadv, u(t+ τadv)
〉

− c2τadv

∆̂
;

dλα

ds
=

c

∆

d

dt

(

uα(t)

∆

)

=
c

∆2
u̇α(t) +

c 〈u(t), u̇(t)〉
∆4

uα(t), (α = 1, 2, 3);

dλ4

ds
=

ic2

∆

d

dt

(

1

∆

)

=
ic2

∆4
〈u(t), u̇(t)〉 ;

(

u̇α(t) ≡
duα(t)

dt

)

;

d

dsret
=

1

∆̌

d

dť
=

1

∆̌

dt

dť

d

dt
=

1

∆̌
Ď

1

dt
,

d

dsadv
=

1

∆̂

d

dt̂
=

1

∆̂

dt

dt̂

d

dt
=

1

∆̂
D̂

1

dt
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where Ď =
dt

dť
, D̂ =

dt

dt̂
.

dλ̌α

dsret
= Ď

[

cu̇α(t− τ ret)

∆̌2
+

cuα(t− τ ret) 〈u(t− τ ret), u̇(t− τ ret)〉
∆̌4

]

(α = 1, 2, 3),

dλ̌4

dsret
=

ic2Ď 〈u(t− τ ret), u̇(t− τ ret)〉
∆̌4

;

dλ̂α

dsadv
= D̂

[

cu̇α(t+ τadv)

∆̂2
+

cuα(t+ τadv)
〈

u(t+ τadv), u̇(t+ τadv)
〉

∆̂4

]

(α = 1, 2, 3),

dλ̂4

dsadv
=

ic2D̂
〈

u(t+ τadv), u̇(t+ τadv)
〉

∆̂4
;

〈

ξret,
dλ̌α

dsret

〉

4

=cĎ

[

〈ξret, u̇(t− τ ret)〉
∆̌2

+

(

〈ξret, u(t− τ ret)〉 − c2τ ret
)

〈u(t− τ ret), u̇(t− τ ret)〉
∆̌4

]

〈

λ,
dλ̌α

dsret

〉

4

=
cĎ

∆

[

〈u(t), u̇(t− τ ret)〉
∆̌2

+

(

〈u(t), u(t− τ ret)〉 − c2τ ret
)

〈u(t− τ ret), u̇(t− τ ret)〉
∆̌4

]

〈

ξadv,
dλ̂α

dsadv

〉

4

=cD̂

[

〈

ξadv, u̇(t+τadv)
〉

∆̂2
+

(〈

ξadv, u(t+τadv)
〉

− c2τadv
) 〈

u(t+τadv), u̇(tτadv)
〉

∆̂4

]

〈

λ,
dλ̂α

dsadv

〉

4

=
cD̂

∆

[

〈

u(t), u̇(t+τadv)
〉

∆̂2
+

(〈

u(t), u(t+τadv)
〉

− c2τadv
) 〈

u(t+τadv), u̇(t+τadv)
〉

∆̂4

]

Therefore the above system becomes

c

∆2

duα(t)

dt
+

c

∆4

〈

u(t),
du(t)

dt

〉

uα(t) =
e2

mc2
1

∆





3
∑

β=1

Fαβuβ(t)− Eα



+

+
e2

2mc2

[

ξretα

〈

λ̌, λ
〉

4
− (ǔα/∆̌) 〈ξret, λ〉4
〈

λ̌, ξret
〉3

4

(

1 +

〈

ξret,
dλ̌

dsret

〉

4

)

+

+

Ď

∆̌2

(

duα(t− τ ret)

dt
+
uα(t− τ ret)

∆̌2

〈

u(t− τ ret),
du(t− τ ret)

dt

〉)

〈

ξret, λ
〉

4
−
〈

λ,
dλ̌

dsret

〉

4

ξretα

〈

λ̌, ξret
〉2

4











−

− e2

2mc2







ξadvα

〈

λ̂, λ
〉

4
− (ûα/∆̂)

〈

ξadv, λ
〉

4
〈

λ̂, ξadv
〉3

4

(

1 +

〈

ξadv,
dλ̂

dsadv

〉

4

)

+

+

D̂

∆̂2

(

duα(t+τadv)

dt
+
uα(t+τadv)

∆̂2

〈

u(t+τ ret),
du(t+τadv)

dt

〉)

〈

ξadv, λ
〉

4
−
〈

λ,
dλ̂

dsadv

〉

4

ξadvα

〈

λ̂, ξadv
〉2

4













,
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(α = 1, 2, 3).
ic2

∆4

〈

u(t),
du(t)

dt

〉

=
e2

mc2

(

−ic 〈E, u(t)〉
∆

)

+

+
e2

2mc2

[

icτ ret
〈

λ̌, λ
〉

4
− (ic/∆̌) 〈ξret, λ〉4

〈

λ̌, ξret
〉3

4

(

1 +

〈

ξret,
dλ̌

dsret

〉

4

)

+

+

ic
Ď

∆̌4

〈

u(t− τ ret),
du(t− τ ret)

dt

〉

〈

ξret, λ
〉

4
−icτ ret

〈

λ,
dλ̌

dsret

〉

4
〈

λ̌, ξret
〉2

4











−

− e2

2mc2







icτadv
〈

λ̂, λ
〉

4
− (ic/∆̂)

〈

ξadv, λ
〉

4
〈

λ̂, ξadv
〉3

4

(

1 +

〈

ξadv,
dλ̂

dsadv

〉

4

)

+

+

ic
D̂

∆̂4

〈

u(t+ τadv),
du(t+ τadv)

dt

〉

〈

ξadv, λ
〉

4
−icτadv

〈

λ,
dλ̌

dsadv

〉

4
〈

λ̌, ξadv
〉2

4











.

The last equation should be divided by ic.

3 The fourth equation is a consequence of the first three

ones

After obvious transformations we obtain the following systems of four equations

u̇α(t) +
〈u(t), u̇(t)〉

∆2
uα =

e2∆

mc3







3
∑

β=1

Fαβuβ(t)− Eα+

+
Ȟ

2
· ξ

ret
α

(

〈u(t), u(t− τ ret〉 − c2
)

− uα(t− τ ret)
(

〈ξret, u(t)〉 − c2τ ret
)

[〈ξret, u(t− τ ret)〉 − c2τ ret]
3 +

+
Ď

2









(

〈ξret, u(t)〉 − c2τ ret
)

(

u̇α(t− τ ret) + uα(t− τ ret)
〈u(t− τ ret), u̇(t− τ ret)〉

∆̌2

)

[〈ξret, u(t− τ ret)〉 − c2τ ret]
2 −

−
ξretα

〈u(t), u̇(t− τ ret)〉∆̌2 +
(

〈u(t), u(t− τ ret)〉 − c2
)

〈u(t− τ ret), u̇(t− τ ret)〉
∆̌2

[〈ξret, u(t− τ ret)〉 − c2τ ret]
2









−

−Ĥ

2
· ξ

adv
α

(

〈u(t), u(t− τadv〉 − c2
)

− uα(t− τadv)
(

〈ξadv, u(t)〉 − c2τadv
)

[〈ξadv, u(t+ τadv)〉 − c2τadv]
3 −
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−D̂

2









(

〈ξadv, u(t)〉 − c2τadv
)

(

u̇α(t+τadv) + uα(t+τadv)
〈u(t+τadv), u̇(t+ τadv)〉

∆̂2

)

[〈ξadv, u(t− τadv)〉 − c2τadv]
2 −

−
ξadvα

〈u(t), u̇(t+ τadv)〉∆̂2 +
(

〈u(t), u(t+τadv)〉 − c2
)

〈u(t+τadv), u̇(t+τadv)〉
∆̂2

[〈ξadv, u(t+ τadv)〉 − c2τadv]
2





























(4.α)

〈u(t), u̇(t)〉
∆2

= −e2∆

mc3
〈E, u(t)〉+ e2∆

2mc3

{

Ȟ
τ ret〈u(t), u(t− τ ret)〉 − 〈ξret, u(t)〉

[〈ξret, u(t− τ ret)〉 − c2τ ret]
3 +

+Ď

[

〈u(t− τ ret), u̇(t− τ ret)〉
(

〈ξret, u(t)〉 − c2τ ret
)

[〈ξret, u(t− τ ret)〉 − c2τ ret]
2 −

− τ ret
∆̌2〈u(t), u̇(t− τ ret)〉+

(

〈u(t), u(t− τ ret)〉 − c2
)

〈u(t− τ ret), u̇(t− τ ret)〉
[〈ξret, u(t− τ ret)〉 − c2τ ret]

2

]

−

−Ĥτadv〈u(t), u(t+τadv)〉 − 〈ξadv, u(t)〉
[〈ξadv, u(t+τadv)〉 − c2τadv]

3 −D̂
[

〈u(t+τadv), u̇(t+τadv)〉
(

〈ξadv, u(t)〉 − c2τadv
)

[〈ξadv, u(t+τadv)〉 − c2τadv]
2 −

− τadv
∆̂2〈u(t), u̇(t+ τadv)〉+

(

〈u(t), u(t+ τadv)〉 − c2
)

〈u(t+ τadv), u̇(t+ τadv)〉
[〈ξadv, u(t+ τ ret)〉 − c2τadv]

2

]}

,

(4.4)
where

Ȟ = ∆̌2+Ď
∆̌2〈ξret, u̇(t− τ ret)〉+

(

〈ξret, u(t− τ ret)〉 − c2τ ret
)

〈u(t− τ ret), u̇(t− τ ret)〉
∆̌2

,

Ĥ = ∆̂2+D̂
∆̌2〈ξadv, u̇(t+τadv)〉+

(

〈ξadv, u(t+τadv)〉 − c2τadv
)

〈u(t+τ ret), u̇(t+τadv)〉
∆̂2

.

Then multiplying (4.α) by uα(t), summing up in α and dividing into c2 we obtain (4.4).
Indeed, in details, for the left-hand side of (4.α) we have

〈u(t), u̇(t)〉+ 1

∆2
〈u(t), u(t)〉〈u(t), u̇(t)〉 = 〈u(t), u̇(t)〉

[

1 +
〈u(t), u̇(t)〉

∆2

]

=

= 〈u(t), u̇(t)〉c
2 − 〈u(t), u(t)〉+ 〈u(t), u(t)〉

∆2
=

c2〈u(t), u̇(t)〉
∆2

.

For the right-hand side we put F =
3
∑

α=1

3
∑

β=1

Fαβuαuβ =
3
∑

α,β=1

Fαβuαuβ . Then in view of

Fαβ = −Fβα it follows Fαα = 0. Therefore

F =
3

∑

α<β

Fαβuαuβ +

3
∑

α>β

Fαβuαuβ =
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=

3
∑

α<β

Fαβuαuβ +

3
∑

α<β

Fβαuαuβ =

3
∑

α<β

Fαβuαuβ −
3
∑

α<β

Fαβuαuβ = 0.

Consequently

∑

α

∑

β

Fαβuαuβ − c2
3
∑

γ=1

Eγuγ = −c2
3
∑

γ=1

Eγuγ = −c2〈E, u(t)〉.

For the second term in the right-hand side of (4.α) we obtain

〈ξret, u(t)〉
(

〈u(t), u(t− τ ret〉 − c2
)

− 〈u(t), u(t− τ ret〉
(

〈ξret, u(t)− c2τ ret〉
)

=

= c2
(

τ ret〈u(t), u(t− τ ret〉 − 〈ξret, u(t)〉
)

.

For the corresponding term from (4.4) we have

τ ret〈u(t), u(t− τ ret〉 − 〈ξret, u(t)〉.

For the third term in the right-hand side of (4.α) we obtain

(

〈ξret, u(t)〉 − c2τ ret
) (

∆̌2〈u(t), u̇(t− τ ret)〉+ 〈u(t), u(t− τ ret)〉〈u(t− τ ret), u̇(t− τ ret)〉
)

−

−〈ξret, u(t)〉
[

〈u(t), u̇(t− τ ret)〉∆̌2 +
(

〈u(t), u(t− τ ret)〉 − c2
)

〈u(t), u̇(t− τ ret)〉
]

=

= c2
[

−∆̌2τ ret〈u(t), u̇(t− τ ret)〉 − τ ret〈u(t), u(t− τ ret)〉〈u(t− τ ret), u̇(t− τ ret)〉+

+ 〈ξret, u(t)〉〈u(t− τ ret), u̇(t− τ ret)〉
]

.

For the corresponding term from (4.4) we have

〈u(t− τ ret), u̇(t− τ ret)〉
(

〈ξret, u(t)〉 − c2τ ret
)

−

−τ ret
[

∆̌2〈u(t), u̇(t− τ ret)〉+
(

〈u(t), u(t− τ ret)〉 − c2
)

〈u(t− τ ret), u̇(t− τ ret)〉
]

=

= 〈ξret, u(t)〉〈u(t− τ ret), u̇(t− τ ret)〉−
−∆̌2τ ret〈u(t), u̇(t− τ ret)〉 − τ ret〈u(t), u(t− τ ret)〉〈u(t− τ ret), u̇(t− τ ret)〉.

For the remaining terms corresponding to the advanced potential the verification can be
accomplished in the same way.

Consequently we should consider the following system of 3 equations for the 3 unknown
functions obtained after obvious transformations from (4.α):

u̇α(t) +
〈u(t), u̇(t)〉

∆2
=

e2∆

2mc3







2





3
∑

β=1

Fαβuβ(t)− Eα



+

+ξretα

[

Ȟ
〈u(t), u(t− τ ret〉 − c2

[〈ξret, u(t− τ ret)〉 − c2τ ret]
3 +
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+ Ď
〈u(t), u̇(t− τ ret)〉∆̌2 +

(

〈u(t), u(t− τ ret)〉 − c2
)

〈u(t− τ ret), u̇(t− τ ret)〉
∆̌2 [〈ξret, u(t− τ ret)〉 − c2τ ret]

2

]

+

+uα(t− τ ret)

[

−Ȟ 〈ξret, u(t)〉 − c2τ ret

[〈ξret, u(t− τ ret)〉 − c2τ ret]
3 +

+ Ď

(

〈ξret, u(t)〉 − c2τ ret
)

〈u(t− τ ret), u̇(t− τ ret)〉
∆̌2 [〈ξret, u(t− τ ret)〉 − c2τ ret]

2

]

+

+u̇α(t− τ ret)Ď
〈ξret, u(t)〉 − c2τ ret

∆̌2 [〈ξret, u(t− τ ret)〉 − c2τ ret]
2−

−ξadvα

[

Ĥ
〈u(t), u(t+ τadv〉 − c2

[〈ξadv, u(t+ τadv)〉 − c2τadv]
3 +

+ D̂
〈u(t), u̇(t+ τadv)〉∆̂2 +

(

〈u(t), u(t+ τadv)〉 − c2
)

〈u(t+ τadv), u̇(t+ τadv)〉
∆̂2 [〈ξadv, u(t+ τadv)〉 − c2τadv]

2

]

−

−uα(t+ τadv)

[

−Ĥ 〈ξadv, u(t)〉 − c2τadv

[〈ξadv, u(t+ τadv)〉 − c2τadv]
3 +

+ D̂

(

〈ξadv, u(t)〉 − c2τadv
)

〈u(t+ τadv), u̇(t+ τadv)〉
∆̂2 [〈ξadv, u(t+ τadv)〉 − c2τadv]

2

]

−

−u̇α(t+ τadv)D̂
〈ξadv, u(t)〉 − c2τadv

∆̂2 [〈ξadv, u(t+ τadv)〉 − c2τadv]
2 ≡ Gα. (5.α)

Denoting by Gα(α = 1, 2, 3) the right-hand sides of (5.α) we have to solve the following
system with respect to u̇1(t), u̇2(t), u̇3(t):

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

u̇1(t) +
u1(t)

∆2
(u1(t)u̇1(t) + u2(t)u̇2(t) + u3(t)u̇3(t)) = G1

u̇2(t) +
u2(t)

∆2
(u1(t)u̇1(t) + u2(t)u̇2(t) + u3(t)u̇3(t)) = G2

u̇3(t) +
u3(t)

∆2
(u1(t)u̇1(t) + u2(t)u̇2(t) + u3(t)u̇3(t)) = G3

or
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(

1 +
u2
1(t)

∆2

)

u̇1(t) +
u1(t)u2(t)

∆2
u̇2(t) +

u1(t)u3(t)

∆2
u̇3(t) = G1

u1(t)u2(t)

∆2
u̇1(t) +

(

1 +
u2
2(t)

∆2

)

u̇2(t) +
u2(t)u3(t)

∆2
u̇3(t) = G2

u1(t)u3(t)

∆2
u̇1(t) +

u2(t)u3(t)

∆2
u̇2(t) +

(

1 +
u2
3(t)

∆2

)

u̇3(t) = G3

(5.4)

We make the following:

Assumption (C): Velocities satisfy the inequality |u(t)| =
√

u2
1(t) + u2

2(t) + u2
3(t) ≤ c̄ < c

where the constant c̄ will be discussed later.
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Therefore c2 − |u(t)|2 ≥ c2 − c̄2 and the determinant of the above system is δ = c2

∆2 =⇒

1 ≤ δ ≤ c2

c2 − c̄2
.

Consequently we obtain from (5.4):

u̇1 =
1

c2
[(

∆2 + u2
2 + u2

3

)

G1 − u1u2G2 − u1u3G3

]

u̇2 =
1

c2
[

−u1u2G1 +
(

∆2 + u2
1 + u2

3

)

G2 − u2u3G3

]

u̇3 =
1

c2
[

−u1u3G1 − u2u3G2 +
(

∆2 + u2
1 + u2

3

)

G3

]

or

u̇1 =
1

c2
[(

c2 − u2
1

)

G1 − u1u2G2 − u1u3G3

]

u̇2 =
1

c2
[

−u1u2G1 +
(

c2 − u2
2

)

G2 − u2u3G3

]

(6)

u̇3 =
1

c2
[

−u1u3G1 − u2u3G2 +
(

c2 − u2
3

)

G3

]

.

4 Estimations of the functions τ
ret and τ

adv

Introduce denotations:

ř(t) =

√

3
∑

γ=1
[xγ(t)− x̌γ(t)]

2
, r̂(t) =

√

3
∑

γ=1
[xγ(t)− x̂γ(t)]

2

r̄(t) =

√

3
∑

γ=1
[x̌γ0(t)− xγ0(t) + βt]

2
, ¯̄r(t) =

√

3
∑

γ=1
[x̂γ0(t)− xγ0(t) + βt]

2

X0 = min

{√

3
∑

γ=1
[x̌γ0(t)− xγ0(t)]

2
,

√

3
∑

γ=1
[x̂γ0(t)− xγ0(t)]

2

}

,

where β = const. > 0 and t ≥ 0.
Obviously

r̄(t) =

√

3
∑

γ=1
[x̌γ0(t)− xγ0(t) + βt]

2 ≥
√

3
∑

γ=1
[x̌γ0(t)− xγ0(t)]

2 ≥ X0,

¯̄r(t) =

√

3
∑

γ=1
[x̂γ0(t)− xγ0(t) + βt]

2 ≥
√

3
∑

γ=1
[x̂γ0(t)− xγ0(t)]

2 ≥ X0.

The following inequalities are valid (cf. [30], [31]):

τ ret(t) =
1

c

√

3
∑

γ=1
[xγ(t)− x̌γ(t− τ ret(t))]

2 ≥
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≥ 1

c

√

3
∑

γ=1
[xγ(t)− x̌γ(t)]

2 − 1

c

√

3
∑

γ=1
[x̌γ(t)− x̌γ(t− τ ret(t))]

2 ≥ ř(t)

c
− cτ ret(t)

c
=⇒

τ ret(t) ≥ ř(t)

2c
⇐⇒ 1

τ ret(t)
≤ 2c

ř(t)
. (7− ret)

In the same way we obtain

τadv(t) ≥ r̂(t)

2c
⇐⇒ 1

τadv(t)
≤ 2c

r̂(t)
. (7− adv)

Let us recall the standard denotations:

xγ = xγ0 + uγ0t+

∫ t

0

∫ s

0

wγ(θ)dθds, uγ = uγ0t+

∫ t

0

wγ(s)ds,

x̌γ = x̌γ0 + ǔγ0t+

∫ t

0

∫ s

0

w̌γ(θ)dθds, ǔγ = ǔγ0t+

∫ t

0

w̌γ(s)ds,

x̂γ = x̂γ0 + ûγ0t+

∫ t

0

∫ s

0

ŵγ(θ)dθds, ûγ = ûγ0 +

∫ t

0

ŵγ(s)ds,

Lemma 1. Let the following conditions (W ) be satisfied:

(W1) the coordinate functions of the acceleration satisfy the inequalities wγ(t) ≤ w0(t),
where w0(·) ∈ L∞1 (R1) ∩ L∞

∞
(R1) and w0(t) ≥ 0

(W2) the initial dates are such that ǔγ0 − uγ0 − β > 0, ûγ0 − uγ0 − β > 0,
x̌γ0 − xγ0 > 0, x̂γ0 − xγ0 > 0 (γ = 1, 2, 3);

(W3) the following inequalities hold true

∫

∞

−∞

wγ(s)ds ≤
ǔγ0 − uγ0 − β

2
,

∫

∞

−∞

wγ(s)ds ≤
ûγ0 − uγ0 − β

2
.

Then the following estimates are valid

τ ret(t) ≥ 1

2c

√

3
∑

γ=1
[x̌γ0 − xγ0 + βt] ≥ r̄(t)

2c
and τadv(t) ≥ 1

2c

√

3
∑

γ=1
[x̂γ0 − xγ0 + βt] ≥

¯̄r(t)

2c

(8)
Proof.

∫ t

0

wγ(s)ds−
∫ t

0

w̌γ(s)ds ≤
∫ t

0

|wγ(s)− w̌γ(s)|ds ≤ 2

∫ t

0

w0(s)ds ≤ ǔγ0 − uγ0 − β =⇒

=⇒ uγ0 +

∫ t

0

wγ(s)ds− ǔγ0 −
∫ t

0

w̌γ(s)ds ≥ β ⇐⇒ ǔγ(t)− uγ(t) ≥ β =⇒

=⇒
∫ t

0

uγ(s)ds−
∫ t

0

ǔγ(s)ds ≥ β.
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Therefore

ř(t) =

√

3
∑

γ=1
[x̌γ(t)− xγ(t)]

2
=

√

3
∑

γ=1

[

x̌γ0 − xγ0 +
∫ t

0
ǔγ(s)ds−

∫ t

0
uγ(s)ds

]2

≥

≥
√

3
∑

γ=1
[x̌γ0 − xγ0 + βt]

2
= r̄(t).

It follows from (7) τ ret(t) ≥ r̄(t)
2c and analogously τadv(t) ≥ ¯̄r(t)

2c . The Lemma 1 is thus
proved.

5 Estimations of the right-hand sides of the newly de-

rived Dirac equations

First we introduce denotations v =
c̄

c
,

Aα = 2





3
∑

β=1

Fαβuβ(t)− Eα



 ,

Bret = Ȟ
〈u(t), u(t− τ ret〉 − c2

[〈ξret, u(t− τ ret)〉 − c2τ ret]
3+

+ Ď
〈u(t), u̇(t− τ ret)〉∆̌2 +

(

〈u(t), u(t− τ ret)〉 − c2
)

〈u(t− τ ret), u̇(t− τ ret)〉
∆̌2 [〈ξret, u(t− τ ret)〉 − c2τ ret]

2 ,

Cret = −Ȟ 〈ξret, u(t)〉 − c2τ ret

[〈ξret, u(t− τ ret)〉 − c2τ ret]
3+

+ Ď

(

〈ξret, u(t)〉 − c2τ ret
)

〈u(t− τ ret), u̇(t− τ ret)〉
∆̌2 [〈ξret, u(t− τ ret)〉 − c2τ ret]

2 ,

Dret = Ď
〈ξret, u(t)〉 − c2τ ret

∆̌2 [〈ξret, u(t− τ ret)〉 − c2τ ret]
2 ;

Badv = Ĥ
〈u(t), u(t+ τadv〉 − c2

[〈ξadv, u(t+ τadv)〉 − c2τadv]
3+

+ D̂
〈u(t), u̇(t+ τadv)〉∆̂2 +

(

〈u(t), u(t+ τadv)〉 − c2
)

〈u(t+ τadv), u̇(t+ τadv)〉
∆̂2 [〈ξadv, u(t+ τadv)〉 − c2τadv]

2 ,

Cadv = −Ĥ 〈ξadv, u(t)〉 − c2τadv

[〈ξadv, u(t+ τadv)〉 − c2τadv]
3+

+ D̂

(

〈ξadv, u(t)〉 − c2τadv
)

〈u(t+ τadv), u̇(t+ τadv)〉
∆̂2 [〈ξadv, u(t+ τadv)〉 − c2τadv]

2 ,
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Dadv = D̂
〈ξadv, u(t)〉 − c2τadv

∆̂2 [〈ξadv, u(t+ τadv)〉 − c2τadv]
2 .

Then (5.α) become

u̇α(t)+
〈u(t), u̇(t)〉

∆2
=

e2∆

2mc3
[

Aα +Bretξretα + Cretuα(t− τ ret) +Dretu̇α(t− τ ret)−

−Badvξadvα − Cadvuα(t+ τadv)−Dadvu̇α(t+ τadv)
]

(α = 1, 2, 3). (9.α)

In what follows we derive some inequalities (cf. [31], [32]):

|Ď| ≤ c2τ ret + cτ retc̄

c2τ ret − cτ retc̄
=

c+ c̄

c− c̄
=

1 + v

1− v
, |D̂| ≤ 1 + v

1− v
.

Aα=2

(

3
∑

β=1

Fαβuβ(t)−Eα

)

≤2

√

3
∑

β=1

F 2
αβ

√

3
∑

β=1

u2
α + 2

√

3
∑

β=1

E2
α ≤2c̄

√

3
∑

β=1

H2
α + 2

√

3
∑

β=1

E2
α.

|Ȟ|=
∣

∣

∣

∣

∣

∆̌2+Ď
∆̌2〈ξret, u̇(t− τ ret)〉+

(

〈ξret, u(t− τ ret)〉 − c2τ ret
)

〈u(t− τ ret), u̇(t− τ ret)〉
∆̌2

∣

∣

∣

∣

∣

≤

≤ c2 +
1 + v

1− v

c2cτ retw0(t) +
(

cτ retc̄+ c2τ ret
)

c̄w0(t)

c2(1− v2)
≤ c2 +

3
√
3cτ retw0(t)

(1− v)2
.

∣

∣Bret
∣

∣ =

∣

∣

∣

∣

∣

Ȟ
〈u(t), u(t− τ ret〉 − c2

[〈ξret, u(t− τ ret)〉 − c2τ ret]
3+

+Ď
〈u(t), u̇(t− τ ret)〉∆̌2 +

(

〈u(t), u(t− τ ret)〉 − c2
)

〈u(t− τ ret), u̇(t− τ ret)〉
∆̌2 [〈ξret, u(t− τ ret)〉 − c2τ ret]

2

∣

∣

∣

∣

∣

≤

≤
[

c2 +
3
√
3cτ retw0(t)

(1− v)2

]

c̄2 + c2

(c2τ ret − cτ retc̄)3
+

1 + v

1− v

(c̄c2 + c̄3 + c2c̄)w0(t)
√
3

c2(1− v2)(c2τ ret − cτ retc̄)2
≤

≤
[

c2 +
3
√
3cτ retw0(t)

(1− v)2

]

v2 + 1

c4(τ ret)3(1− v)3
+

3
√
3w0(t)

c3(1− v)4(τ ret)2
≤

≤ 2

c2(τ ret)3(1− v)3
+

6
√
3w0(t)

c3(1− v)5(τ ret)2
+

3
√
3w0(t)

c3(1− v)4(τ ret)2
≤

≤ 2

c2(τ ret)3(1− v)3
+

9
√
3w0(t)

c3(1− v)5(τ ret)2
;

∣

∣Cret
∣

∣ =

∣

∣

∣

∣

∣

−Ȟ 〈ξret, u(t)〉 − c2τ ret

[〈ξret, u(t− τ ret)〉 − c2τ ret]
3+

+Ď

(

〈ξret, u(t)〉 − c2τ ret
)

〈u(t− τ ret), u̇(t− τ ret)〉
∆̌2 [〈ξret, u(t− τ ret)〉 − c2τ ret]

2

∣

∣

∣

∣

∣

≤

≤
[

c2 +
3
√
3cτ retw0(t)

(1− v)2

]

cτ retc̄+ c2τ ret

(c2τ ret − cτ retc̄)3
+

1 + v

1− v

(cτ retc̄+ c2τ ret)c̄
√
3w0(t)

c2(1− v2)(c2τ ret − cτ retc̄)2
≤
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≤
[

c2 +
3
√
3cτ retw0(t)

(1− v)2

]

(v + 1)c2

c6(1− v)3(τ ret)2
+

(v2 + v)w0(t)
√
3

c3(1− v)4τ ret
≤

≤ 2

c2(1− v)3(τ ret)2
+

6
√
3w0(t)

c3(1− v)5τ ret
+

2
√
3w0(t)

c3(1− v)5τ ret
≤

≤ 2

c2(1− v)3(τ ret)2
+

8
√
3w0(t)

c3(1− v)5τ ret
;

∣

∣Dret
∣

∣ =

∣

∣

∣

∣

∣

Ď
〈ξret, u(t)〉 − c2τ ret

∆̌2 [〈ξret, u(t− τ ret)〉 − c2τ ret]
2

∣

∣

∣

∣

∣

≤ 1 + v

1− v

cτ retc̄+ c2τ ret

(c2τ ret − cτ retc̄)2
≤ 4

c2(1− v)3τ ret
;

∣

∣

∣Ĥ
∣

∣

∣ ≤ c2 +
3
√
3cτadvw0(t)

(1− v)2
;

∣

∣Badv
∣

∣ ≤ 2

c2(τadv)3(1− v)3
+

9
√
3w0(t)

c3(1− v)5(τadv)2
;

∣

∣Cadv
∣

∣ ≤ 2

c2(1− v)3(τadv)2
+

8
√
3w0(t)

c3(1− v)5τadv
;

∣

∣Dadv
∣

∣ ≤ 4

c2(1− v)3τadv
.

We have to estimate the right-hand sides of the system:

u̇1 =
1

c2
[(

c2 − u2
1

)

G1 − u1u2G2 − u1u3G3

]

u̇2 =
1

c2
[

−u1u2G1 +
(

c2 − u2
2

)

G2 − u2u3G3

]

(10)

u̇3 =
1

c2
[

−u1u3G1 − u2u3G2 +
(

c2 − u2
3

)

G3

]

.

Indeed, the inequalities

e2∆

2mc3
[

|Aα|+
∣

∣Bret
∣

∣

∣

∣ξretα

∣

∣+
∣

∣Cret
∣

∣

∣

∣uα(t− τ ret)
∣

∣+
∣

∣Dret
∣

∣

∣

∣u̇α(t− τ ret)
∣

∣

]

≤

≤ e2∆

2mc3

[

2c̄

√

3
∑

α=1
H2

α + 2

√

3
∑

α=1
E2

α + cτ ret

(

2

c2(τ ret)3(1− v)3
+

9
√
3w0(t)

c3(1− v)5(τ ret)2

)

+

+c̄

(

6
√
3w0(t)

c3(1− v)5τ ret
+

2
√
3w0(t)

c3(1− v)5τ ret

)

+
4w0(t)

c2(1− v)3τ ret

]

≤

≤ e2

2m

[

2c̄

c2

√

3
∑

α=1
H2

α +
2

c2

√

3
∑

α=1
E2

α +
2

c3(τ ret)2(1− v)3
+

9
√
3w0(t)

c4(1− v)5τ ret
+

+
2

c3(1− v)3(τ ret)2
+

8
√
3w0(t)

c4(1− v)5τ ret
+

4w0(t)

c4(1− v)3τ ret

]

imply

|Gα| ≤
e2∆

2mc3

[

|Aα|+
∣

∣Bret
∣

∣

∣

∣ξretα

∣

∣+
∣

∣Cret
∣

∣

∣

∣uα(t− τ ret)
∣

∣+
∣

∣Dret
∣

∣

∣

∣u̇α(t− τ ret)
∣

∣+
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+
∣

∣Badv
∣

∣

∣

∣ξadvα

∣

∣+
∣

∣Cadv
∣

∣

∣

∣uα(t+ τadv)
∣

∣+
∣

∣Dadv
∣

∣

∣

∣u̇α(t+ τadv)
∣

∣

]

≤

≤ e2

m

[

1

c

√

3
∑

α=1
H2

α +
1

c2

√

3
∑

α=1
E2

α +
2

c3(τ ret)2(1− v)3
+

(17
√
3 + 4)w0(t)

c4(1− v)5τ ret
+

+
2

c3(τadv)2(1− v)3
+

(17
√
3 + 4)w0(t)

c4(1− v)5τadv

]

.

Consequently denoting the right-hand sides of (10) by Pα (α = 1, 2, 3) and we obtain

|P1| ≤
1

c2

[

|c2 − u2
1| |G1|+ |u1u2| |G2|+ |u1u3| |G3|

]

≤

≤ 3e2

m

[

1

c

√

3
∑

α=1
H2

α +
1

c2

√

3
∑

α=1
E2

α +
8c2

c3r̄2(t)(1− v)3
+

(34
√
3 + 8)w0(t)c

c4(1− v)5r̄(t)
+

+
8c2

c3 ¯̄r2(t)(1− v)3
+

(34
√
3 + 8)w0(t)c

c4(1− v)5 ¯̄r(t)

]

≤

≤ 3e2

m

[

1

c

√

3
∑

α=1
H2

α+
1

c2

√

3
∑

α=1
E2

α+
8

c(1− v)3

(

1

r̄2(t)
+

1
¯̄r2(t)

)

+
34
√
3 + 8

c3(1− v)5X0
w0(t)

]

.

(11− 1)

Analogously

|P2| ≤
1

c2

[

|u1u2| |G1|+ |c2 − u2
2| |G2|+ |u2u3| |G3|

]

≤

≤ 3e2

m

[

1

c

√

3
∑

α=1
H2

α+
1

c2

√

3
∑

α=1
E2

α+
8

c(1− v)3

(

1

r̄2(t)
+

1
¯̄r2(t)

)

+
34
√
3 + 8

c3(1− v)5X0
w0(t)

]

(11− 2)

and

|P3| ≤
1

c2

[

|u1u3| |G1|+ |u2u3| |G2|+ |c2 − u2
3| |G3|

]

≤

≤ 3e2

m





1

c

√

√

√

√

3
∑

α=1

H2
α+

1

c2

√

√

√

√

3
∑

α=1

E2
α+

8

c(1− v)3

(

1

r̄2(t)
+

1
¯̄r2(t)

)

+
34
√
3 + 8

c3(1− v)5X0
w0(t)



 .

(11− 3)

6 Lipschitz estimates of the right-hand sides

In what follows we have to obtain Lipschitz estimates of the right-hand sides Gα (α = 1, 2, 3)
with respect to the arguments wα(t− τ ret), wα(t+ τadv):

∂Gα

∂wα(t− τ ret)
=

e2∆

2mc3

{

ξretα Ďuα(t)

(c2τ ret − 〈ξret, u(t− τ ret)〉)2
+
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+
ξretα Ď

(

〈u(t), u(t− τ ret)〉 − c2
)

uα(t)

∆̌2 (c2τ ret − 〈ξret, u(t− τ ret)〉)2
+

+ uα(t− τ ret)
Ď(〈ξret, u(t)〉 − c2)uα(t− τ ret)

∆̌2 (c2τ ret − 〈ξret, u(t− τ ret)〉)2
+

+Ď
〈ξret, u(t)〉 − c2τ ret

(c2τ ret − 〈ξret, u(t− τ ret)〉)2

}

,

∂Gα

∂wα(t+ τadv)
=

e2∆

2mc3

{

ξadvα D̂uα(t)

(c2τadv−〈ξadv, u(t+τadv)〉)2
+

+
ξadvα D̂

(

〈u(t), u(t+ τadv)〉 − c2
)

uα(t)

∆̂2 (c2τadv − 〈ξadv, u(t+ τadv)〉)2
+

+ uα(t+ τadv)
D̂(〈ξadv, u(t)〉 − c2)uα(t+ τadv)

∆̂2 (c2τadv + 〈ξret, u(t+ τadv)〉)2
+

+D̂
〈ξadv, u(t)〉 − c2τadv

(c2τadv − 〈ξadv, u(t+ τadv)〉)2

}

,

and for β 6= α

∂Gα

∂wβ(t− τ ret)
=

e2∆

2mc3

{

ξretα Ďuβ(t)

(c2τ ret − 〈ξret, u(t− τ ret)〉)2
+

+
ξretα Ď

(

〈u(t), u(t− τ ret)〉 − c2
)

uβ(t)

∆̌2 (c2τ ret − 〈ξret, u(t− τ ret)〉)2
+

+ uα(t− τ ret)
Ď(〈ξret, u(t)〉 − c2)uβ(t− τ ret)

∆̌2 (c2τ ret − 〈ξret, u(t− τ ret)〉)2

}

,

∂Gα

∂wβ(t+ τadv)
=

e2∆

2mc3

{

ξadvα D̂uβ(t)

(c2τadv−〈ξadv, u(t+ τadv)〉)2
+

+
ξadvα D̂

(

〈u(t), u(t+ τadv)〉 − c2
)

uβ(t)

∆̂2 (c2τadv − 〈ξadv, u(t+ τadv)〉)2
+

+ uα(t+ τadv)
D̂(〈ξadv, u(t)〉 − c2)uβ(t+ τadv)

∆̂2 (c2τadv + 〈ξret, u(t+ τadv)〉)2

}

.

Therefore we have to estimate

∣

∣

∣

∣

∂Gα

∂wα(t− τ ret)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂Gα

∂wα(t+ τadv)

∣

∣

∣

∣

because for β 6= α the

last term vanishes. Indeed,
∣

∣

∣

∣

∂Gα

∂wα(t− τ ret)

∣

∣

∣

∣

≤ e2

2mc2
1 + v

1− v

{

c̄cτ ret

c4(1− v)2(τ ret)2
+

cτ ret(c2 + c̄2)c̄

(c2 − c̄2)c4(1− v)2(τ ret)2
+

+
c̄2(c2τ ret + cτ retc̄)

(c2 − c̄2)c4(1− v)2(τ ret)2
+

c2τ ret + cτ retc̄

c4(1− v)2(τ ret)2

}

≤
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≤ e2

2mc2

{

2

c2(1− v)3τ ret
+

2

c2(1− v)4τ ret
+

2

c2(1− v)4τ ret
+

4

c2(1− v)3τ ret

}

≤

≤ e2

2mc4τ ret

{

6

(1− v)3
+

4

(1− v)4

}

,

∣

∣

∣

∣

∂Gα

∂wα(t+ τadv)

∣

∣

∣

∣

≤ e2

2mc2
1 + v

1− v

{

c̄cτadv

c4(1− v)2(τadv)2
+

cτadv(c2 + c̄2)c̄

(c2 − c̄2)c4(1− v)2(τadv)2
+

+
c̄2(c2τadv + cτadv c̄)

(c2 − c̄2)c4(1− v)2(τadv)2
+

c2τadv + cτadv c̄

c4(1− v)2(τadv)2

}

≤

≤ e2

2mc2

{

2

c2(1− v)3τadv
+

2

c2(1− v)4τadv
+

2

c2(1− v)4τadv
+

4

c2(1− v)3τadv

}

≤

≤ e2

2mc4τadv

{

6

(1− v)3
+

4

(1− v)4

}

.

Therefore
∣

∣

∣Gα

(

w1(t−τ ret), w2(t−τ ret), w3(t−τ ret), w1(t+τadv), w2(t+τadv), w3(t+τadv)
)

−

−Gα

(

w̄1(t−τ ret), w̄2(t−τ ret), w̄3(t−τ ret), w̄1(t+τadv), w̄2(t+τadv), w̄3(t+τadv)
)

∣

∣

∣
≤

≤
3

∑

β=1

∣

∣

∣

∣

∂Gα

∂wβ(t− τ ret)

∣

∣

∣

∣

∣

∣

∣wβ(t− τ ret)− w̄β(t− τ ret)
∣

∣

∣+

+
3

∑

β=1

∣

∣

∣

∣

∂Gα

∂wβ(t+ τadv)

∣

∣

∣

∣

∣

∣

∣wβ(t+ τadv)− w̄β(t+ τadv)
∣

∣

∣ ≤

≤ e2

2mc4τ ret

{

6

(1− v)3
+

4

(1− v)4

} 3
∑

β=1

∣

∣

∣wβ(t− τ ret)− w̄β(t− τ ret)
∣

∣

∣+

+
e2

2mc4τadv

{

6

(1− v)3
+

4

(1− v)4

} 3
∑

β=1

∣

∣

∣
wβ(t+ τadv)− w̄β(t+ τadv)

∣

∣

∣
≤

≤ e2

mc4τ ret
5

(1− v)4

3
∑

β=1

∣

∣

∣
wβ(t− τ ret)− w̄β(t− τ ret)

∣

∣

∣
+

+
e2

2mc4τadv
5

(1− v)4

3
∑

β=1

∣

∣

∣wβ(t+ τadv)− w̄β(t+ τadv)
∣

∣

∣ ≤

≤ 10

mc3(1− v)4r̄(t)

3
∑

β=1

∣

∣

∣wβ(t− τ ret)− w̄β(t− τ ret)
∣

∣

∣+

+
10

mc3(1− v)4 ¯̄r(t)

3
∑

β=1

∣

∣

∣
wβ(t+ τadv)− w̄β(t+ τadv)

∣

∣

∣
.
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7 Tools from fixed point theory

We briefly recall some notations and definitions from [34].
By (X,A) we mean a sequentially complete T2-separated uniform space with a uniformity

generated by a saturated family of pseudometrics A = {ρα(x, y) : α ∈ A}, A being an index
set. Let j : A → A be a mapping of the index set into itself whose iterates are defined as
follows jk(α) = j(jk−1)(α) (k = 1, 2, 3).

Introduce a family of functions (called contractive functions) (Φ) = {Φα(t) : α ∈ A},
Φα(t) : ℜ1

+ → ℜ1
+ ≡

[

0,∞
)

with the following properties:

(Φ1) Φα(t) is non-decreasing, continuous from the right on ℜ1
+ and Φα(t)>0 for t > 0;

(Φ2) for every α ∈ A there is a function Φ̄α(t) which possesses property (Φ2),
sup{Φjk(α)(t):k=0,1,2,...} ≤ Φ̄α(t) and Φ̄α(t)/t is non-decreasing.

The operator T : (X,A) → (X,A) is said to be Φ-contractive if ρα(T (x), T (y)) ≤
Φα(ρj(α)(x, y)) for every x, y ∈ X and α ∈ A. The space (X,A) is called j-bounded if for
every x, y ∈ X and α ∈ A there is a constant Q = Q(α, x, y) such that ρj(α)(x, y) ≤ Q, k =
0, 1, 2, . . ..

Theorem 1. If T : (X,A) → (X,A) is Φ-contractive and there is x0 ∈ X for which there

exists Q = Q(α, x0, T (x0)) so that ρjk(α)(x0, T (x0)) ≤ Q (k = 0, 1, 2, . . .) then T has at least

one fixed point.

Theorem 2. If, in addition, (X,A) is j-bounded, then the fixed point is unique.

In what follows we extend above theorems to a product of uniform spaces.

Let {(Xi,Ai)}ni=1 be a finite family of uniform spaces where Ai = {ρ(i)α (x, y) : α ∈ A}.
The index sets A1 = A2 = . . . = An = A coincide. The elements of the Cartesian product
X =

∏n
i=1 Xi we denote by x = (x1, x2, . . . , xn) where xi ∈ Xi.

The product X can be endowed with a family of pseudometrics A = {ρα(x, y) : α ∈ A}
where ρα(x, y) = max{ρ(i)α (x, y) : i = 1, 2, ..., n}. It is not difficult to check that

ρα(x
(0), x(k)) −−−−→

k→∞
0 ⇐⇒



























ρα
(

x
(0)
1 , x

(k)
1

)

−−−−→
k→∞

0,

ρα
(

x
(0)
2 , x

(k)
2

)

−−−−→
k→∞

0,

. . . . . . . . . . . . . . . . . .

ρα
(

x
(0)
n , x

(k)
n

)

−−−−→
k→∞

0,

So the product space (X,A) is a sequentially complete uniform space if every (Xi,Ai) is
a sequentially complete uniform space.

Theorem 3. Let Ti : (Xi,Ai) → (Xi,Ai) (i = 1, 2, ..., n) be Φ-contractive mappings and

T : (X,A)→ (X,A) be a mapping defined as follows:

T (x1, x2, . . . , xn) = (T1(x1), T2(x2), . . . , Tn(xn)) for every (x1, x2, . . . , xn) ∈ X.

If there are elements x
(0)
i ∈ Xi (i = 1, 2, ..., n) such that ρ

(i)

jk(α)

(

x
(0)
i , T

(

x
(0)
i

)

)

≤ Q(i)(α)

(k = 0, 1, 2, . . .) then T is Φ-contractive and has a fixed point in (X,A).
Theorem 4. If in addition, we suppose all spaces (Xi,Ai) to be j-bounded it follows that

(X,A) is j-bounded and consequently T has a unique fixed point in (X,A).
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8 Existence-uniqueness theorem for Dirac equations

Let us put wα(t) = u̇α(t), (α = 1, 2, 3). Then we can formulate the main initial value
problem: to find a solution

(

τ ret(t), τadv(t), w1(t), w2(t), w3(t)
)

of the system

τ ret(t) =
1

c

√

3
∑

γ=1
[xγ(t)−x̌γ(t− τ ret(t))]

2
, τadv(t) =

1

c

√

3
∑

γ=1

[

x̂γ(t+τadv(t))−xγ(t)
]2
, t ∈ ℜ1,

w1(t) =
1

c2
[(

c2 − u2
1(t)

)

G1 − u1(t)u2(t)G2 − u1(t)u3(t)G3

]

w2(t) =
1

c2
[

−u1(t)u2(t)G1 +
(

c2 − u2
2(t)

)

G2 − u2(t)u3(t)G3

]

, t > 0 (12)

w3(t) =
1

c2
[

−u1(t)u3(t)G1 − u2(t)u3(t)G2 +
(

c2 − u2
3(t)

)

G3

]

w1(t) = w1(t), t ≤ 0, w2(t) = w2(t), t ≤ 0, w3(t) = w3(t), t ≤ 0,

where wγ(t) (γ = 1, 2, 3) are prescribed functions on
(

− ∞, 0
]

(and xγ(t) = xγ(t), t ≤
0, xγ(0) = xγ0, uγ(t) = uγ(t), t ≤ 0, uγ(0) = uγ0).

In what follows we prove an existence–uniqueness theorem for the above system.

Theorem 5. The function w0 ∈ L∞(ℜ1) ∩ L∞(ℜ1) (w0(t) ≥ 0) satisfies the inequalities

5.1
) 3e2

m(1−A)

[

1

c

√

3
∑

α=1
H2

α+
1

c2

√

3
∑

α=1
E2

α+
8

c(1− v)3

(

1

r̄2(t)
+

1
¯̄r2(t)

)

]

≤ w0(t), (13)

where A =
3e2(34

√
3 + 8)

mc3(1− v)5X0
< 1;

5.2
) 3e2

m(1−A)

∫

∞

0

[

1

c

√

3
∑

α=1
H2

α+
1

c2

√

3
∑

α=1
E2

α+
8

c(1− v)3

(

1

r̄2(t)
+

1
¯̄r2(t)

)

]

dt ≤

≤
∞
∫

−∞

w0(t)dt ≤ min

{

c̄√
3
− u0,

ǔγ0 − uγ0 − β

2
,
ûγ0 − uγ0 − β

2
(γ = 1, 2, 3)

}

(14)

(ǔγ0 − uγ0 − β > 0, ûγ0 − uγ0 − β > 0).
If the initial trajectories are such that ř(t) ≥ r0 > 0 and r̂(t) ≥ r0 > 0 for t ≤ 0, |wα(t)| ≤

w0(t) for t ≤ 0 and x
(2)
γ0 > x

(1)
γ0 then there is a unique solution

(

τ ret, τadv, w1, w2, w3

)

of

(12) such that |wα(t)| ≤ w0(t) (α = 1, 2, 3).

Proof of Theorem 5. Let (X1,A) be a uniform space consisting of all continuous functions
τ(t) : ℜ1 → ℜ1 with saturated family of pseudometrics ρI(τ, τ) =

∑{|τ(t) − τ(t)| : t ∈ I}
where I ∈ A runs over all compact subsets I ⊂ ℜ1. Define the operator

(

T rτ ret
)

(t) :=
1

c

√

3
∑

γ=1
[xγ(t)−x̌γ(t− τ ret(t))]

2

Under the assumption

√

3
∑

γ=1

(

u
(p)
γ (t)

)2

≤ c̄ < c (p = 1, 2) the operator T has a unique
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fixed point. Indeed, if we denote by P (t, y) =
1

c

√

3
∑

γ=1
[xγ(t)−x̌γ(t− τ ret(t))]

2
then

∣

∣

∣

∣

∂P

∂y

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1

c

3
∑

γ=1
[xγ(t)−x̌γ(t− y)] ǔγ(t− y)

√

3
∑

γ=1
[xγ(t)−x̌γ(t− y)]

2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤ c̄

c

√

3
∑

γ=1
[xγ(t)−x̌γ(t− y)]

2

√

3
∑

γ=1
[xγ(t)−x̌γ(t− y)]

2

=
c̄

c
.

Therefore |(T rτ ret−T r τ̄ ret)(t)|≤ c̄

c
ρI(τ

ret, τ̄ ret) and then ρI(T
rτ ret, T r τ̄ ret)≤ c̄

c
ρI(τ

ret, τ̄ ret).

Then Theorem 2 implies the existence of unique solutions for each of the equations

τ ret(t) =
1

c

√

〈ξret, ξret〉 and τadv(t) =
1

c

√

〈ξadv, ξadv〉 belonging to X1 = X2 = C(ℜ1).

(In some inequalities above we have replaced
√

〈ξret, ξret〉 by cτ ret in order to obtain Ď =
c2τ ret − 〈ǔret, ξret〉
c2τ ret − 〈uret, ξret〉 ).

Let X3 = L∞loc(ℜ1)×L∞loc(ℜ1)×L∞loc(ℜ1) be the uniform space with a saturated family of
pseudometrics A = {ρI(·, ·) : I ∈ A} where the index set A consists of all compact subsets
I ⊂ ℜ1 and

ρI
(

{f1, f2, f3}, {f̄1, f̄2, f̄3}
)

= max
{

ρ1I
(

f1, f̄1
)

, ρ2I
(

f2, f̄2
)

, ρ3I
(

f3, f̄3
)}

,

ρkI
(

fk, f̄k
)

= ess sup
{∣

∣fk(t)− f̄k(t)
∣

∣ : t ∈ I
}

(k = 1, 2, 3).

Define the operator T : X3 → X3 by the formulas

(Tw)α(t) =







Pα(w)(t), t > 0

wα(t), t ≤ 0
(α = 1, 2, 3)

where the right hand side of (11) is denoted by Pα(w).

Introduce the set M ⊂ X3 in the following way:

M = {(f1, f2f3) ∈ X3 : |fk(t)| ≤ w0(t), t ∈ ℜ1 (k = 1, 2, 3)}

and show that T maps M into itself. We use the above estimates τ ret(t) ≥ ř(t)

2c
. We need

two more inequalities, namely ř(t) ≥ r̄(t) and r̂(t) ≥ ¯̄r(t). But Lemma 1 guarantees them.
It is easy to verify that

max

{

(102
√
3 + 24)e2

mc3(1− v)5X0
,

10e2

mc3(1− v)4X0
,

10e2

mc3(1− v)4X0

}

=
(102

√
3 + 24)e2

mc3(1− v)5X0
= A < 1.
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The inequalities from Section 5 and conditions of the Theorem 1 imply

| (Tw)α (t)| = |Pα| ≤
3e2

m





1

c

√

√

√

√

3
∑

α=1

H2
α +

1

c2

√

√

√

√

3
∑

α=1

E2
α +

8c2

c3r̄2(t)(1− v)3
+

+
(34
√
3 + 8)w0(t)c

c4(1− v)5r̄(t)
+

8c2

c3 ¯̄r2(t)(1− v)3
+

(34
√
3 + 8)w0(t)c

c4(1− v)5 ¯̄r(t)

]

≤

≤ 3

c

e2

m

√

√

√

√

3
∑

α=1

H2
α +

3

c2
e2

m

√

√

√

√

3
∑

α=1

E2
α+

+
24e2

mc(1− v)3

(

1

r̄2(t)
+

1
¯̄r2(t)

)

(102
√
3 + 24)e2

mc3(1− v)5X0
w0(t) ≤ w0(t)

i.e. Tw ∈M .
In what follows we show that T is k-contractive operator using the inequalities from

Section 6 and (14) from the conditions of Theorem 5:

|(Tw)α(t)− (Tw)α(t)| ≤ kρj(I)(w,w) (15)

where jα(Iα+2) = {t− τ ret : t ∈ Iα+2} ∪ {t− τ ret : t ∈ Iα+2} (α = 1, 2, 3).
Now we are able to define the Cartesian product X = X1 × X1 ×M with a saturated

family of pseudometrics

ρI
({

τ ret, τadv, f1, f2, f3
}

,
{

τ̄ ret, τ̄adv, f̄1, f̄2, f̄3
})

=

= max
{

ρI
(

τ ret, τ̄ ret
)

, ρI
(

τadv, τ̄adv
)

, ρ1I
(

f1, f̄1
)

, ρ2I
(

f2, f̄2
)

, ρ3I
(

f3, f̄3
)}

,

where the elements of X are ordered 5-ples
(

τ ret, τadv, w1, w2, w3

)

.
Define the operator T by the formula

T
(

τ ret, τadv, w1, w2, w3

)

=
(

T r
(

τ ret
)

, T r
(

τadv
)

, P1(w), P2(w), P3(w)
)

.

The index set for the saturated family of pseudometrics consists of all ordered 5-tuples i.e.
A = {I1, I2, I3, I4, I5} where every Ik runs over all compact subsets of ℜ1. Define the map
J : A → A in the following way J

(

I1, I2, I3, I4, I5
)

=
(

I1, I2, j1
(

I3), j2
(

I4), j3
(

I5)
)

where

jα
(

Iα+2

)

are defined above. Further on J2
(

I1, I2, I3, I4, I5
)

=
(

I1, I2, j
2
1

(

I3), j
2
2

(

I4), j
2
3

(

I5)
)

and so on. Since the first components of J are identities it remains to show that M is
j-bounded. Indeed, for k = 1, 2, 3 we have

ρkjn
k
(Ik+2)

(

fk, f̄k
)

= esssup {|wk(t)− wk(t)| : t ∈ jnk (Ik+2)}≤ esssup
{

|2w0(t)| : t∈ ℜ1
}

<∞

(n = 1, 2, . . .).
Therefore the space X = X1 ×X1 ×M is j- bounded.
The above estimates imply that T is a l-contractive operator with l = max{k, v} < 1.

Then Theorem 4 guarantees an existence of a unique solution for the initial value problem
(12).

Theorem 5 is thus proved.
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9 Non-existence of runaway solutions

We proceed as in [1] considering the one-dimensional case. We take the first equation without
the external force.

Put u̇1 = u̇, w1 = w, G1 = G(G2 = 0, G3 = 0) and obtain

u̇ =
1

c2
[(

c2 − u2
)

G
]

= P1 =⇒ w = u̇ =
∆2

c2
G.

We take G = G1 from (9.α), α = 1 and obtain:

u̇ =
e2∆

2mc3
[Bretξret1 + Cretu(t− τ ret) +Dretu̇(t− τ ret)−

−Badvξadv1 − Cadvu(t+ τadv)−Dadvu̇(t+ τadv)]

Then we rewrite (with ξ1 = ξ) the last equation as

w(t) =
e2∆

2mc3
[Bretξret + Cretu(t− τ ret) +Dretw(t− τ ret)−

−Badvξadv − Cadvu(t+ τadv)−Dadvw(t+ τadv)] (16)

Assume that lim
t→∞

w(t) = ∞. Therefore lim
t→∞

w0(t) = ∞. It follows from Section 4 that

lim
t→∞

τadv(t) =∞, τadv(t) ≥ βt.

Divide (16) into w0(t) and let t → ∞. Then in the left hand-side of (16) we obtain a
constant, different from zero, while in the right hand-side we have:

1

w0(t)
|Badvξadv1 | ≤ 2c̄τadv(t)

c2w0(t)
(

τadv(t)
)3
(1− v)3

+
9
√
3c̄τadv(t)

c3(1− v)5w0(t)
(

τadv(t)
)2 → 0;

1

w0(t)
|Cadvu(t+ τadv)| ≤ 2c̄τadv(t)

c2(1− v)3w0(t)
(

τadv(t)
)2 +

8
√
3c̄w0(t)

c3(1− v)5w0(t)τadv(t)
→ 0;

1

w0(t)
|Dadvw(t+ τadv)| ≤ 4w0(t)

c2(1− v)3w0(t)τadv(t)
→ 0

and analogously for |Bretξadv1 |, ..., |Dretw(t+ τadv)| i.e. (16) is violated for sufficiently large
t. Consequently a runaway solution lim

t→∞
w(t) =∞ does not exist.

10 The finiteness of the electron energy obtained as a

solution of a neutral equation

For the kinetic energy of the electron we have

Ekin(t) =
mc2

√

1− u2(t)

c2

=
mc3

√

c2 − u2(t)
=

mc3

∆
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dEkin(t)

dt
= −1

2

mc3(−2)〈u(t), u̇(t)〉
∆3

=
mc3〈u(t), u̇(t)〉

∆3

Consequently

dEkin(t− τ ret)

dt
=

mc3〈u(t− τ ret), u̇(t− τ ret)〉
∆3

,

dEkin(t− τadv)

dt
=

mc3〈u(t− τadv), u̇(t− τadv)〉
∆3

.

Then we can transform the fourth equation (4.4). Indeed we have

〈u(t), u̇(t)〉
∆2

= −e2∆

mc3
〈E, u(t)〉+ e2∆

2mc3

{

Ȟ
τ ret〈u(t), u(t− τ ret)〉 − 〈ξret, u(t)〉

[〈ξret, u(t− τ ret)〉 − c2τ ret]
3 +

+ Ď

[

〈u(t− τ ret), u̇(t− τ ret)〉
(

〈ξret, u(t)〉 − c2τ ret
)

[〈ξret, u(t− τ ret)〉 − c2τ ret]
2 −

− τ ret
∆̌2〈u(t), u̇(t− τ ret)〉+

(

〈u(t), u(t− τ ret)〉 − c2
)

〈u(t− τ ret), u̇(t− τ ret)〉
[〈ξret, u(t− τ ret)〉 − c2τ ret]

2

]

− (4.4)

− Ĥ
τadv〈u(t), u(t+τadv)〉−〈ξadv, u(t)〉

[〈ξadv, u(t+τadv)〉 − c2τadv]
3 −D̂

[

〈u(t+τadv), u̇(t+τadv)〉
(

〈ξadv, u(t)〉−c2τadv
)

[〈ξadv, u(t+τadv)〉 − c2τadv]
2 −

− τadv
∆̂2〈u(t), u̇(t+ τadv)〉+

(

〈u(t), u(t+ τadv)〉 − c2
)

〈u(t+ τadv), u̇(t+ τadv)〉
[〈ξadv, u(t+ τ ret)〉 − c2τadv]

2

]}

,

where

Ȟ = ∆̌2+Ď
∆̌2〈ξret, u̇(t− τ ret)〉+

(

〈ξret, u(t− τ ret)〉 − c2τ ret
)

〈u(t− τ ret), u̇(t− τ ret)〉
∆̌2

,

Ĥ = ∆̂2+D̂
∆̌2〈ξadv, u̇(t+τadv)〉+

(

〈ξadv, u(t+τadv)〉 − c2τadv
)

〈u(t+τ ret), u̇(t+τadv)〉
∆̂2

.

After obvious transformations we obtain

dEkin(t)

dt
= −e2〈E, u(t)〉+ e2

2

{

∆̌2 τ
ret〈u(t), u(t− τ ret)〉 − 〈ξret, u(t)〉
[〈ξret, u(t− τ ret)〉 − c2τ ret]

3 +

+
τ ret〈u(t), u(t− τ ret)〉 − 〈ξret, u(t)〉

[〈ξret, u(t− τ ret)〉 − c2τ ret]
3 Ď〈ξret, u̇(t− τ ret)〉−

− Ďτ ret∆̌2〈u(t), u̇(t− τ ret)〉
[〈ξret, u(t− τ ret)〉 − c2τ ret]

2+

+

[

τ ret〈u(t), u(t− τ ret)〉 − 〈ξret, u(t)〉
[〈ξret, u(t− τ ret)〉 − c2τ ret]

2

Ď∆̌

mc3
+

Ď∆̌3
(

〈ξret, u(t)〉 − c2τ ret
)

mc3 [〈ξret, u(t− τ ret)〉 − c2τ ret]
2−
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− Ďτ ret∆̌3
(

〈u(t), u(t− τ ret)〉 − c2
)

mc3 [〈ξret, u(t− τ ret)〉 − c2τ ret]
2

]

dEkin(t− τ ret)

dt
−

−
[

∆̂2 τ
adv〈u(t), u(t+ τadv)〉 − 〈ξadv, u(t)〉
[〈ξadv, u(t+ τadv)〉 − c2τadv]

3 +

+
τadv〈u(t), u(t+ τadv)〉 − 〈ξadv, u(t)〉

[〈ξadv, u(t+ τadv)〉 − c2τadv]
3 D̂〈ξadv, u̇(t− τadv)〉−

− D̂τadv∆̂2〈u(t), u̇(t+ τadv)〉
[〈ξadv, u(t+ τadv)〉 − c2τadv]

2

]

−

−
[

τadv〈u(t), u(t+ τadv)〉 − 〈ξadv, u(t)〉
[〈ξadv, u(t+ τadv)〉 − c2τadv]

2

D̂∆̂

mc3
+

D̂∆̂3
(

〈ξadv, u(t)〉 − c2τadv
)

mc3 [〈ξadv, u(t+ τadv)〉 − c2τadv]
2−

− D̂τadv∆̂3
(

〈u(t), u(t+ τadv)〉 − c2
)

mc3 [〈ξadv, u(t+ τadv)〉 − c2τadv]
2

]

dEkin(t+ τadv)

dt

}

.

Therefore the above equation is a conservation law for the energy. After obvious deno-
tations we obtain:

dEkin(t)

dt
= −e2〈E, u(t)〉+ e2

2

[

Aret +Bret dEkin(t− τ ret)

dt
−Aadv −Badv dEkin(t+ τadv)

dt

]

(17)
The first term in the right-hand side of (17) is the work done by internal forces, while

the second one is the energy loss of the accelerated electron. From the mathematical point
of view the last equation is a neutral functional differential equation with both retarded
and advanced arguments. One can formulate the following initial value problem: to find

a solution of (17) for t > 0 and Ekin(t) = E0
kin(t),

dEkin(t)

dt
=

dE0
kin(t)

dt
for t ≤ 0 where

E0
kin(t) is a prescribed function. The last problem can be reformulated as the one for a

functional equation, namely putting

K(t) =
dEkin

dt
, t > 0 and K0(t) =

dE0
kin

dt
, t ≤ 0

K(t) = −e2〈E, u(t)〉+ e2

2

[

Aret+BretK(t−τ ret)−Aadv−BadvE(t+τadv)
]

≡ Π(K) (18)

K(t) = K0(t), t ≤ 0

We show that there exists a bounded solution of the above equation, i.e. |K(t)| ≤
⌣

E
which implies the finiteness of the energy. As above we have for the right-hand side of (18):

|Π(K)(t)| ≤ e2|E|c̄+ e2

(1−v)4

[

4
(

r̄(t)
)2 +

2w0(t)

r̄(t)

(

4

c2
+ 1

)

]

+
4e2

r̄(t)m(1−v)3

(

1

c5
+

2

c3

)

⌣

E +

+
e2

(1− v)4

[

4
(

¯̄r(t)
)2 +

2w0(t)
¯̄r

(

4

c2
+ 1

)

]

+
4e2

¯̄r(t)m(1− v)3

(

1

c5
+

2

c3

)

⌣

E≤
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≤ e2|E|c̄+ 2e2

(1− v)4

[

4

X2
0

+
3w0(t)

X0

]

+
6e2

X0m(1− v)3c3
⌣

E . (19)

Theorem 6. If the initial function satisfies |K0(t)| ≤
⌣

E, t ≤ 0 and the following inequalities

are valid

6.1
)

k =
6e2

X0m(1− v)3c3
< 1; 6.2

)

e2|E|c̄+ 2e2

(1− v)4

[

4

X2
0

+
3w0(t)

X0

]

≤ (1− k)
⌣

E,

then the initial value problem (18) has a unique bounded solution.

Proof. Introduce the set M ⊂ L∞(ℜ1) in the following way:

M =
{

K(·) ∈ L∞(ℜ1) : K0(t)| ≤
⌣

E, t > 0 and K(t) = K0(t), t ≤ 0
}

It turns out into a uniform space by the saturated family of pseudomericsA =
{

ρI
(

K,K
)

:

t ∈ I
}

, where ρI
(

K,K
)

=
{

|K(t)−K(t)| : t ∈ I
}

and A consists of all compact subsets of

ℜ1. Define the mapping j : A→ A by the formula

j(I) =
{

t− τ ret(t) : t ∈ I
}

∩
{

t+ τadv(t) : t ∈ I
}

.

It is easy to see that M is j-bounded. Indeed, ρjn(I)
(

K,K
)

≤ 2
⌣

E <∞ (n = 0, 1, 2, . . .).

Define the operator T : M →M by the formula (TK)(t) :=

{

Π(K)(t), t > 0
K0(t), t ≤ 0

.

The inequalities (19) and condition 6.2) imply that |(TK)(t)| ≤
⌣

E, that is T maps M
into itself. On the other hand 6.1) shows that ρI

(

TK, TK̂
)

≤ kρj(I)(K, K̂). Therefore the
unique fixed point of T is a solution of (18) which proves the Theorem 6.

11 Conclusion remarks

The obtained Dirac equations do not possess unphysical solutions which are already proved
in the one-dimensional case [1]. For the applications we present some estimates of the upper

bound of the velocities, namely v =
c̄

c
< 1. In order to justify the introducing of c̄ we recall

that in Newton theory the maximum of the velocities is∞ but every body moves with finite
velocity |u| <∞. In the same way in Einstein relativity theory we can assume that |u| < c,
i.e. c could not be reached such like ∞.

The estimate one can obtained from (13) is

(102
√
3 + 24)e2

mc3(1− v)5X0
= A < 1 =⇒ 5

√

(102
√
3 + 24)e2

mc3(1− v)5X0
< 1− v =⇒ v < 1− 5

√

(102
√
3 + 24)e2

mc3(1− v)5X0

and consequently

5

√

(102
√
3 + 24)e2

mc3(1− v)5X0
≈ 5

√

(102.(1, 73) + 24)(1, 6.10−19)2

9.10−31.27.1024X0
≈ 5

√

(2, 11).10−31)

X0
.
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We would like to point out: to speak about electron radius (and hence for a radiation
time) is incorrect because bodies with finite size could not be considered in the special
relativity. It is well-known that Coulomb potentials become infinity at the point where the
electron is. The contradiction generates the Coulomb law because his formulation assumes
that the interaction propagates with infinite velocity in analogy with gravitational Newton
law. Consequently we can speak about radiation distance at the initial instant, denoted
here by X0. Obviously our method does not insist some restrictions on X0. If we choose
X0 ≈ 1. then c̄ ≤

(

1− 10−6
)

c which is sufficient for the applications (cf. [12]-[14], [26]-[29]).
Obviously, if X0 →∞ then c̄→ c.
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[7] Tetrode H., Üeber den Wirkungszusammenhang der Welt. Eine Erweiterung der klas-

sischen Dynamik, Zeitschrift für Physik, v. 10 (1922), pp. 317-328.

[8] Fokker A.D., Eininvarianter Variationssatz für die Bewegung mehrere elektrischer

Massenteilchen, Zeitschrift für Physik, v. 58 (1929), pp. 386-393.

[9] Page L., Advanced potentials and their applications to atomic models, Phys. Rev.,
v.24(1924), pp. 296-305.

[10] Wheeler J.A., Feynman R.P., Interaction with absorber as the mechanism of radiation,
Rev. Mod. Physics, v. 17, No. 2-3 (1945), pp. 157-179.

[11] Wheeler J.A., Feynman R.P., Classical electrodynamics in terms of direct interparticle

action, Rev. Mod. Physics, vol. 21, No. 3 (1945), pp. 425-433.

[12] Ivanenko D.A., Sokolov A.A., Classical Field Theory. Moscow, 1948.

[13] Landau L., Liphfshiz E., Field Theory. Moscow, 1948.

[14] Jackson J.D., Classical Electrodynamics. New York, London, 1962.

[15] Schulman L.S., Some differential-difference equations containing both advance and re-

tardation J. Math. Physics, v. 15, No. 3 (1974), pp. 295-298.



86 VASIL G. ANGELOV

[16] Sorg M., Hyperbolic motion in the finite-size model of the radiating electron, Z. Natur-
forsch, v. 30 a (1975), pp. 1535-1542.

[17] Sorg M., Retarded integration in classical electrodynamics, Z. Naturforsch, v. 33 A
(1978), pp. 619-620.

[18] Tabensky R., Electrodynamics and the electron equation of motion, Phys. Review D,
v. 13, No. 2 (1976), pp. 267-273.

[19] Moniz E.J., Sharp D.H., Radiation reaction in non-relativistic quantum electrodynamics,
Phys. Review D, v. 15, No. 10 (1977), pp. 2850-2865.

[20] Deh-phone K. Hsing, Driver R.D., Radiation reaction in electrodynamics, Dynamical
Systems, Proc. Univ., Univ. Florida Int. Symposium, Academic Press, 1977, pp. 427-
430.

[21] Maas W., Petzold J., On the stability of motion of a radiating electron, J. Phys. A:
Math. Gen., v. 11, No. 7 (1978), pp. 1211-1219.

[22] Franca H.M., Marques G.C., da Silva A.J., Some aspects of the classical motion of

extended charges, Nuovo Cimento, v. 48 A, No. 1 (1978), pp. 65-83.

[23] Driver R.D., Can the future influence the present, Phys. Review D, v. 19 (1979),
pp. 1098-1107.

[24] Ginsburg V.L., Theoretical Physics and Astrophysics. Moscow, 1981 (in Russian).

[25] Grotch H., Kazes E., Rohrlich F., Sharp D.H., Internal retardation, Acta Physica Aus-
triaca, v. 54 (1982), pp. 31-38.

[26] Sokolov A.A., Ternov I.M., Relativistic Electron. Nauka, Moscow, 1983 (in Russian).

[27] Ternov I.M., Mikhailin V.V., Synchrotron Radiation. Theory and Experiment. Ener-
goatomizdat, Moscow, 1986 (in Russian).

[28] Yaghjian A.D., Relativistic Dynamics of a Charged Shpere. Springer Verlag, 1992.

[29] Panofsky W.K., Phillips M., Classical Electricity and Magnetism. Addison-Wesley,
Reading Massachusetts, 2nd Edition, 1969.

[30] Synge J.L., On the electromagnetic two-body problem, Proc. Roy. Soc. (London), v. A
177 (1940), pp. 118-139.

[31] Angelov V.G., On the Synge equations in a three-dimensional two-body problem of clas-

sical electrodynamics, J. Math. Anal. Appl., v. 151 (1990), pp. 488-511.

[32] Angelov V.G., Escape trajectories of J. L. Synge equations, J. Nonlinear Analysis, RWA,
v. 1, (2000) pp. 189-204.

[33] Driver R.D., A two-body problem of classical electrodynamics: the one-dimensional case,
Ann. Physics, v. 21 (1963), pp. 122-142.

[34] Angelov V.G., Fixed Points in Uniform Spaces and Applications. Cluj-Napoca: Cluj
University Press, 2009.


