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Abstract. We introduce and investigate the concept of n-almost contact 2-7
structure on the dual bundle of the 2-osculator bundle. Such structures clearly
exist in the natural case when they are given (2.2) and (3.1).

In the theorems 2.2 and 3.2 some properties of it are given and we point out
one given by (2.2) and (3.1). We search also the conditions of normality for this
structure.

Introduction

The theory of 2-7 structures on the tangent bundle T'M or higher order tangent bundle
T®) M was developed in the papers [1], [2], [3], [4].

The natural (k — 1)n-almost contact 2-m structure in Lagrange spaces of order k was
investigated in the paper [1].

We have studied the notion of almost contact 2-7 structures, the linear connection com-
patible with them and the conditions of normality.

The metrical case was also considered.

In the present paper, we solve similar problems for the n-almost contact 2-7 structure
in the dual bundle of the osculator bundle of order 2.

To this aim we take into account the theory of the dual bundle of the 2-osculator bundle,
excelent presented in the book [7].

We study mainly the case of the natural n-almost contact 2-7 structure, showing the
existence such a structure and establishing the normality conditions. Then we consider a
Riemannian n-almost contact 2-7 structure establishing some geometrical properties of it.

Some formulae and fundamental results are taken from the book [7].

1 Preliminaries

Starting from the 2-osculator bundle (Osc?M,n, M) , identified with 2-tangent bundle
(T%M, m, M) we introduce a new differentiable bundle (T*2M, 7*, M) called the dual bundle
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of 2-osculator bundle (or 2-cotangent bundle), where the total space T*2M is the fibered
product
T**M = TM xy; T*M, (1.1)

and 7* is the natural projection on M.

The local canonical coordinates on the manifold 7*2M of a point u = (x,y,p) € T*>M
are (z%,y%,p;) . The indices i,j,h,... run over set {1,2,....,n}.

The rule of change of the local coordinates is as follows.

#0

a7 (1.2)

i oz’

j oz’
Yy = 3x1y pi = 3x1pj

{ A , det ‘

and there exists a tangent structure J : x(T*?*M) — x(T**M) defined by:

0 0 0 0
"(axi)—ayi“’(ayJ—Q J(ap) =0 (13)

On T*2M there exist the vertical distribution Wy, W.
These distributions are integrable. There exists also on T*2M , the Liouville vector field
I" and Liouville covector field I'* defined by
, 0 0

r= - T =p;
yay“ papi

(1.4)

We have the following properties:
rankJ =2n, ImJ =Wy, KerJ =Wy ® Whs.

J is a integrable structure.

1
A dual semispray on T*?M is a vector field S on T*2M with the property JS =T. It
follows that S has the form

08 g0 a

S:yéx" oy’

(1.5)

The functions (¢%(z,y, p), fi(x,y,p)) are called the local coefficients of the dual semispray
S. Setting Wy = J(N), Wy = J(W;) for any nonlinear connection N one obtains the
following decomposition in direct sum

T.T**M = N(u) © Wi (u) ® Wa(u). (1.6)
From now, the main geometrical objects on T*2M will be reported to the direct sum

(1.6) of vector spaces.
We denote by
5 o0 0
—, =, | (i=1,.. 1.
(s o ) (= L) (1.7)
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a local adapted basis to N Wy, Ws, where

o 0 ;0 0
- = — — N}/ — + N;; —.
oxt  Ox' Loyt N Op;

(1.8)

The functions Nij (z,y,p) and N;; are the coefficients of the nonlinear connection N.
The dual basis of the adapted basis (1.6) is given by

(62, 6y",6p;) (1.9)

Where . . . . . . .
dx' =dx'; 6y" = dy' + Njda’, op; = dp; — Njdx?. (1.9

Definition 1.1. A linear connection D on T*?M is called an N-linear connection if:
(i) D preserves by parallelism N Wy, Wa.

(ii) The 2-tangent structure J is absolute paralel with respect to D.

(iii) The presymplectic structure © = dp; A dx® is absolute paralel with respect to D.

An N-linear connection D can be uniquely represented, in the adapted basis <$, a?ﬂ , a?r )

in the following form:

_ ki I5j k _9 9 _ _ _9_
Dajj 6ac = Hij 57 D ay = Hj; 8yk7D - Opi ij Opk
_ k6 _ k0 6] o0
DayJ Jr‘ - CZJ 61’”D i Cl]@ k’ 3]01 - ij Opk (110)
kj & kj_o o _ ij _0
Dag] Szt =G ézWD%d =G, 8y’°’D* opi —C Opr
The functions
_ i Jk
DT(N) = (Hjy, Cj,, CI") (1.11)

are called the coefficients of the N-linear connection D.

2 Natural n-almost contact 2-wstructures on the dual
bundle of the 2-osculator bundle

We define the notion of k-almost contact 2-m structures.

Definition 2.1. A k-almost contact 2-7 structures is a system _
(F,§17...7§k7171,...777k) where F is a tensor field of type (1.1) on B = T**M = T*>M —
{0}, &1, ..., & are the linear independent vector fields and 0!, ..., n¥ are 1-forms such that we
have:

F2(X) = =X2X 4+ )2 3 1°(X)&, VX € x(T*2M)
a=1
F(&) = 0,0%(&) = 0 (@b =1, k)

where A are complex number {1,—1,4, —i}.

(2.1)
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Let us consider the f (F)-linear mapping F : x(T*?M) — x(T*>M) defined on adapted
basis to the direct decomposition (1.1), by

0 0 0 0 0

Theorem 2.1. The mappz'ngNF has the following properties:
1° F is globally defined on T*2M.

2° Fis a tensor field on T2M of type (1.1)

3 KerFF =Wy, ImF =N @& Wj.

4° rank||F|| = 2n.

5 F3 4+ X°F =0.

Proof. 1° Taking into account of the rule

We have

5§ 0w s 9 0w 9 9 0r 9

- = ey - = = A~ — "= = 2.3
ozt Ox' dxd Oyt Ox' Oyl Op; 0% Op; (2:3)
of transformations of the adapted basis, we have that %F ( aii) = _/\% 8‘31 implies

5zt o)
F(E) = -2

9z’ 1%} _ 9zt § fo
Also, g5 F (ay’i) = Ager s and 5

F (%) =0
2° F is F(I‘&M)— linear mapping from X(T*~2M) to X(T*NQM) .
30 p (%) = 0 implies Fyyy, is trivial and F(N & W, & W) = N @ W,.
4° Evidently, by means of 3°.

3 F? () = P (=Agi) ==Naii FP () = =V°F () = N5y

F(%) — 0, lead to F(%) = As% and

Szt z?
F(5%) = Agmi— (FP+ N°F) 5% = 0.
F? (8?,L‘) =F(\sr) = _)‘28_?/7; Fe (021‘) = —\F (a?,i) = N5
= (F3 4 M°F) 32 = 0.

Evidently (F* + X°F) () = 0. q.ed.

Let us consider a local basis (§,) (a = 1,2, ...,n) of the distribution W5 and (n®) its dual.

Theorem 2.2. The set {F,&,,n"}, determines an n-almost contact 2-m structure on
T*2M. Indeed, one easly checs that

F(€) =0, 7" (&) =
F2(X) = =X2X + )2 3 °(X)&,, VX € x(E).

a=1

(2.4)
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From the last formulae we deduce
N oF =0, (a=1,..n) (2.4
Definition 2.2. The structure {F,&,,n*} is said to be normal if

Nr(X.Y)+ 3 g (X.¥)6 = 0 (2.5)

a=1
where N is the Nijenhuis tensor of F and is given by
Np(X,Y)=[FX,FY]+ F?[X,Y] - F[FX,Y] — F[X,FY] (2.6)

Theorem 2.3. The n-almost contact 2-m structure {F,&,,n"} is normal if and only if,
the following equations holds:

Np(X,Y) +Zd (6p;) (X, Y)=— 0 _ =0,YX,Y € x(T**M) (2.7)
a=1 8p1
Indeed with &, = (a =1,...n). and dual basis (dp,), the condition (2.5) becomes the

condition (2.7).
Now we shall express the equations (2.7) by means of d-tensor fields, using the expression
of the exterior differentials in the adapted basis.

We have:
Lemma 2.4. [7] The exterior differentials of the 1-forms (&ci,éyiﬁpi) are given by
d(6xt) =
‘ R i B i B im A
d(éy') = {3 (1), dz™+ (1);,, 0y™+ (1); Opm} Ada? (2.8)
R B B ™ .
d(op;) = {3 (2)4jm A2+ (2);5, 0Y™+ (2)  Opm} Ada?
and

Theorem 2.5. [7] The Lie brackets of the vector fields of the adapted basis are given by

R K3
) 5 o o
(557 5] =(Wjn g5+ (1 5
1
) 0 o)
[W 8%’1} =W 3+ Dijn 757 (2.9)
5 o) B " 0 B " o .
|55 % | =(1); i+ (20
o o]_lo a]_[o o]_y
Oyl oyh | T | Oyl Opp Op;’ Opn
where )
R" s R P s
(1);5= 52 N = 527 N}s (2)i55= 527 Nni — 525 Nji
B* B
_ 9 2.10
(1) h ay NZ (2)2']{]7,_ _aTJthi ( )
1

B
(1)j aph Nl (Q)ij: _iNji
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Calculating the expressions from (2.7) for {X,Y} = {5‘;“ a?;i , aip-} we obtain:

Theorem 2.6. The n-almost contact 2-m structure {F,&,,n"} is normal if and only if,
the following equations hold:

B Bt R B B R
{(1)jk - (l)kj - (l)jk: 0 (2)ijk - (2)ikj - (2)ijk: 0. (2.12)

3 The metrical n-almost contact 2-7 structures on the
dual bundle of the 2-osculator bundle.

Let us consider an k-almost contact 2-7 structure on T*2M given by (F, &1, ..., &x,nt, . nF)
and G a Riemannian structure on the manifold T*2M.

Definition 3.1. A k-almost contact 2-7 structure (F, &y, ..., &, n', ..., n*) is called Rie-
mannian if there exists a Riemannian metric G on such that

{ G(FX,FY) = \X2G(X,FY)

G(X7 ga) = na(X) (a =1,..., k) (31)

We will prove that in 7*2M | there exists a lift G of the fundamental tensor field g;;,
such that G makes the natural n-almost contact 2-7 structure (F,¢&y,...,&n, 0% ..., n") a
Riemannian n-almost contact 2-7 structure.

Let us consider the fundamental tensor fields g;; and h%. We construct using then the
N-lift G given by

G = gijdxi ® da? + gijéyi ® 6y + hop; @ 0p;. (3.2)
where (dx®,dy",0p;) is the dual basis of the adapted basis for the nonlinear connection of
the space T*2M.

We notice that G is a Riemann structure on T*2M.

We have

Theorem 3.1. The N-lift G is covariant constant with respect to DU(N) = {H},, Cy, cik
i.e. the equation
DxF =0,DxG =0 (3.3)

are verified.
The distributions N, Wy, Wa are mutual orthogonal with respect to G.

Now, we shall prove the following important result.

Theorem 3.2. The pair (G, F), where G the Riemann structure is given by (5.2) and
(F &1,y &nymtym™) with (£,) an ortogonal basis and n® its dual basis, is a Riemannian
natural n-almost contact 2-m structure.

Proof. Indeed for X € {%, 82“ a%i} any (&,,n%) satisfying the second equation (3.1)
with @ = 1,2, ...,n we verify immediately the first condition (3.1) q.e.d.

Theorem 3.3. The canonical metrical N-connection DI'(N) = (H}k, ;k,ka) is com-
patible with the Riemannian natural n-almost contact 2-m structure (G,F).
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Proof. Let us consider the metric N-connection with respect to G which has the coeffi-

cients given by the Christoffel generalized symbols.

i _ 1 is (0gsk 09js _ 09gjk
ij =39 ( oz + Sk oxs
i _ 1 is [ 0gsk | 99is _ Ogjk
ik — 29 Dyi + DyF dy° (3.4)
gk _ 1. (0g°F | 9¢7° _ ag’*
Cz‘ = 29is Op; + Opk Ops

Taking into account that G and F are covariant constant with respect to DI'(N), the

Theorem 3.3. holds.

Remark. The Riemannian natural structure (G, F') is normal if (2.12) and (3.4) hold.
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