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The n-Almost Contact 2-π Structures on the
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Abstract. We introduce and investigate the concept of n-almost contact 2-π
structure on the dual bundle of the 2-osculator bundle. Such structures clearly
exist in the natural case when they are given (2.2) and (3.1).

In the theorems 2.2 and 3.2 some properties of it are given and we point out
one given by (2.2) and (3.1). We search also the conditions of normality for this
structure.

Introduction

The theory of 2-π structures on the tangent bundle TM or higher order tangent bundle
T (k)M was developed in the papers [1], [2], [3], [4].

The natural (k − 1)n-almost contact 2-π structure in Lagrange spaces of order k was
investigated in the paper [1].

We have studied the notion of almost contact 2-π structures, the linear connection com-
patible with them and the conditions of normality.

The metrical case was also considered.
In the present paper, we solve similar problems for the n-almost contact 2-π structure

in the dual bundle of the osculator bundle of order 2.
To this aim we take into account the theory of the dual bundle of the 2-osculator bundle,

excelent presented in the book [7].
We study mainly the case of the natural n-almost contact 2-π structure, showing the

existence such a structure and establishing the normality conditions. Then we consider a
Riemannian n-almost contact 2-π structure establishing some geometrical properties of it.

Some formulae and fundamental results are taken from the book [7].

1 Preliminaries

Starting from the 2-osculator bundle (Osc2M,π,M) , identified with 2-tangent bundle
(T 2M,π,M) we introduce a new differentiable bundle (T ∗2M,π∗,M) called the dual bundle
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of 2-osculator bundle (or 2-cotangent bundle), where the total space T ∗2M is the fibered
product

T ∗2M = TM ×M T ∗M, (1.1)

and π∗ is the natural projection on M .
The local canonical coordinates on the manifold T ∗2M of a point u = (x, y, p) ∈ T ∗2M

are (xi, yi, pi) . The indices i,j,h,... run over set {1,2,...,n}.
The rule of change of the local coordinates is as follows.

{
x̃i = x̃i(x1, ..., xn), det

∥∥∥ ∂x̃i

∂xj

∥∥∥ 6= 0

ỹi = ∂x̃i

∂xj yj , p̃i =
∂xj

∂x̃i pj

(1.2)

and there exists a tangent structure J : χ(T ∗2M)→ χ(T ∗2M) defined by:

J

(
∂

∂xi

)
=

∂

∂yi
· J

(
∂

∂yi

)
= 0, J

(
∂

∂pi

)
= 0 (1.3)

On T ∗2M there exist the vertical distribution W1,W2.
These distributions are integrable. There exists also on T ∗2M , the Liouville vector field

Γ and Liouville covector field Γ∗ defined by

Γ = yi ∂

∂yi
, Γ∗ = pi

∂

∂pi

(1.4)

We have the following properties:

rankJ = 2n, ImJ = W1, KerJ = W1 ⊕W2.

J is a integrable structure.

A dual semispray on T ∗2M is a vector field S on T ∗2M with the property JS =
1

Γ. It
follows that S has the form

S = yi δ

δxi
+ 2ξi ∂

∂yi
+ fi

∂

∂pi

. (1.5)

The functions (ξi(x, y, p), fi(x, y, p)) are called the local coefficients of the dual semispray
S. Setting W1 = J(N), W2 = J(W1) for any nonlinear connection N one obtains the
following decomposition in direct sum

TuT ∗2M = N(u)⊕W1(u)⊕W2(u). (1.6)

From now, the main geometrical objects on T ∗2M will be reported to the direct sum
(1.6) of vector spaces.

We denote by (
δ

δxi
,

∂

∂yi
,

∂

∂pi

)
(i = 1, ..., n) (1.7)
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a local adapted basis to N,W1,W2, where

δ

δxi
=

∂

∂xi
−N

j
i

∂

∂yi
+Nij

∂

∂pj

. (1.8)

The functions N
j
i (x, y, p) and Nij are the coefficients of the nonlinear connection N .

The dual basis of the adapted basis (1.6) is given by

(δxi, δyi, δpi) (1.9)

where

δxi = dxi; δyi = dyi +N i
jdxj , δpi = dpi −Njidxj . (1.9′)

Definition 1.1. A linear connection D on T ∗2M is called an N -linear connection if:
(i) D preserves by parallelism N,W1,W2.

(ii) The 2-tangent structure J is absolute paralel with respect to D.
(iii) The presymplectic structure Θ = dpi ∧ dxi is absolute paralel with respect to D.

AnN -linear connectionD can be uniquely represented, in the adapted basis
(

δ
δxi ,

∂
∂yi ,

∂
∂pi

)

in the following form:





D δ

δxj

δ
δxi = Hk

ij
δ

δxk , D δ

δxj

∂
∂yi = Hk

ij
∂

∂yk , D δ

δxj

∂
∂pi

= −Hi
kj

∂
∂pk

D ∂

∂yj

δ
δxi = Ck

ij
δ

δxk , D δ

δyj

∂
∂yi = Ck

ij
∂

∂yk , D δ

δyj

∂
∂pi

= −Ci
kj

∂
∂pk

D ∂
∂pj

δ
δxi = C

kj
i

δ
δxk , D δ

δpj

∂
∂yi = C

kj
i

∂
∂yk , D δ

δpj

∂
∂pi

= −C
ij
k

∂
∂pk

(1.10)

The functions

DΓ(N) = (Hi
jk, Ci

jk, C
jk
i ) (1.11)

are called the coefficients of the N -linear connection D.

2 Natural n-almost contact 2-πstructures on the dual

bundle of the 2-osculator bundle

We define the notion of k-almost contact 2-π structures.

Definition 2.1. A k-almost contact 2-π structures is a system(
F, ξ1, ..., ξk, η1, ..., ηk

)
where F is a tensor field of type (1.1) on E = T̃ ∗2M = T ∗2M −

{0}, ξ1, ..., ξk are the linear independent vector fields and η1, ..., ηk are 1-forms such that we
have: 




F 2(X) = −λ2X + λ2
n∑

a=1
ηa(X)ξa,∀X ∈ χ(T ∗2M)

F (ξa) = 0, ηa(ξb) = δa
b (a, b = 1, ..., k)

(2.1)

where λ are complex number {1,−1, i,−i}.
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Let us consider the ̥(E)-linear mapping F : χ(T ∗2M)→ χ(T ∗2M) defined on adapted
basis to the direct decomposition (1.1), by

F

(
δ

δxi

)
= −λ

∂

∂yi
, F

(
∂

∂yi

)
= λ

δ

δxi
, F

(
∂

∂pi

)
= 0 (2.2)

We have

Theorem 2.1. The mapping F has the following properties:

1◦ F is globally defined on T ∗̃2M.

2◦ F is a tensor field on T ∗̃2M of type (1.1)

3◦ KerF = W2, ImF = N ⊕W1.

4◦ rank‖F‖ = 2n.

5◦ F 3 + λ2F = 0.

Proof. 1◦ Taking into account of the rule

δ

δxi
=

∂x̃j

∂xi

δ

δx̃j

∂

∂yi
=

∂x̃j

∂xi

∂

∂ỹj
;

∂

∂pi

=
∂xi

∂x̃j

∂

∂p̃j

(2.3)

of transformations of the adapted basis, we have that δx̃i

∂xj F
(

δ
∂xi

)
= −λ ∂x̃i

∂xj
∂

∂yi implies

F
(

δx̃i

δx̃j

)
= −λ ∂

∂ỹj .

Also, ∂x̃i

∂xj F
(

∂
∂yi

)
= λ ∂x̃i

∂xj
δ

δxi and ∂x̃j

∂xi F
(

∂
∂pi

)
= 0, lead to F

(
∂

∂ỹj

)
= λ δ

δxj and

F
(

∂
∂p̃i

)
= 0.

2◦ F is ̥(Γ∗̃2M)- linear mapping from χ(T ∗̃2M) to χ(T ∗̃2M) .

3◦ F
(

∂
∂pi

)
= 0 implies F1W1

is trivial and F (N ⊕W1 ⊕W2) = N ⊕W1.

4◦ Evidently, by means of 3o.

5◦ F 2
(

δ
δxi

)
= F

(
−λ ∂

∂yi

)
= −λ2 δ

δxi ; F 3
(

δ
δxi

)
= −λ2F

(
δ

δxi

)
= λ3 ∂

∂yi

F
(

δ
δxi

)
= −λ ∂

∂yi ;→
(
F 3 + λ2F

)
δ

δxi = 0.

F 2
(

∂
∂yi

)
= F

(
λ δ

δxi

)
= −λ2 ∂

∂yi ; F 3
(

∂
∂yi

)
= −λ2F

(
∂

∂yi

)
= λ3 δ

δxi

→
(
F 3 + λ2F

)
∂

∂yi = 0.

Evidently
(
F 3 + λ2F

) (
∂

∂pi

)
= 0. q.e.d.

Let us consider a local basis (ξa) (a = 1, 2, ..., n) of the distribution W2 and (η
a) its dual.

Theorem 2.2. The set {F, ξa, ηa}, determines an n-almost contact 2-π structure on

T̃ ∗2M . Indeed, one easly checs that





F (ξa) = 0, ηa (ξb) = δa
b

F 2(X) = −λ2X + λ2
n∑

a=1
ηa(X)ξa, ∀X ∈ χ(E).

(2.4)
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From the last formulae we deduce

ηa ◦ F = 0, (a = 1, ..., n) (2.4′)

Definition 2.2. The structure {F, ξa, ηa} is said to be normal if

NF (X, Y ) +
n∑

a=1

dηa(X, Y )ξa = 0 (2.5)

where NF is the Nijenhuis tensor of F and is given by

NF (X, Y ) = [FX, FY ] + F 2[X, Y ]− F [FX, Y ]− F [X, FY ] (2.6)

Theorem 2.3. The n-almost contact 2-π structure {F, ξa, ηa} is normal if and only if,
the following equations holds:

NF (X, Y ) +

n∑

a=1

d (δpi) (X, Y )
∂

∂pi

= 0,∀X, Y ∈ χ(T ∗2M) (2.7)

Indeed with ξa =
∂

∂pa
(a = 1, ...n). and dual basis (δpa) , the condition (2.5) becomes the

condition (2.7).
Now we shall express the equations (2.7) by means of d-tensor fields, using the expression

of the exterior differentials in the adapted basis.
We have:

Lemma 2.4. [7] The exterior differentials of the 1-forms
(
δxi, δyi, δpi

)
are given by





d(δxi) = 0

d(δyi) = { 1
2

R

(1)

i

jm dxm+
B

(1)

i

jm δym+
B

(1)

im

j δpm} ∧ dxj

d(δpi) = {
1
2

R

(2)ijm dxm+
B

(2)ijm δym+
B

(2)

m

δpm} ∧ dxj

(2.8)

and

Theorem 2.5. [7] The Lie brackets of the vector fields of the adapted basis are given by




[
δ

δxj , δ
δxh

]
=

R

(1)

i

jh
∂

∂yi+
R

(1)jh
∂

∂pi[
δ

δxj , ∂
∂yh

]
=

B

(1)

i

jh
∂

∂yi+
B

(2)ijh
∂

∂pi

[
δ

δxj , ∂
∂ph

]
=

B

(1)

ih

j
∂

∂yi+
B

(2)

h

ij
∂

∂pi[
∂

∂yj , ∂
∂yh

]
=

[
∂

∂yj , ∂
∂ph

]
=

[
∂

∂pi
, ∂

∂ph

]
= 0

(2.9)

where 



R

(1)

i

jh=
δ

δxh N i
j −

δ
δxj N i

h,
R

(2)ijh=
δ

δxh Nhi −
δ

δxj Nji

B

(1)

i

jh=
∂

∂yh N i
j

B

(2)ijh= −
∂

∂yh Nji

B

(1)

ih

j =
∂

∂ph
N i

j

B

(2)

h

ij= −
∂

∂ph
Nji

(2.10)
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Calculating the expressions from (2.7) for {X, Y } = { δ
δxi ,

∂
∂yi ,

∂
∂pi
} we obtain:

Theorem 2.6. The n-almost contact 2-π structure {F, ξa, ηa} is normal if and only if,
the following equations hold:

{
B

(1)

i

jk −
B

(1)

i

kj −
R

(1)

i

jk= 0
B

(2)ijk −
B

(2)ikj −
R

(2)ijk= 0. (2.12)

3 The metrical n-almost contact 2-π structures on the

dual bundle of the 2-osculator bundle.

Let us consider an k-almost contact 2-π structure on T ∗̃2M given by (F, ξ1, ..., ξk, η1, ..., ηk)

and G a Riemannian structure on the manifold T ∗̃2M.

Definition 3.1. A k-almost contact 2-π structure (F, ξ1, ..., ξk, η1, ..., ηk) is called Rie-
mannian if there exists a Riemannian metric G on such that

{
G(FX, FY ) = λ2G(X, FY )

G(X, ξa) = ηa(X) (a = 1, ..., k)
(3.1)

We will prove that in T ∗2M , there exists a lift G of the fundamental tensor field gij ,

such that G makes the natural n-almost contact 2-π structure (F, ξ1, ..., ξn, η1, ..., ηn) a
Riemannian n-almost contact 2-π structure.

Let us consider the fundamental tensor fields gij and hij . We construct using then the
N-lift G given by

G = gijdxi ⊗ dxj + gijδy
i ⊗ δyj + hijδpi ⊗ δpj . (3.2)

where (dxi, δyi, δpi) is the dual basis of the adapted basis for the nonlinear connection of
the space T ∗2M.

We notice that G is a Riemann structure on T ∗2M.

We have

Theorem 3.1. The N-lift G is covariant constant with respect to DΓ(N) = {Hi
jk, Ci

jk, C
jk
i }

i.e. the equation
DXF = 0, DXG = 0 (3.3)

are verified.
The distributions N,W1,W2 are mutual orthogonal with respect to G.

Now, we shall prove the following important result.

Theorem 3.2. The pair (G, F ), where G the Riemann structure is given by (3.2) and
(F, ξ1, ..., ξn, η1, ..., ηn) with (ξa) an ortogonal basis and ηa its dual basis, is a Riemannian
natural n-almost contact 2-π structure.

Proof. Indeed for X ∈
{

δ
δxi ,

∂
∂yi ,

∂
∂pi

}
any (ξa, ηa) satisfying the second equation (3.1)

with a = 1, 2, ..., n we verify immediately the first condition (3.1) q.e.d.

Theorem 3.3. The canonical metrical N-connection DΓ(N) = (Hi
jk, Ci

jk, C
jk
i ) is com-

patible with the Riemannian natural n-almost contact 2-π structure (G,F).
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Proof. Let us consider the metric N-connection with respect to G which has the coeffi-
cients given by the Christoffel generalized symbols.





Hi
jk =

1
2gis

(
δgsk

δxj +
δgjs

δxk −
δgjk

δxs

)

Ci
jk =

1
2gis

(
∂gsk

∂yj +
∂gjs

∂yk −
∂gjk

∂ys

)

C
jk
i = 1

2gis

(
∂gsk

∂pj
+ ∂gjs

∂pk
− ∂gjk

∂ps

) (3.4)

Taking into account that G and F are covariant constant with respect to DΓ(N), the
Theorem 3.3. holds.

Remark. The Riemannian natural structure (G, F ) is normal if (2.12) and (3.4) hold.
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