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1 Introduction
Let (M, d) be a complete metric space; and ¢ : M — R U {oco} some function with
¢ is inf-proper (Dom(p) # 0 and @, := inf[p(M)] > —c0) (1.1)
¢ is d-lsc (liminf o(x,) > ¢(x), whenever x,, — ). (1.2)

The following 1974 statement in Ekeland [9] (referred to as Ekeland’s variational principle;
in short: EVP) is well known.

Theorem E. Let the precise conditions hold. Then,
a) for each u € Dom(p) there exists v = v(u) € Dom(p) with

d(u,v) < p(u) = p(v) (hence p(u) > ¢(v)) (1.3)
d(v,z) > () —p(x), foralxe M\ {v}. (1.4)

aa) if w € Dom(p), p > 0 fulfill p(u) — @ < p, then (1.3) gives
(p(u) = ¢(v) and)  d(u,v) < p. (1.5)

This principle found some basic applications to control and optimization, generalized
differential calculus, critical point theory and global analysis; we refer to the 1979 paper by
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Ekeland [10] for a survey of these. So, it cannot be surprising that, soon after its formula-
tion, many extensions of Theorem E were proposed. For example, the dimensional way of
extension refers to the support space (R) of Codom(y) being substituted by a (topological
or not) vector space. An account of the results in this area is to be found in the 2003
monograph by Goepfert, Riahi, Tammer and Zalinescu [11, Ch 3]; see also Hamel [12, Ch 4],
Isac [13], Khanh [16], Nemeth [20], Rozoveanu [23] and Turinici [30]. Further, the (pseudo)
metrical one consists in the conditions imposed to the ambient metric over M being relaxed.
The basic result in this direction was obtained in 1992 by Tataru [27], via Ekeland type
techniques. Subsequent extensions of it may be found in the 1996 paper by Kada, Suzuki
and Takahashi [14]; note that the authors’ argument relies on the nonconvex minimization
theorem in Takahashi [26]. Finally, we must add to this list the ”functional” extension
of EVP obtained in 1997 by Zhong [33] (and referred to as Zhong’s variational principle;
in short: ZVP). Take a function ¢ = b(¢) from R, := [0, 00[ to itself, with the normality
properties

b is decreasing and b(Ry) C RY :=]0, 00| (1.6)

B(c0) = 00, where B(t) = /Ot b(r)dr, t > 0. (1.7)

Theorem Z. Let a € M, p > 0 be given, as well as u € Dom(p) with o(u) — ¢, <

B(r+ p) — B(r), where r := d(a,u). There exists then v = v(u) in Dom(p) with
d(a,v) <r+p,  @(u) = p(v) (1.8)
b(d(a,v))d(v,z) > p(v) —p(x), for each x € M\ {v}. (1.9)

Clearly, Theorem Z includes (for b = 1 and a = u) the local version of Theorem E based
upon (1.5). The relative form of the same, based upon (1.3) also holds (but indirectly); cf.
Bao and Khanh [4]. Summing up, Theorem Z includes Theorem E; further aspects may be
found in Suzuki [24].

Now, another way of extending Ekeland’s variational principle (Theorem E) is the quasi-
order one, proposed in the 1990 paper by Turinici [29] (cf. Section 2). So, it is natural asking
whether corresponding versions of Theorem Z are available. A positive answer to this will
be provided in Section 4. The specific tool of our investigations is the concept of normal
function we just introduced, and a construction related to the fixed point one in Park and
Bae [21]; we refer to Section 3 for details. Finally, some applications of these facts are given
to functional coercivity criteria over metric/normed structures via Palais-Smale techniques
(cf. Sections 5 and 6). The ”differential” context for these is based on the concept of strong
slope of a function, as developed in DeGiorgi, Marino and Tosques [8]. Further aspects will
be discussed elsewhere.

2 Monotone VP

(A) Let M be some nonempty set. Take a quasi-order (i.e.: reflexive and transitive relation)
(<) over M; as well as a function x F ¢(z) from M to R;. Call the point z € M, (<, ¢)-
mazimal when

w € M and z < w imply p(z) = p(w).
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A basic result about the existence of such points is the 1976 Brezis-Browder ordering prin-
ciple [5]:

Proposition 1. Suppose that

(M, <) is sequentially inductive:

each ascending sequence has an upper bound (modulo (<)) (2.1)

v is (<)-decreasing (x <y = p(x) > p(y)). (2.2)
Then, for each uw € M there exists a (<, ¢)-mazimal v € M with u < v.

Note that Codom(yp) C R, is not essential for the conclusion above; cf. Carja and
Ursescu [6]. Moreover, (R, >) may be substituted by a separable ordering structure (P, <)
without altering the conclusion above; see Turinici [32] for details.

This principle, including Ekeland’s [9,10] (Theorem E) found some useful applications
to convex and nonconvex analysis (cf. the above references). For this reason, it was the
subject of many extensions; such as the ones in Altman [1], Anisiu [2] and Szaz [25]. The
obtained results are interesting from a technical viewpoint. However, we must emphasize
that, whenever a maximality principle of this type is to be applied, a substitution of it
by the Brezis-Browder’s is always possible. This raises the question of to what extent are
these enlargements of Proposition 1 effective. As we shall see, the answer is essentially
negative. This will necessitate some conventions. By a pseudometric over M we shall mean
any map d : M x M — R,. If, in addition, d is reflezive [d(x,x) = 0,V € M], triangular
[d(z,2) < d(z,y) + d(y,2),Yx,y,z € M| and symmetric [d(z,y) = d(y,z),Vz,y € M], we
say that it is a semimetric over M. Suppose that we fixed such an object. Call the point
z € M, (<,d)-mazimal, in case

we M and z < w imply d(z,w) = 0.

Note that, if (in addition) d is sufficient [d(x,y) = 0 implies x = y|, this property may be
written as
weM,z<w= z=w (zis (strongly) (<)-maximal).

So, existence results involving such points may be viewed as "metrical” versions of the Zorn
maximality principle. To get sufficient conditions for these, one may proceed as below.
Let (x,) be an ascending sequence in M. The d-Cauchy property for it is introduced in
the usual way: Ve > 0,3n(e) such that n(e) < p < ¢ = d(zp,z,) < . Also, call this
sequence d-asymptotic, when d(z,,x,+1) — 0 as n — oo. Clearly, each (ascending) d-
Cauchy sequence is d-asymptotic too. The reverse implication is also true when all such
sequences are involved; i.e., the global conditions below are equivalent each other:

each ascending sequence is d-Cauchy (2.3)

each ascending sequence is d-asymptotic. (2.4)

By definition, either of these will be referred to as (M, <) is reqular (modulo d). Moreover,
this property implies its relaxed version

(M, <) is weakly regular (modulo d): Vo € M,Ve > 0,

3y = y(x,e) >  such that y < u < v = d(u,v) < e. (2.5)
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The following ordering principle is available (cf. Kang and Park [15]):

Proposition 2. Assume that (2.1) and (2.5) are true. Then, for each u € M there
exists a (<,d)-mazimal v € M with uw < v.

As a direct consequence of this, we have (cf. Turinici [28]):

Proposition 3. Assume that (M, <) is sequentially inductive and regular (modulo d).
Then, the conclusion of Proposition 2 is retainable.

Now (see the above reference) Proposition 1 = Proposition 2. On the other hand,
Proposition 2 = Proposition 3 in a trivial way. Finally, Proposition 3 = Proposition 1;
just take

d(z,y) = lp(z) — ()|, =z,ye M (where ¢ is the above one).

Summing up, all these variants of the Brezis-Browder ordering principle (Proposition 1) are
nothing but logical equivalents of it.

(B) A basic application of these facts is to "monotone” variational principles. Let M
be a nonempty set; and (<), some quasi-order on it. All notions to be used refer to its dual
(>); but these may be also formulated in terms of (<). Precisely, let d : M x M — Ry be a
metric (i.e.: sufficient semimetric) over it. Call the subset Z of M, (>)-closed when the limit
of each ascendmg (modulo (>)) sequence in Z belongs to Z. Clearly, any closed part of M
is (>)-closed too; but the converse is not in general true. (Just take M = R (endowed with
the usual order/metrlc, and choose Z = [0, 1]). Further, call the quasi-order (>), self-closed
provided M (z,>) := {u € M;x > u} is (>)-closed, for each x € M; or, equivalently: the
limit of each ascending sequence is an upper bound of it (modulo (>)). For example, this
is the case when (>) is semi-closed: M (x,>) is closed, for each € M. Finally, call the
ambient metric d, (>)-complete provided each ascending (modulo (>)) d-Cauchy sequence
converges. As before, if d is complete, then it is (>)-complete too. The reciprocal is not in
general true; take M = [0, 1] endowed with the standard order/metric.

We are now in position to state the announced result. Take a function ¢ : M — RU{oo}
fulfilling (1.1) as well as

pis (>)-lsc: hmmfgo(xn) > p(x),

whenever (z,,) is (>)-ascending and z,, — x. (2:6)
Proposition 4. Let (>) be self-closed and d be (>)-complete. Then
a) for each u € Dom(yp) there exists v € Dom(p) with
u > v, d(u,v) < @u) — @) (hence p(u) > p(v)) (2.7)
d(v,x) > @(v) — (x), for each x € M(v,>)\ {v}. (2.8)
aa) if u € Dom(p), p > 0 fulfill p(u) — p. < p, then (2.7) gives
(p(u) = ¢(v) and) u > v, d(u,v) < p. (2.9)

The original argument is that appearing in Turinici [29]. For the sake of completeness,
we shall provide it, with some modifications.
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Proof of Proposition 4. Denote for simplicity M[u] = {x € M;u > z,o(u) > p(x)}
(where u is the above one). Clearly, ) # M [u] C Dom(y); moreover, by (2.6) (and the choice
of (=),

MTu) is (>)-closed; hence d is (>)-complete on M|u]. (2.10)
Let (=) stand for the relation (over M)
(r,y e M

)
It is not hard to see that (<) acts as an order (antisymmetric quasi-order) on Dom(p);
so, it remains as such on M[u]. We claim that conditions of Proposition 3 are fulfilled on
(M|u],d; <). In fact, let (x,) be an ascending (modulo (X)) sequence in M [u]:

cx Ry iff x>y, dz,y) + e(y) < o).

Tn Z Tm and d(ﬂl‘n,an) S (,O(J?n) - (p(l’m), lf n S m. (211)

The sequence (¢p(z,)) is descending and (by (1.1)) bounded from below; hence a Cauchy
one. This, along with the preceding relation shows that (z,) is an ascending (modulo (<))
d-Cauchy sequence; wherefrom (Mu], <) is regular (modulo d). Moreover, the obtained
properties give us (by (2.10)) some y € MJu] with z, — y. Combining with (2.11) one
derives (via (2.6) and the choice of (<))

Tp >y, d(Tn,y) < 0(zn) —@(y), (e z, 2 y), for all n.

In other words, y € MJu| is an upper bound (modulo (<)) of (z,); and this shows that
(M|u], =) is sequentially inductive. By Proposition 3 it then follows that, for the starting
u € M|u] there exists v € M[u] with

u < v and v is (X, d)-maximal in M [u].

The former of these is just (2.7). And the latter one gives at once (2.8); because it reads:
x € M[u] and v =< « imply v = 2. The last part is evident; so, the conclusion follows. [ ]

A basic particular case of our developments corresponds to the choice (<) = (>) =
M x M (=the trivial quasi-order on M). The regularity condition (2.6) may then be written
as in (1.2); and Proposition 4 is nothing but Ekeland’s variational principle (Theorem E).
On the other hand, the same requirement holds under

© is (<)-increasing (@ <y = ¢(x) < p(y)) (2.12)

and the self-closeness of (>). For this reason, Proposition 4 will be called the monotone
version of Theorem E. Note that, by the remarks above, it may be also derived from Propo-
sition 1 as well. Finally, an interesting question is that of Proposition 4 being deductible
from Theorem E; we conjecture that the answer is positive.

3 Normal functions

(A) Let b: Ry — R, stand for a normal function (in the sense of (1.6)4(1.7)). In particular,
it is Riemann integrable on each compact interval of R, and

JRGIE / bp+ (g — p))dr, 0<p<q< o (3.1)
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Some basic facts involving the couple (b, B) (where B : Ry — R is that of (1.7)) are precise
in
Lemma 1. The following are valid

(i) B is topord (continuous order isomorphism of R ); hence, so is B™! (its functional
inverse)

(i1) b(s) < (B(s) — B(t))/(s —t) < b(t),Vt,s € Ry, t <s

(iii) B is almost concave: t = [B(t + s) — B(t)] is decreasing on Ry, Vs € Ry

(iv) B is concave: B(t + A(s —t)) > (1 — \)B(t) + AB(s), for all t,s € Ry witht < s
and all A € [0,1]

(v) B is sub-additive (hence B~! is super-additive).

The proof is immediate, by (3.1) above; so, we do not give details. Note that the
properties in (iii) and (iv) are equivalent to each other, under (i). This follows at once from
the (non-differential) mean value theorem in Bantas and Turinici [3].

(B) Now, let (M,d) be a (complete or not) metric space; and I' : M — R,, some
function with

IT'(z) —T'(y)| <d(x,y), Vz,y € M (non-expansiveness). (3.2)

Given the inf-proper function ¢ : M — RU{oc} let us attach it the function ¢» = (B, T'; ¢)
from M to Ry U {oc} as

¥(z) = BTB(L(2)) + (¢(x) —¢.)] —T(z), @€ M. (3-3)

This may be viewed as an ”explicit” formula; its ”implicit” version is

o(r) = ¢« + [B(N'(z) + ¥ (2)) — B(I'(x))], =€ M. (3.4)
By the admitted hypotheses (and Lemma 1), it is not hard to see that

o(x) = oo iff () =00 (hence Dom(yp) = Dom(¢))).

This, in particular, says that ¢ is inf-proper too. Further, let (<) be a quasi-order on M;
and (>), its dual. From the definitions/properties above

@ is (>)-Isc if and only if ¢ is (>)-lsc. (3.5)

The verification is immediate; so we do not give details. The last property of (¢, %) to be
discussed here is of variational nature. Precisely, let (<) be either of the relations {<, <}.

Lemma 2. Under these conventions,

b(L(x)d(x,y) + ¢(y) < p(x) = d(x,y) + ¢ (y) < (). (3.6)

Proof. Let the points z,y € M be as in the premise of this implication; without loss,
one may assume that (in addition) z,y € Dom(p) (hence x,y € Dom(%)). By Lemma 1 (ii)
and the implicit formula (3.4), this yields

B(L(x) (wvy)) B(I'(x))<
[B(I'(z) + ¢ (x)) = B(L(x))] = [B(I'(y) + ¢ (y)) = B(I'(y))];
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or equivalently (by a simple re-arrangement)
B (z) +d(x,y)) + BI'(y) +¢(y)) — BI'(y)) < B(I'(z) + ¢(x)).

On the other hand, non-expansiveness condition (3.2) gives I'(z) + d(x,y) > T'(y); so, by
Lemma 1 (iii)

B(I'(z) +d(z,y) + ¥ (y)) — B(I'(z) + d(z,y)) < B(I'(y) +(y)) — B(L'(y))-

A simple combination with the previous relation yields

B(T'(z) + d(z,y) + ¢(y)) < B(L'(x) + 1(x)).
It suffices now taking Lemma 1 (i) into account to get the conclusion. [

In particular, the non-expansiveness condition (3.2) holds under
I'(z) =d(a,z), v € M, forsomeaéc M. (3.7)

Note that, in such a case Lemma 2 includes directly the statement in Park and Bae [21].
Further aspects may be found in Suzuki [24].

4 Main results

With these information at hand, we may now return to the questions of the introductory part.
Let M be some nonempty set. Consider a quasi-order (<) and a metric d : M x M — R,
in such a way that

(>) is self-closed and d is (>)-complete. (4.1)

Further, let b : Ry — Ry stand for a normal function (in the sense of (1.6)+(1.7)); and
I': M — Ry be non-expansive (cf. (3.2)). Finally, pick some function ¢ : M — R U {oo}
according to (1.1)+(2.6); and let ¢ = (B, T;p) stand for its associated via (3.3)/(3.4)
function. Remember that, by the remarks in Section 3, Dom(y) = Dom(%)) (hence v is
inf-proper too); and (2.6) is true for ¢ as well. The main result of this exposition is

Theorem 1. Let u € Dom(p) be given. Then,
b) there exists v =v(u) € Dom(y) with

(4.2)

(4.2) gives (2.9).
Proof. Denote for simplicity M, = {x € M;u > x,p(u) > ¢(z)} (where u is the above
one). By (2.6) (and the choice of (<)), M, is (>)-closed; hence d is (>)-complete on M,,.
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Let again ¢ stand for the restriction to M, of the function ¢» = (B, T'; ¢). By the remarks
we just made, Proposition 4 is applicable to (M, <;d) and . So, for the starting point
u € M, there exists another one v = v(u) in M, with the properties (2.7)4(2.8). The
former of these gives (4.2), by the definition of M, and d(u,v) < t(u). Moreover, if our
data are like in the premise of bb) then (by (4.2))

d(u,v) < BHB(T'(u)) + (p(u) — @.)] = T(u) <
B™HB(I'(u) + p)) = T'(u) = p;

and the conclusion (2.9) is clear. On the other hand, the latter of these properties yields
(4.3) via Lemma 2. The proof is thereby complete. [

Now, Theorem 1 includes Proposition 4, to which it reduces when b(t) = 1,t € Ry
(hence B= the identity, ©» = ¢ — @.). The reciprocal inclusion also holds, by the argument
above; so, Theorem 1 is logically equivalent with Proposition 4. Note that such a conclusion
cannot be deduced under the way described in Bao and Khanh [4]; because the t-localizing
evaluation (4.2) is not accessible there. On the other hand, when (<) is the trivial quasi-
order on M, Theorem 1 reduces to the ”functional” variational principle in Turinici [31].
But, as precise there, this result includes the one in Zhong [33] (Theorem Z) when T is taken
as in (3.7); hence, so does our statement. The question of the reciprocal implication being
also retainable is open; we conjecture that the answer is positive. Finally, by the remarks in
Section 2, our statement is also reducible to the Brezis-Browder ordering principle [5]. For
a direct proof of this (in the trivial quasi-order setting) we refer to Ray and Walker [22].

It is to be stressed here the special role of (4.2) in these developments. For practical
reasons, it is natural to ask under which conditions may this local relation be written in
the simpler way of (4.3) (with opposite inequality sign). An appropriate answer may be
given under the lines below. Let {P,Q} be a partition of M (i.e.: P,Q # 0, PNQ = 0,
PUQ = M); we term it I'-separated, when

I'(z) <T(y),Vz € Q,Yy € P [i.e.: sup I'(z) < inf T'(y) ].
zeQ yepP

Theorem 2. Let {P,Q} be a T'-separated partition of M and z € P N Dom(p) be such

that
z is (b,T; @, >)-mazximal in P:

L ())d(z,7) > () — p(@), for all 2 € P(z,>)\ {2} (4.4)
z is not (b,T; @, >)-mazimal in M :
b(D(2))d(z2) < 9(2) — p(x), for some & € M(z,>)\ {z}. (4:5)

There exists then v = v(z) € Q@ N Dom(p) in such a way that (4.3) (the second half) holds,
as well as

z > v, b(['(2))d(z,0) < p(2) — ¢(v) (hence p(z) = ¢(v)). (4.6)

Proof. Denote M[z] = {z € M;z > x,b(T'(2))d(z, x) < ¢(z) —p(z)}. By the hypotheses
about (<) and ¢, M|z] is (>)-closed; hence d is (>)-complete over it. In addition (by (4.5)
and the choice of {P,Q}), M|[z] has at least two elements; precisely

z € M[z] C Dom(p), 0+# M[z]\{z} C Q. (4.7)
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Let again ¢ stand for the restriction to M|z] of the function ¢ = (B, T; ) (introduced
via (3.3/(3.4)). By the developments of the preceding section, Proposition 4 is applicable to
(M|z], <;d) and 1. So, for the starting point z € M|z] there exists v = v(z) € M|z] fulfilling
(2.7)+(2.8) (with z in place of u). This gives (4.6) (by the very definition of M|z]); so, it
remains to establish that (4.3) (the second half) holds too. Suppose that the mentioned
property would be false; i.e.,

b(I(v))d(v,y) < ¢(v) = ¢(y), for some y € M(v,>)\ {v}. (4.8)

By (4.7) one has v € {z} U Q; wherefrom I'(v) < T'(z) (cf. the choice of {P,Q} and {z}).
This, along with (4.8), yields (via (1.6)) b(T'(z))d(v,y) < ¢v(v) — ¢(y); so that (combining
with (4.6))

(z =2y and) b(['(2))d(z,y) < ¢(2) — ¢(y); that is: y € Mz].
The working hypothesis now gives (via Lemma 2)

d(v,y) < ¢(v) —¢(y), for some y € M(z](v,2) \ {v}.

This, however, contradicts (2.8) for the precise data. Hence, (4.8) cannot be true; and the
claim follows. As a direct consequence, one has v € M[z] \ {z} C @Q (cf. (4.5) and (4.7));
wherefrom, all is clear. [ ]

In particular, when (<) is the trivial quasi-order on M, this result is just the one in
Turinici [op. cit.].

5 Metric functional coercivity

Let X be some nonempty set. Take a quasi-order (<) over it; as well as a metric d : X x X —
R,. For an easy reference we list the basic hypotheses to be used. The former of these is
just (4.1); this is related to the results in Section 4 being applicable here. And the latter of
these may be written as

{y € X(2,2);0 <d(w,y) <p} #0, VreX,Vp>0; (5.1)

the reason of imposing it is ”differential” in nature (see below). Further, let us take some
couple of mapsI': X — Ry, F: X — RU {co} with

I is d-nonexpansive, sup[I'(X)] = co and F is inf-proper, (>)-Isc. (5.2)
Denote, for each o > 0
Xr(o) ={z € X;T'(z) > o}, m(T',F)(0) = inf[F(Xr(0)))].

The subsets {Xp(0); 0 > 0} are nonempty closed (in X'). Moreover, the map o = m(T", F)(0)
is nondecreasing from RY =]0, oo[ to R U {co}; wherefrom

liminf F(u) :=sup m(T, F)(c) [= lim m(T, F)(0)]

T (u) oo >0 o0
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exists, as an element of RU {oco}, in view of

F. <m(T,F)(o) <o, F):= liminf F(u) <oo, VYo >0 (5.3)

I'(u)—o0

(where F, := inf[F(X)]). When «(T,F) = oo, the functional F' will be referred to as
I'-coercive. It is our aim in the following to get sufficient conditions in order that such a
property be attained. These, as a rule, require a differential setting (relative to F'). Denote,
for each u € Dom(F),

F - F
ViolF(w) = max{0, V(o) Fu) = lmsup (Z)um(x)

T—u

. (5.4)

This object may be viewed as a quasi-order version of the one introduced in 1980 by DeGiorgi,
Marino and Tosques [8]; we shall term it the strong (<, d)-slope of F at u. The usefulness
of its amorph version ((<) = X x X) for the critical point theory was underlined in the
1993 paper by Corvellec, DeGiovanni and Marzocchi [7]. Here, we shall establish that the
concept (5.4) is the natural tool for our (functional) coercivity question. Take some normal
function b: Ry — Ry (cf. (1.6)4(1.7)). The following asymptotic type statement is a basic
step for the desired answer.

Theorem 3. Suppose that
a(l,F) < oo (hence (cf. (5.3)) (T, f) is finite). (5.5)
There exists then a sequence (vy,) in Dom(F) NT~H(RY) with

[ (vy,) — oo (hence T'(y,) — oo, for each subsequence (y,) of (v,)) (5.6)

F(v,) — o, F) and V() |F(vy) — 0 as n — oo. (5.7)

_
b(L(vn))

Proof. There are two steps to be passed.
(i) Let € be arbitrary fixed in ]0,1/3[. By the remarks involving (5.3), there exists r(e)
with
r(e) > 1/e, and m(T', F)(r) > (T, F) — 2, Vr > r(¢). (5.8)

Having this precise, we claim that

there exists v. € X with T'(v.) > r(¢) and

1
F(v.) —al,F)| <&? —— F(v.) <e.
‘ (UE) O(( ) )| S €5, b(F(’UE))IV(S)l (UE) S €

To this end, fix s > r(¢); as well as some (p,q) with ¢ > p > s and

q
B(q) — B(p) > 1; or equivalently, / b(r)dr > 1.
p
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(This is evidently possible, by the normality of b). From the definition of the Riemann
integral, there exists a finite system of points (r,;0 < n < k) (where k > 3) with p = r; <
Th—1 < ... <11 <719 =q (division of [p, ¢]) in such a way that

’r‘
,d

| / b(r)dr — S b(r) (s — )] < &

i

I
o

wherefrom (by the decreasing property of b)

/ T)dr = Z /+ kz_éb(n)(n — i) > /pq b(r)dr — e. (5.10)

Without loss, one may complete this finite system up to some sequence (r,) with rp41 = s,
(rp) is strictly descending and lim(r,) = r(g). Denote for simplicity X,, = Xp(r,) (hence
n

X, Cint[X,,11]), for all n. By (5.8) (and the definition of these quantities)
a(l,F)—¢e? <m(T,F)(ro) < (T, F) + €2  wherefrom

m(L, F)(rg) < F(u_1) < a(T, F) + &%, for some u_; € Xo N Dom(F).

Put also ¢ = (1/e)F, ¢ = ¢(B,T;¢) (the associated by (3.3)/(3.4) function). Take i = 0;
and note that, by the imposed conditions, Theorem 1 is applicable to the data [(M = X;, <
;d); ¢ = as before; u = u;—1]. So, for the starting point w;—1; € X; N Dom(F') there exists
u; € X; N Dom(F) with

w1 > wiy F(uio1) > Fug), d(ui—1,wi) < (uio1) —(u;) (5.11)
u; is (b,T'; ¢, >)-maximal in X;:
eb(T(ws))d(us, ) > Flus) — F(z), for all € X;(us, >) \ {us}. (5-12)
If the alternative below is true (for ¢ = 0)
either T'(u;) > r; or wu;is (b,T; ¢, >)-maximal in X; (5.13)

then (5.11)4(5.12) give directly (for i = 0)

I(us) > 7y, IV (<) [F(u;) < e

1
b(I'(us))
(since u; is interior and maximal in either X; or X;.1) as well as (see above)

m(T, F)(r;) < F(u;) < F(u;_1) < (T, F) 4 &%
wherefrom, (5.9) is clear, for v. = u;. Otherwise, the alternative below holds (for i = 0)

I'(u;) =r; and w; is not (b, T'; ¢, >)-maximal in X;1. (5.14)
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This allows us applying Theorem 2 to the data [(M = X;11,<;d); P = X;, ¢ = as before,
z = u;]. So, for the point u; € X; N Dom(F) there must be u;11 € (X;41 \ X;) N Dom(p)
fulfilling (5.12) (with i 4+ 1 in place of 7) and

U; Z ui_,_l,eb(F(ui))d(ui, uH_l) S F(ul) - F(ui+1)~ (515)

Now, like before, the couple of alternatives (5.13)4(5.14) (with i + 1 in place of i) comes
into discussion, etc. We now claim that the alternative (5.14) cannot be realized at each
step. For, if this happens, a sequence (u,,) € Dom(F) may be obtained according to

T(up) = 1y Up > Ungt, €0(rp)d(tn, tunt1) < F(un) — F(unt1), for all n.
The latter of these yields via (5.8)
a(l,F)—e2 <m(T,F)(r,) < F(u,) < Flug) <a(l,F)+¢2, Vn.

This, along with the former of these, leads us to an evaluation like

k—1 k—1 E—1
b(ri)(ri = riga) = ) b(ri)[T(wi) = T(uipa)| < ) b(ra)d(uws, vivr)
=0 =0 =0
1 k—1 1
< 2 (F(w) = Fluisr)) = Z(F(uo) = F(uy)) < 2.
=0

But then, a simple combination with (5.10) tells us that
q k—1
1< / b(r)dr < Z b(r;)(r; —rit1) +& < 3e; contradiction.
P i=0

Consequently, the alternative (5.13) must be realized at a certain step h < k; wherefrom (cf.
the arguments above) the claim (5.9) holds with v, = uy,.

(ii) Let (e,) be a descending convergent to zero sequence in |0,1/3[ and put r, =
r(e,)[=the quantity of (5.8)], ¥n. Note that, by this choice, r,, — 0o as n — co. Moreover,
the developments in (i) give us a sequence (v, = ve,, ) in X fulfilling

D(vn) > 7o, |F(vn) — (T, F)| <2, IV ()| F(un) < &g, for all n.

1
b(I'(vn))
But, from this, (5.6)+(5.7) are clear. The proof is thereby complete. [

We are now in position to give the promised answer to our coercivity question. The
"hybrid” condition below is needed:

each sequence () in Dom(F) NI~ (RY) for which

1
WW(S)W(%) —0 (PS(T,b;<))s
has a subsequence (y,,) with (I'(y,)) bounded;

(F(x,)) converges and



FUNCTIONAL MONOTONE VP AND METRICAL COERCIVITY 13

we call it, a standard Palais-Smale condition (modulo (T, b; <)) upon F.

Theorem 4. Suppose that (in addition) F satisfies a standard Palais-Smale condition
(modulo (T',b; <)). Then, F' is necessarily I'-coercive.

Proof. If, by absurd, this cannot happen, the relation (5.5) must be true. By Theorem
3, we have promised a sequence (vy,) in Dom(F)NT'~1(R}) with the properties (5.6)4(5.7).
The latter of these and the imposed Palais-Smale condition tells us that (v,) must have a
subsequence (y,,) with (I'(y,,)) bounded (in Ry). And, by the former of these, I'(y,,) — oo.
The obtained contradiction shows that (5.5) cannot be true; hence the conclusion. [ |

An interesting question to be raised is that of the regularity conditions in (4.1)+(5.1)
being the most general ones. An appropriate answer to this is available by the above
methods; we shall discuss these facts elsewhere.

6 Normed aspects

A basic particular case of these developments corresponds to the ambient (metric) space
X being, in addition, linear. So, assume that X is such an object. Let K be some (non-
degenerate) convex cone of it [ + K C K; AK C K, for each A € R;]. Denote by (<) the
associated quasi-order (on X): x <y iff y —z € K. This, by the choice of K, is also linear
(x <y implies z +a <y + a, Az < Ay, for each a € X, A € R;). On the other hand, (—K)
is also a convex cone of X; and its associated quasi-order is just (>) (the dual of (<)). Let
also ||.|| stand for a norm over X; and denote by d the (standard) metric on X induced by
it. Our basic condition is

K is (<)-closed and d is (<)-complete. (6.1)

Note that, as a consequence of this (and the linearity of X) one has: (—K) is (>)-closed
and d is (>)-complete; wherefrom, (4.1) is fulfilled. Moreover (as K is non-degenerate)

{yer—K;0<d(x,y) <p}#0, foreachze X,p>0; (6.2)

and this shows that (5.1) holds too for our data. Finally, let the map I' : X — R, and the
functional F': X — RU{oo} be as in (5.2). By the remarks above, the differential operators
in (5.4) are well defined. A basic fact to be added is that, by the linear setting we adopted,
they may be ”approximated” in terms of directional derivatives. This will necessitate some
conventions. Denote, for each u € Dom(F),

DF(u)(h) = 1itr23‘1+1p %(F(u) — F(u+th)), heX. (6.3)

This object always exists, as an element of R U {—o00,00}; it will be referred to as the h-
directional derivative of F at w. In addition, h = DF(u)(h) is positively homogeneous; but,
in general, it is not sub-additive. Denote

|A (k)| F'(u) = max[0, A gy F(u) := sup{DF(u)(h); h € (=K) N X1y }]. (6.4)
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(Here, X(1) = {z € X;||z|[ = 1} is the boundary of the unit sphere in X). The connection
between this operator and the one of (5.4) is stated in

Lemma 3. For each u € Dom(F), one has
A(K)F(U) < V(S)F(u), hence |A(K)\F(u) < |V(S)|F(u) (65)
Proof. Let h € (—K) N X(1) be arbitrary fixed. For each § in ]0, oo,

sup F(u)—F(u—&—?ﬁh)S sup F(u)—F(m)

0<t<s t z<u d(u, )
0<d(z,u)<5

Passing to infimum after ¢ yields DF'(u)(h) < V(<)F(u), for each h € (—K) N X(1); where-
from, taking the supremum over all such h, we are done. [ ]

Having these precise, let b : R — R4 be some normal function (cf. (1.6)+(1.7)). We
consider the (differential type) hybrid condition

each sequence (z,,) in Dom(F) N T~ (RY) for which

(F(x,)) converges and mm(mw(xn) —0 (PS(T,b; K))q

has a subsequence (y,,) with (I'(y,)) bounded.
and call it, a directional Palais-Smale condition (modulo (T',b; K)) upon F. Clearly,
(PS(T',b; K))g = (PS(T,b;<))s  (cf. Lemma 3).
(Here, in the right hand side, (<) is the induced by K quasi-order). By Theorem 4 we thus
have (under the same general conditions)

Theorem 5. Assume that (in addition) F satisfies a directional Palais-Smale condition
(modulo (T, b; K)). Then, F is I'-coercive (in the above precise sense).

In particular, when K = X and
F is Gateaux differentiable over Dom(F’) (6.6)

Theorem 5 is nothing but the coercivity result in Turinici [31]; which, in turn, extends
Zhong’s [33]. On the other hand, if b = 1 (hence B=the identity) Theorem 5 covers the
order coercivity result in D. Motreanu, V. V. Motreanu and M. Turinici [18]. Hence, our
developments may be viewed as a common extension of all these. Finally, it is worth noting
that the monotone type coercivity principle in Motreanu and Turinici [19] is also accessible
via such methods. Further aspects may be found in D. Motreanu, V. V. Motreanu and D.
Pagca [17].
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