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Abstract. Let J be an almost complex structure and G a pseudo - Riemannian
metric. The pair (J,G) is called a Norden structure if G(J-,J-) + G(-,-) = 0.
In §1 we construct such a structure on the tangent bundle 7'M of a Finsler
manifold. Then we deform J to J and G to G in a natural way and so we
provide a four parameters family of Norden structures on TM (§2). We study
the integrability condition of J in 83 as well as the condition V.J =0 when V is
the Levi-Civita connection of G'. It comes out that each of these conditions lead

to strong restrictions on J on Finsler manifold M (Theorems 3.2 and 4.2).
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1 Introduction

Let M be a smooth i.e. C°*° n—dimensional manifold and 7: TM — M its tangent bundle.

If (z*), 4,4,.. = 1,2, ...n are local coordinates on M, we take (z%,y%) as local coordinates on
TM, where ' = 2° o7 and 3* are the coordinates of a vector v € T, M in the natural frame
81- = 0 .

ozt |z

The assignment u — V,,TM = ker 7,,, v € T'M defines a smooth distribution, called
vertical, on T'M. It is locally spanned by 0; = Biyi’ hence it is integrable. Its leaves through
u€TM are T, M, v = m(u).

A nonlinear connection N is a distribution v — H, T M, called horizontal, which is
supplementary to the vertical distribution, that is

T,TM = H,TM & V,TM,u € TM. (1.1)

The horizontal distribution is usually given by a local basis §; = 9; — Nij (z, y)éj, where
the functions (N7 (x,y)) have a special behavior when a change of local coordinates on T'M is
performed. If it happens that N/ (z,y) = F; . (2)y*, then (I‘; k(x)) are the local coefficients

of a linear connection on M.
The decomposition (1.1) suggests to consider on T'M
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- an almost complex structure J (J? = —I, the Kronecker tensor) given by

J(5:) = 0y, J(0;) = =6 (1.2)
- an almost product structure P (P? = I) given by

P(6;) = 6;, P(0;) = =0 (1.3)
- an almost product structure @ (Q? = I) given by

Q) = 0; QD) = 6; (1.4)

The vertical lifts of functions f, of vector field X = X?09; and 1-forms w = w;dx’ from
M to the tangent bundle T'M are given by

fV'=for, XV =(X'o1)d;, WY = (w; o 1)dz'.

With respect to a nonlinear connection IV, the horizontal lifts of functions f, of vector
fields X and 1-forms w from M to T'M are given by

T =o, X7 = (X'or)s;, Wi = (w; o 7)dy",

where 6y’ = dy’ + Ni(x,y)dx’. The basis (dz’,dy’) is dual to the basis (8;,0;). Then the
vertical and horizontal lifts of arbitrary tensor fields are defined assuming that

SoT)Y =5VeT+SoT",(SeoT)f =8V o1 + STV,

We may redefine J, P, @ as follows

JXT =xV JXxV)=-XxH, (1.2")
P(xXTy=x" pXx")=-XV, (1.3
QXH)y=XxV, QxV)=XxH", vXeXxM). (1.4")

Here X (M) denotes the F(M)—module of vector fields on M.
We set ToM = TM \ {(z,0),x € M}.
A function F: TM — R4, (x,y) — F(z,y) is called a Finsler function if

(1) It is smooth on TpM and only continuous on the set {(z,0),z € M},

It is positively homogeneous of degree 1 with respect to y i.e
F(x,\y) = A\F(x,y) for every real number \ > 0,

The matrix with the entries g;;(z,y) = %% is such that the

quadratic form g;;(z,y)¢'¢7, (§) € R", has constant signature.

(iid)

The pair F™ = (M, F) is called a Finsler manifold.
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The functions (g;;(x,y)) behave in such a way that they define a pseudo - Riemannian

g metric in the vertical bundle U V.. ToM — ToyM by the formula
ueToyM

g(u)<a’uaj) :gij(x7y)7 U = (l’»y) E{Z—‘0]\4-

For any Finsler manifold F™ = (M, F) there exists a nonlinear connection called the Cartan
nonlinear connection which is completely determined by F. It is simply given by
oG

N;(J%ZJ) = @’ (1.5)

. [ OPF? OF?
i ik h
& (y) =9 (aykaxhy - axk)'

We shall refer only to it in the following.
In the presence of this nonlinear connection, the pseudo - Riemannian metric g can be
written as g(u) = ¢;;0y" ® 0y’ and we may also consider a pseudo - Riemannian metric in

the horizontal bundle U H,ToM — TyM in the form g;;(z, y)d2z' ® dz?. These can be

ueToM
added in order to provide a pseudo - Riemannian metric on T'M

gij (2, y)dz’ @ da? + gij(x,y)8y" ® oy’

which generalizes the Sasaki metric.
Besides this we may define a metric of signature (n,n) given by

GX"T,y")y =0, G XV, YV)=0, GX", YY) = g;j(2,y) XY for (1.7)

X = X'9;,Y = Y79, any vector fields on M.
Using (1.7) and (1.2’) one easily checks

Proposition 1.1. The pair (J,G) is a Norden structure on ToM, that is we have

G(JA,JB) + G(A,B) =0 for A, B € X(TyM). (1.8)

2 A deformation of the Norden structure (J,G)

We consider on Ty M the vector fields C' = y’@l and S = y'd; and we define a tensor field J
as follows

J(XH) = a(FAXY + B(FHG(XH,0)C, 2.1)
J(XV) =4(F)XT 4+ 5(F)G(XY, )8, '

where «, 3,7,0 : Im(F?) C R — R are smooth functions.
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Lemma 2.1. J% = —I if and only if

ay=—1, ad + B(y+3F?) =0. (2.2)

We say that Jisa deformation of J.
Now we deform G in the form G given by

GXH yHy=0, GXV,YV)=0,
a

GXH YY) = EF%G(XH,YV) +b(F)GXE )Gy, s),

(2.3)
where y; = g;;j(2,y)y’ and a,b : Im(F?) C R — R are smooth functions satisfying a > 0
and a + bF? > 0.

Lemma 2.2 Let be J verifying (2.2). Then the pair (j, é) is a Norden structure on
ToM.
Proof. It suffices to check that

GUIXT, JYV)+GxHyV)y=0 (+)

holds for every X, Y € X(M).
For calculation it is useful to notice that G(X,YV) = G(XV,YH), G(C,S) = F? as
well as

GXH,0)GYV,s) =G xV,9GYY,s) =GXxH", 0)qgiy?, ).

Making use of ay = —1, the left side of (*) reduces to the expression (a + bF?) (ad + By +
BSF?)G(XH C)G(YV, S) which vanishes because of the second equation (2.2), q.e.d.

Note that in fact by Lemma 2.2 we have obtained a family of Norden structures on Ty M.
This family depends on four parameters, let say a, 3, a,b subject to the condition o # 0 ,
a+bF?>0. Theny = -1 6= W Indeed, by the first equation (2.2) « and
should be different from zero and then necessarily follows o + 3F? # 0 and v + 6 F% # 0.

It is to be expected that in so large set of Norden structures to find a great variety of
such structures as for instance complex Norden structures (J integrable) or Kéhler - Norden
structures (V.J = 0 for V the Levi - Civita connection of G) and so on. Unhappy our
deformations of J and G are not very generous in this respect. As we shall see below, there
are very few complex Norden structures as well as Kéhler - Norden structures in the family
(J,G) and only in some restrictive conditions on the Finsler space F™.

3 On the integrability of J
The Nijenhuis tensor field of J is
N+A,B) = [JA,JB] - [A, B] — J[JA, B] - J|A, B, (3.1)

A, B € X(TyM).
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We choosed to evaluate N+ in the adapted frame (d;, d;). To this aim we write J in the

form _ ]
J(6;) = AFoy, AF = adk + By,

PO . 3.2
J(9;) = Bf O,  Bf =~0F +dyiy", (32)
and we shall use the following formulae for brackets
0:,6;] = R0k, RI; = 6;NF —6;NY,
[0:,0;] = G40k, G% = 0;NF =G, (3.3)
0:,0;] =0
By a direct calculation one gets
1k 2k
N;((SZ, 0 ) :NU O + N”({)k,
. 3k 4 K . 3 4)
N+(6:,0;) =N 6+ Ny by, (3.
. 5k 6k
Nj{a 0 ) N O+ N 8k,
where i
1
N,;j= Bi(6;A} — 6; Al + Gl A5 — Gl A%),
2 .
N,;= A?ahAk AhahAlc R”,
3 .
N,= Alo,BE + BEO; Al — AFBSRL, (3.5)
. .
N, j= Bl AF + A}, B + AsBhGE, + GE;,
5
Ny= B}, B} — B}'6,Bf + (G3, B — G5, B!") By,

6 . .
N,;j= B!'B{ Ry + A} (0; B} — 9;B}).

‘We notice that the matrices A{ and B{ are invertible and we have

AbB] = -4l (3.6)
y (3.6) it follows _ _
(60 AF) B}, + Afon(B]) = 0. (3.7)
Using (3.6) and (3.7) one finds
1k sk
BB} N;;=N, . (3.8)

It follows
Lk

sk
Lemma 3.1 N;;= 0 if and only if N ;=
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Similarly one gets
6k 2 k
N,;=—-B/B] N, . (3.9

g

Hence we have .
6

2

Lemma 3.2 N;;= 0 if and only if N;;= 0.

Going further we need more formulae from the geometry of F”. We shall assume that
F" is endowed with the Cartan metrical connection (F ;k, Cj ) and we shall denote as usual
by |; and |; and h— and v—covariant derivative with respect to it. Then we have (for details
see [1])

F‘ﬁc Z:5kF2:07F2|k :_:8kF2:2yk, _
Y =0 0 -y = —Fjy) & Fly’ = Ny (3.10)
iy =0 8- y; = Flyr, Okyi = gir, y° Gl = N
We set t = %Fg and denote by o/, ... the derivatives with respect to t. We have
Spae =0, I = 'y, (3.11)

and similarly for 3,7, ....
1k 6k 1k
Now we are going to compute N, ..., N,;;. First, we have N, ;= BE(§; AP —i—G;‘SAf —i/j),
where by i/j we denoted the previous terms with ¢ changed to j and j changed to i. Then
using (3.10) and (3.11) we get

§;AL + A5G, —ifj = B(S;y:)y" + Byidsy" + oGl + By NI —i/j =

= B(FLyry" — yi FL + N —i/j = 0.
1h 5k
Thus N;;= 0 and by the Lemma 3.1, N,;= 0.

Next,
k

4
Nyj= B} (6, A} + A;GY,) + AL6B} + G =
= Bj}'L(ﬁFishysyk +aGh) + 5AZ(Fisjysyh -y N + G?j =
= Gl(ay+1) + y*y.F(ad + By + BOF?) = 0
by (2.2).
5k
We continue with N,;;. We get

(8] + Byiy") (' ynds + Byny;y” + Basny”™ + By;on) —i/j =

=d(a+ BFZ)yiéf + aﬂyjéf —i/j.
Hence
ok

Nij: (aa’ _aﬁ—Fa’ﬁFQ)(yi(S? —yﬁf) —R?j. (3_12)
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k k

6 2
By Lemma 3.2, NV, ; vanishes together with N,; so we need not its explicit form. However,
6k
we give it at follows: N ;= v2 R}, —~0(yi R —y; RY)+a(6—~') (yidF —y;0F), for R} := R y".

2k 6k
One can check directly that N,;;=0 <N ,;;= 0.
By a tedious computation we find

3k
N =05 (o + By + By F?) + y;6F (ad + v/ )+
iy 188 — 5 + (ad + By + 2t80)] + Ry — ady; (y*RyY) -
~Byy* (ynRiy) — Boy° (" RY,).
This simplifies using (2.2) and
Lemma 3.1 y, R = 0.

1
Proof. We have thﬁlj = yn R} ijyk = y*gsn R} ijyk = y*Rys ijy* = 0, because of

Rk ij = —Rys 4. Here RZij is the (hh)—curvature of the Cartan connection.
Therefore,
3k
Ni;j= Rj; — ady; R} + ;07 (ay' + By + 87 F?) + y;67 (ad + o)+ (3.13)

+yiy;y" B — 7).

The following assertion is now clear.

~ 9 k
Theorem 3.1. The almost complex structure J is integrable if and only if N;;= 0 and
k
3
N,;;=0.
We continue by distinguishing two cases.
Case 1: 6=0«< (3=0.
In this case we get
2F k / k k ,
Nij= —Rjj + o' a(y:d5 — y;07) (3.12")
3k
N ;= R} =70 (y:0f — y;0F). (3.13')

2 k 3k
It follows that N ;= 0 =N,; implies (y;6F — y;6F)(a — 7)o/ = 0. As a # ~ and y;6} — y;6}
never vanishes it results o/ = 0, hence o = c¢(constant)# 0. Then Rfj = 0. Conversely,
Rfj =0 and a = ¢ implies N5 =0.

Then J reduces to the almost complex structure J, given by

Je(0;) = Cézy
{ Je(0;) = =14 (3.14)

Case 2: § # 0.
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gk 3k
In this case N;; and N,; can be put into the forms

2k 3
Ni= %(5 — (0] — y;0F) — Ry, (3.12")
3 * k kB ’ o 0— v k ’ k "
N,;;= R}, — ady; R + 7(5 = 7)yib5 — 5 y;0; + B0 — v )viyiy". (3.13")
ok
These forms suggest to consider firstly the case when ¢ =’ Then N,;= 0 is equivalent

3k 2 k 3k
with Rfj = 0 and then N;;= 0 follows. Conversely, if 6 =+ and Rfj =0, both N;; and N,

vanish, hence N 57=0. For 0 =+, the almost complex structure J reduces to J, given by

- 15k ’ k) g
J(8;) = (—;51- + W%y )ak (3.15)

J5(0;) = (v0F + 4'y;y*) ok with v # 0

For v = —% (¢ #0) we get J.. Thus J, is included in the family of the almost complex
structures J,.

Summarizing the above analysis we obtain

Theorem 3.2. Let F™ = (M, F) be a Finsler space and let be H the horizontal dis-
tribution on ToyM defined by the nonlinear Cartan connection of F™. The almost complex
structures J., given by (3.15) are integrable if and only if the distribution H is integrable.

Remark 3.1. That .J; is integrable if and only if the distribution H is integrable follows

also from Proposition 3.3, Ch. VII of [1], noticing that for Finsler space G%, = G-
k

2
Now let us assume that ¢ # /. If N;;= 0, then R}, = %(5 — ) (yib} —y;0F) and R} =
k
3
%(5 — ) (yiy® — F25F). Inserting these in the equation N;;= 0, after some simplifications
we arrive at the condition

B +2)yd) + 0(aBF? = 1)y;67 + B(y = a)yiysy" = 0. (3.16)
Contracting it by %7, it results

[B(1+7%) + BF?(y — a)lyiy® + 6F* (apF? = 1)5f = 0.
Since rank(y;y*) = 1 and rank(6¥) = n, this equation holds if and only if we have

F*(y—a)+1++*=0,
{ afF? —1=0. (3.17)

This system together with (2.2) gives a system of four equations with the unknown
a, 3,7,9. It is compatible with the solutions

r 1 T2
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for I' = 4% + F?y + 1 and v a solution of the equation v + 2ty2 + v + 2t = 0, (t = 3F?).
But with this solution, (3.16) becomes yi(Fz(?;? — y;4%) = 0 which never holds. Thus the
only cases for IV 5 =0 are those found in the above.

4 The Kiahler condition VJ = 0

Now we search, among the Norden structures (f , @), for those that satisfy the condition
VJ = 0, where V denotes the Levi - Civita connection of G. They will called Kéahler -
Norden structures. B

To this aim we shall compute VJ in the adapted frame (9;, (’92)

Firstly, we write the equation defining V:

2G(VyV,W) =UG(V,W) + VGU,W) = WG(U,V) + G([U, V], W)—

_G([U7 W]a V) - G([M WL U)7 U7 ‘/7 W e X(TOM)
for U = 6;, 8.1-, V =94y, 3J—, W = g, ) in all needed combinations and we find

V(;i(‘):j = (FZ; + 29 g’]”h) 6]“ +p1]8k’
j = 59" i) O,

V.05 = 39" (Giny; = 9in) Ok

V0, = CE i,

Q
|
£

where

Ff = %g (8igin + 0;9in — Ongij); .

CE = 19" (9igin + 0i9in — Ongij) = 39" Digjn, (4.2)

Gij\k = 5k9w szgha ijghiv

P = 59" (Ruij — Ryir = Righ)s Ry i= Rijjgun.

We introduce also the notations

Lk FZZ 29 gz]Hha
ijz = 1] 29 gzhH]a . (43)
DY = 59" (ginyj — 9ij1n) Ok

and thus we get
V55—L 5k—|-p 8k, Vga—H 8k,

4.4
V5,05 —D O, V.05 = CLoy. (44)
Then we use (VyJ)V = VyJV — J(VyV),U,V € X(TyM) in order to find
(V5,J)85 = —ply Biy, + Al O,
(V&J)&‘J _Bk6k+Bhpm6k, (4.5)
(Valj)éj = —DM By, + UL Oy, :
(VyJ)0; = Vkak + BthBk,
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where we have put
E _ 5 Ak hrrk _ AkTh
Aij - 5“4]' + Aj Hy, — Ay Ly,

B{;j = @-Bj: + Bngi - fgﬂji, . (4.6)
Uz'j = (9114] + Aj Cih’ V;-j = aiBj — Cith'

Using A};leic = 75;» it comes out that Afj = A’fLBihSA;? and Uikj = A’,ﬁVZ’;Aj Thus we have
Lemma 4.1. Afj and ij stmultaneously vanish. So do Ui’; and V;’;
Based on (3.5) and Lemma 3.1 it follows

Theorem 4.1. V.J =0 if and only if

pk; =0,Df; =0,Af =0,U =0. (4.7)

Are the conditions (4.7) compatible? Recall that (J, @) is a Norden structure, that is
we have (2.2). We shall see that the answer is yes only for a class of very particular Finsler
space.

The equation UZE‘ = 0 is equivalent with the equation

o'yid® + Byiyy® + Baiy® + By;oF + aCl =0, (4.8)

because y"CE = 0.
In (4.8) we change i and j and subtract the obtained equation from (4.8). It results

(a = B)(yid} —y;0) = 0.
But yiéé-“ — yjéf never vanish. Hence, necessarily o’ = 3. Thus (4.8) takes the form

B(yi6y +y;0F) + Baijy* + Byiyy* + aC} (4.8")

We multiply this by 47 and we get
(28 + B'F?)yy* + BF25F = 0.

As rank(y;y*) = 1 and rank(6¥) = n, this equation hold if and only if 3 = 0. Returning
to (4.8"), we find that necessarily ij =0, (a #0).

The form of ij in (4.2) says us that if C’fj = 0, then the metrical tensor field (g;;) does
not depend on y. In the other words, the Finsler space F" reduces to a (pseudo-)Riemannian

one. In this case, the coefficients (N7) of the Cartan nonlinear connection given by (cf. (2.2),
Ch. VIIL, [1]):

i 1, i r, s
Nj(xvy) = iaj(’}/rs(x)y Y )a
reduce to 4 ,
N;(l‘7 y) = ,Y;'k:(x)yka
where (v}, (z)) are the Christoffel symbols constructed with (gq;(x)).
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kE _ .k ,h _ h k .
Then R}, = Thii Y and so Rp;j = Thriy", where ry Z.j(x) is the curvature tensor of

(9i5(x))-

The condition pi?j = 0 is equivalent with the equation
Ryij — Rjii — Rijr = 0.

This takes the form
Th kij — Th jik — Th ijk = 0,
and, by the Bianchi identity, it reduces to 1445 r = 0.
Thus the condition pf; = 0 holds if the (pseudo-)Riemannian metric (gi;(z)) is locally
flat.
The form of (N;(x,y)) says us that ij = ’yfj(:r) and then g;;, is nothing but the

covariant derivative of g;;(x), hence g;;, = 0. It follows ij = 0. We notice also that

LY =5, Hf; = 5. (4.9)

Using (4.9) one easily checks that Afj = 0. For 8 = 0 we have also § = 0 and from

o/ = it follows o = ¢(constant). Thus the almost product structure J reduces to J, given
by

. . 1
Je(0;) = c0;, Je(0;) = =6;. (4.10)
Summarizing up we have

Theorem 4.2. The only Kahler - Norden structures among the Norden structures (j, G)
are the pairs (J.,G), 0 # ¢ € R, and this only if the Finsler space F™ reduces to a locally
flat Riemannian space.

Corollary 4.1. Let (M, g) be a Riemannian space. The Norden structure (J,G) on TM
is Kdhler - Norden if and only if the Riemannian space (M, g) is locally flat.

The Theorem 4.2 gives merely a negative result: for a Finsler space F" no one of the
deformations J paired with G gives a Kéhler - Norden structure. The same holds if J are
paired with G.

References

[1] R. Miron, M. Anastasiei, The Geometry of Lagrange Spaces: Theory and Applications,
Kluwer Acad. Pub. FTPN 59, (1994).

[2] Zbigniew Olszak, On almost complex structures with Norden metrics on tangent bundles.
Period. Math. Hung. 51, No. 2, 59-74 (2005).






