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Stability Properties and Almost Periodic
Solutions of Abstract Functional Differential
Equations with Infinite Delay
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Abstract. In order to obtain the existence theorem for almost periodic solu-
tions in an abstract functional differential equation, we consider the relationship
between (K, p) weakly uniformly asymptotic stabilities and (K, p) uniformly
asymptotic stabilities.
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1 Introduction

For ordinary differential equations and functional differential equations, the existence of
almost periodic solutions of almost periodic systems has been studied by many authors.
One of the most popular method is to assume the certain stability properties [1,2,3,4,14].
Hamaya [5] has shown the existence of almost periodic solutions for abstract functional
differential equations on a fading memory space B by assuming the existence of a bounded
solution which is (K, p)-stability condition. This result is to extend results in Murakami
and Yoshizawa [11] to abstract functional differential equations.

In order to obtain the existence theorem for almost periodic solution in ordinary differen-
tial equations, Sell [12] introduced a new stability concept which is referred to as the weakly
uniformly asymptotically stable. This stability property is weaker than uniformly asymp-
totically stable (cf.[14]). Recently [13] has studied that the existence of almost periodic
solutions of ordinary difference (or differential) equation by using globally quasi-uniformly
asymptotically stable.

In this paper, we shall discuss the relationship between weakly uniformly asymptotic
stabilities and uniformly asymptotic stabilities in periodic and almost periodic abstract
functional differential equations, and show that for a periodic abstract functional differen-
tial equation, (K, p)-weakly uniformly asymptotic stability and (K, p)-uniformly asymptotic
stability are equivalent, and moreover, we obtain the existence of almost periodic solutions
in abstract functional differential equations by using this (K, p)-weakly uniformly asymp-
totically stable. It seems that the relationship between our weakly uniformly asymptotic
stability and globally quasi-uniformly asymptotic stability in [13] is very complicated and
sophisticated, however the definition of our stability are clearer and simpler than their in
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[13]. Finally, as applications, we show that the existence of almost periodic solutions for
nonlinear integrodifferential equations with diffusion.

2 Phase space B and notations

Let X denote Banach space and | - |x will denote the norm in X. For any interval I C
R := (—00,00), we denote by BC = BC(I : X) the set of all bounded continuous functions
mapping [ into X and set |¢|pc = sup{|¢(s)|x : s € I'}. Then, BC(I : X) is a Banach space
with the norm |¢|pc.

Now, for any function x : (—o0,a) — X and t < a, define a function z; : R~ = (—o0, 0] —
X by z(s) = x(t + s) for s € R~. Let B = B(R™ : X) be a real linear space of functions
mapping R~ into X with a complete seminorm | - |5. We assume the following conditions
on the space B.

(A1) There exist positive constants J, L and M with the property that if z : (—oco0,a) = X
is continuous on [0, a) with z, € B for some o < a,0,a € R, then for all t € [0, a),
(’L) r: € B,

(#4) x4 is continuous in ¢ (with respect to |- |5),

(i) Jla(t)]x < [eis < L sup [a(s)]x + Mlr|s,
o<s<t

(A2) If {¢*} is a sequence in BN BC converging to a function ¢ uniformly on any compact
interval in R~ and sup |¢*|pc < 00, then ¢ € B and |¢F — ¢|5 — 0 as k — oo.
k

We hold that the space B contains BC and that there is a constant [ > 0 such that
ol <l|¢|pc forall ¢ e BC. (2.1)

Set By = {¢ € B: #(0) = 0}, and define an operator S(t) : By — By by

[s<t>¢]<s>={ R S S

for each t > 0 and ¢ € By. By (Al), one can see that the family {S(¢)};>0 is a strong
continuous semigroup of bounded linear operators on By. The space B is called a fading
memory space for X if it satisfies the following fading memory condition together with (A1)

and (A2).
(A3) Jim [S()ols =0, 6 € B

It is well known ([7,8]) that the following typical example of fading memory spaces. Let
g: R~ — [1,00) be any continuous nonincreasing function such that g(0) = 1 and g(s) — oo
as s = —oo. We set

CS(X) ={¢: R~ — X is continuous with SE@OO |p(s)|x/g(s) = 0}.
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Then the space C’g equipped with the norm
|61y = suplé(s)lx/g(s), o€ cy,

is a separable Banach space and satisfies (A1), (A2) and (A3).
We introduce an almost periodic function f(¢,z) : R x B — X.

Definition 2.1. f(¢,) is said to be almost periodic in ¢ uniformly for z € B, if for any
e > 0 and any compact set K in B, there exists a positive number L*(e, K) such that any
interval of length L*(e, K') contains a 7 for which

|f(t+1.2) = f(t,z)[x <€ (2.2)

for all t € R and all € K. Such a number 7 in (2.2) is called an e-translation number of

f(t,x).

In order to formulate a property of almost periodic functions, which is equivalent to
the above difinition, we discuss the concept of the normality of almost periodic functions.
Namely, Let f(t,z) be almost periodic in ¢ uniformly for « € B. Then, for any sequence
{h,.} C R, there exists a subsequence {hy} of {h;e} and function ¢(t, ) such that

ft+hg,x) = g(t, ) (2.3)

uniformly on R x K as k — oo, where K is any compact set in B. We shall denote by T'(f)
the function space consisting of all translates of f, that is, f. € T(f), where

fr(t,x) = f(t+ 7, 2), TER (2.4)

Let H(f) denote the closure of T'(f) in the sense of (2.4). H(f) is called the hull of f. In
particular, we denote by Q(f) the set of all limit functions g € H(f) such that for some
sequence {t;},tp — oo as k — oo and f(t + tg,x) — g(¢,z) uniformly on R x S for any
compact subset S in B. By (2.3), if f : R x B — X is almost periodic in ¢ uniformly for
x € B, so is a function in Q(f). The following concept of asymptotic almost periodicity was
introduced by Frechet in the case of continuous function (cf.[8,14]).

Definition 2.2. Let u : [a,00) — X be a continuous function. w(t) is said to be asymp-
totically almost periodic if it is a sum of an almost periodic function p(t) and a continuous
function ¢(t) defined on I'* = [a,00) C R which tends to zero as t — oo, that is,

u(t) = p(t) + (1)

u(t) is asymptotically almost periodic if and only if for any sequence {t;} such that
tr, — 00 as k — oo there exists a subsequence {t, } for which u(t +tx,) converges uniformly
on a < t < oo, under the additional assumption that the set {u(t) : ¢ > a} is relatively
compact in X.
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3 Definitions of (K, p)-stabilities

We shall consider the almost periodic solution of an abstract functional differential equation

dz

i Az(t) + f(t,zy), (3.1)
where A is the infinitesimal generator of a compact semigroup {T'(¢)}+>0 of bounded linear
operators on X and f: R x B — X. We impose the following assumptions:

(H1) For any H > 0, there is an Lo(H) > 0 such that |f(¢,¢)|x < Lo(H) for all t € R and
¢ € B such that |¢p|p < H.

(H2) f(t,¢) € C(Rx B : X) := the set of continuous functions defined on R x B with values
in X, and almost periodic in ¢ uniformly for € B.

(H3) Eq.(3.1) has a bounded solution u(t) defined on R* which passes through (0, ug), that
is Jut|p < oo for all t € RT and ug € BC.

By (H1) and (H2), it follows that for any (7,¢) € R x B, there exists a function y €
C((—o00,) : X) such that y, = ¢ and the following relation holds

t

o(O) =T =760 + [ T(t-9)f(s,0)ds T<t<a
(cf.[8,11]). The function y is called the mild solution of equation (3.1) defined on [r, )
through (7, ¢) and denoted by z(-). In the above, a, can be taken as a = oo if sup |y(t)|x <

t<a
co. We can see that the set of the closure of {u(t) : t € RT} is compact set in X, u(t) is
uniformly continuous on R* and the set

['(u) := the closure of {u;:t € RT}

is compact in B (cf.[8,11]).

Now we introduce BC-stability properties and p-stability properties with respect to the
compact set K and the metric p.

Definition 3.1. The bounded solution u(t) of Eq.(3.1) is said to be:

(i) (K, p)-stable (in short, (K, p)-S) if for any € > 0 there exists a §(to,€) > 0 such that
if tg > 0, p(xt,, ury) < 0(to,€), then p(zy,us) < € for all ¢ > ty, where x(t) is a solution of
(3.1) through (to, ¢) such that z,(s) = ¢(s) € K for all s < 0.

(i7) (K, p)-uniformly stable (in short, (K, p)-US) if for any € > 0 there exists a d(¢) > 0
such that if tg > 0, p(xt,, us,) < d(€), then p(zy, us) < e for all t > tg, where z(t) is a solution
of (3.1) through (tg, ¢) such that z,(s) = ¢(s) € K for all s < 0.

(71) (K, p)-equi asymptotically stable (in short, (K, p)-EAS) if it is (K, p)-S and for any
€ > 0 there exists a do(to) > 0 and a T(to,€) > 0 such that if ¢ty > 0, p(zy,, ur,) < do(to),
then p(x¢,ur) < e for all ¢ > tg + T(to, €), where z(t) is a solution of (3.1) through (¢o, ¢)
such that x4,(s) = ¢(s) € K for all s <0.
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(iv) (K, p)-weakly uniformly asymptotically stable (in short, (K, p)-WUAS) if it is (K,
p)-US and there exists a g > 0 such that if tg > 0, p(z,, us,) < do, then p(as,ur) — 0 as
t — oo, where z(t) is a solution of (3.1) through (tg, ¢) such that x:,(s) = ¢(s) € K for all
s <0.

(v) (K, p)-uniformly asymptotically stable (in short, (K, p)-UAS) if it is (K, p)-US and
is (K, p)-quasi uniformly asymptotically stable, that is, if the dg and the T in above (iii) are
independent of to: (for any € > 0 there exists a do > 0 and a T'(¢) > 0 such that if t; > 0,
p(xy,Ut,) < 0o, then p(zy,ur) < € for all ¢ > tg + T'(e), where z(t) is a solution of (3.1)
through (%o, ¢) such that x4, (s) = ¢(s) € K for all s <0.)

(vi) (K, p)-globally equi asymptotically stable (in short, (K, p)-GEAS) if it is (K, p)-S
and for any € > 0, any o > 0 there exists a T'(tg, €, ) > 0 such that if £y > 0, p(z4,, ut,) < @,
then p(zy, us) < € for all t > to + T'(to, €, o), where x(t) is a solution of (3.1) through (%o, ¢)
such that x4, (s) = ¢(s) € K for all s <0.

(vit) (K, p)-globally weakly uniformly asymptotically stable (in short, (K, p)-GWUAS)
itit is (K, p)-US and p(z, us) — 0 as t — oo, where z(t) is a solution of (3.1) through (%o, ¢)
such that x4, (s) = ¢(s) € K for all s <0.

(viii) (K, p)-globally uniformly asymptotically stable (in short, (K, p)-GUAS) if it is (K,
p)-US and is (K, p)-globally quasi uniformly asymptotically stable, that is, if the T" in above
(vi) are independent of ¢o: (for any e > 0 there exists a T'(¢,«) > 0 such that if ¢, > 0,
p(xy,up,) < v, then p(xs,up) < € for all t > tg + T(e, ), where z(t) is a solution of (3.1)
through (to, ¢) such that z,(s) = ¢(s) € K for all s <0.)

(iz) (K, p)-eventually totally stable (in short, (K, p)-ETS) if for any € > 0 there exists

a d(e) > 0 and «(e) such that if tg > a(e), p(ey,ut,) < () and h € BC([tg, 00)) which
satisfies |h[[,,00) < 0(€), then p(zs,us) < € for all t > to, where (%) is a solution of

dx

B Aat) + 70,2 + h0) (32)
through (tg, ¢) such that x4, (s) = ¢(s) € K for all s < 0. If we can choose a(e) = 0, then
u(t) is said to be (K, p)-totally stable (in short, (K, p)-TS). In the case where h(t) = 0, this
gives the definition of the (K, p)-US of u(¢).

(x) (K, p)-attracting in Q(f, F) (in short, (K, p)-A in Q(f, F)) if there exists a dp > 0
such that if t¢ > 0 and any (v,9,G) € Qu, f, F), p(xt,,vs,) < do, then p(z,v:) — 0 as
t — 00, where z(t) is a solution of

d
d—gtc = Az(t) + g(t, z), (3.3)
through (o, ) such that x;,(s) = ¢¥(s) € K for all s <O0.

(z1) (K, p)-weakly uniformly asymptotically stable in Q(f, F) (in short, (K, p)-WUAS
in Q(f, F)) if it is (K, p)-US in Q(f, F'), that is if for any € > 0 there exists a d(e) > 0 such
that if ¢ > 0 and any (v,g,G) € Qu, f, F), p(x1,,v1,) < d(€), then p(xy,v,) < e for all

t > to, where z(t) is a solution of (3.3) through (¢p, ) such that z,(s) = ¥(s) € K for all
$ <0, and (K, p)-A in Q(f, F).
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For (iv) and (v) in the above Definition 3.1, actually, the (K, p)-WUAS is weaker than
the (K, p)-UAS as [13, Example 3.1] shows.

4 Stability of Bounded Solutions in Periodic and Al-
most Periodic Systems

As there are complete proofs of these results in [cf.6], we omit the proofs of theses theorems
for simplicity.

Theorem 4.1. Under the assumptions (H3) and (H4), if the bounded solution u(t) of
Eq.(3.1) is (K, p)-WUAS, then it is (K, p)-EAS.

For the periodic system, we have the following theorem.

Theorem 4.2. Under the assumptions (H1),(H3) and (H4), if the bounded solution u(t) of
Eq.(3.1) is (K, p)-WUAS, then it is (K, p)-UAS.

For the almost periodic system (3.1), we have the following theorem.

Theorem 4.3. Under the above assumptions (H2), (H3) and (H4), if the zero solution
u(t) =0 of Eq.(3.1) is (K, p)-WUAS then it is (K, p)-UAS.

The following Theorem can be proved by the same argument as in the proof of Theo-
rem 4.1.

Theorem 4.4. Under the assumptionss (H3) and (H4), if the bounded solution u(t) of
Eq.(3.1) is (K, p)-GWUAS, then it is (K, p)-GEAS.

Theorem 4.5. Assume conditions (H1), (H3) and (H4). Then the solution u(t) of Eq.(3.1)
is (K, p)-GWUAS implies the solution u(t) of Eq.(3.1) is (K, p)-GUAS.

For the ordinary differential equation, it is well known that a example in [14, pp 81] is of
a scalar almost periodic equation such that the zero solution is GWUAS but is not GUAS.

Theorem 4.6. Under the assumption (H2), (H3) and (H4), if the solution u(t) of Eq.(3.1)
is (K, p)-WUAS in Q(f, F), then the solution u(t) of Eq.(3.1) is (K, p)-ETS. Moreover, if
u(t) is the unique solution of Eq.(3.1) through (0, ¢°), then u(t) is (K, p)-TS.

We have the following existence theorem of an almost periodic solution for Eq.(3.1).
Theorem 4.7. Under the assumption (H2), (H3) and (H4), if the solution u(t) of Fq.(3.1)

is (K, p)-WUAS in Q(f, F) and u(t) is the unique solution of Eq.(3.1) through (0, ¢°), then
the Eq.(3.1) has an almost periodic solution.
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5 Applications in population model

We shall consider the existence of a strictly positive componentwise almost periodic solution
of a system of Volterra differential equations

%(t,x) =Au(t,z) + u1(t7x){b1(t) — a1 (t)uy (t, ) — ca(t) /_OOKQ(t - S)Ug(S,x)ds}

%(t, x) = Aug(t, x) + ua(t, 9:){ —bo(t) — aa(t)ua(t, z) + c1(t) [mKl (t — s)uy(s, :c)ds}
881:(15,3:) —0 >0, z€dn,

(5.1)
which describes a model of the dynamics of a prey-predator system with diffusion in math-
ematical ecology. Function uy,us € C(RT x Q, R) is called a (classical) solution of (5.1)
if Qu;/0t, Ou;/dx and 9*u;/0x? for i = 1,2 belong to the space C(RT x Q), du;/On exist
on RT x 9Q and (5.1) is identically satisfied. From [8], we can show that the existence of
solution is guranteed for (5.1) whenever the initial function

ui(0,z) = ®;(0,2) > 0,2 € Q, belong to the (,z) € (—o0,0] x C*(Q) (i =1,2).

We can regard Eq.(3.1) as the following functional differential equation with axiomatic phase
space B and (K, p) topology (cf. [4,7]):

d

di; = Az(t) + h(t,z;), te R, (5.2)
where h : Rt x B — R?. Then, we also hold Theorem (4.1, 4.2, 4.3, 4.4, 4.5, 4.6 and) 4.7 for
(5.2), and we can treat the system (5.1) as an application of Eq.(5.2). For system (5.1), it

s
is sufficient for the proofs of our results that we tret the change of diffusion terms a—tl(t, x)

du; (t
to u()

, (i =1,2). Then, system (5.1) can be written as

dt
du; t(t) =ur(){b1(1) — ar (1) — (1) 1 Kot — s)us(s)ds
dus(t) < (5.3)
7 =u2(t){ — by (t) — as(t)ua(t) + c1(t) [m Ky (t— S)U1(S)ds}

In (5.3), setting a;(t) and b;(¢) are R-valued bounded almost periodic function in R, a; =
tlélRal(t), i fgg a;(t), b; tlgRbl(t), B; fgg bi(t), ¢ tlélRCz(t) and Cj fg}g ci(t)

(i=1,2),and K; : R* — R* (i =1,2) denote delay kernels such that

K;(s) >0, K;(s)ds=1 and sKi(s)ds < oo (i=1,2).
0 0
We set
a1 = Bi/ay, az = B1Ci/araz, f1 =b1/A, — B1C1Ca/ar1a2A,,
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and
B2 = bic1/A1As — Ba /Ay — B1c1C1C2/a1a2 A1 Az
(cf. [4.1 Application 4, 7]). We now make the following assumptions:
(1) a; >0,b; >0 (i =1,2) and ¢; >0, ¢ > 0,
(i) by > B1C1C3/ajae, and Bs < bici/A; — B1c1C1Cy/araz Ay,

(7i7) there exists a positive constant m such that
a; > C;+m (Z:1,2)

Then, we have 0 < 8; < oy for each i = 1,2. If u(t) = (u1(t),us(t)) is a solution of (5.3)
through (0, ¢) such that 8; < ¢(s) < a;(i = 1,2) for all s < 0, then we have 8; < u;(t) <
a;(i =1,2) for all t > 0. Let K be the closed bounded set in R? such that

K = {(u1,uz) € R* B; <u; < a; for each i =1,2}.

Then K is invariant for system (5.3), that is we can see that for any tg € R and any ¢ such
that ¢(s) € K, s < 0, every solution of (5.3) through (¢g, ¢) remains in K for all ¢ > .
And hence K is invariant for its limiting equations. Now we shall see that the existence of a
strictly positive almost periodic solution of (5.3) can be obtained under conditions (i), (i7)
and (i77). We now consider Liapunov functional

t
t—s

V(u(0), (1)) = 3 {llogui(t) — (1) + / T Ki(s) / (s + Dl (1) — 2:(D)|dlds},

where u is a solution of (5.3) which remains in K. Calculating the derivative, we have
. 2
V(u(t),z(t)) < —m Y ui(t) - zi(t)].
i=1

2
Thus Y |u;(t)—z;(t)] = 0 as t — oo, and hence p(us, z¢) — 0 ast — co. Moreover, by using
i=1

this Liapunov functional, we can show that u(t) is (K, p)-WUAS in Q of (5.3). Thus, from
Theorem 4.6, u(t) is (K, p)-ETS, because K is invariant. Therefore, it follows from Theorem
4.7 that system (5.3) has an almost periodic solution p(t) such that 8; < p;(t) < oy, (i = 1,2),
for all t € R.
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