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New Refinements of Cesaro’s Inequality

Mihaly BENCZE

Abstract. In this paper we present new refinements for the Cesaro’s inequality,
namely if a,b,¢ > 0 then (a +b) (b+ ¢) (c+ a) > 8abe.
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1 Main Results

Theorem 1. Ifz,y,z >0, n > 2 and

3n
1 1 1 1 &
Chnlz,y,2) = (" doy (z+y) + =/ 4yz (y+2) + - V4zzx (z—l—x)) ,
L V@+y) (y+2) (z+2) \3 3 3
then 8zyz < Cp (x,y,2) < (x +y) (y+ 2) (2 + ) and C,, > Cy, for alln >k > 2.
Proof.
2y 2z
= T +n—2
Z”’(+A3y:+):2nizf ' 2+Z_1'1“_“-1,S ety T obs =3,
cyclic r Yy o cyclic v y “ (n—2)—time cyclic "
therefore
Y Vdwy(w+y) <3Y(r+y)(y+2) (z+2)
cyclic
but
3" Wiwy (@ +y) > 3%/64a%222 (@ +y) (y + 2) (= + )
cyclic
SO

6422222 (x +y) (y + 2) (2 + o) < % Yo Viayr+y)(y+2) <V(w+y) (y+2) z+o)

cyclic
after simple computation we obtain the desired result.

Application 1.1. In all triangle ABC holds

105
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)
)
3) 8s%r < Cp, (1,74, 7e) < 45°R
)
)
)

8 A 4 B ;. C 4R
4) <O (tgg.tg5.tgs) < 48
A B 4

5 873 <C, (ctgf,ctgf,ctg%) < sz

2 . . . 2R—r)(s®+r>—8Rr)—2Rr?
6) 57z < Cn (sm2 g,st g,sm2 %) < (2R=r)(s 3T2R3 r)-2fr

2 3 2
7) 5oz < Cy (cos? 4, cos? B, cos? §) < BHAn As (2R47)

which are new refinements for Euler’s and Gerretsens inequalities.
Now, we introduce the following new means

1 1 .
Dy (x1,29,...,2,) = — Vrixoxs, Dy (T1,29,...,Ty) = — V Cm (z12223),
n 2n

cyclic cyclic
1 R n
Ds (x1,x2,...,2,) = o Z (@1 +x2) (watas) (x3txr), H(zy,29,...,2) = —,\
cyclic Z i
k=1

1 n
G(z1,m2,...,0y) = A(l'17l'2,...’,rn):—2xk
"=
and D; (1, T2,...,2,) = D‘( - 31[ - ) , for which we obtain the following refinements:
i\ z1 25 " Tn

Theorem 2.1. If x >0 (k=1,2,...,n) then
H<D3<Dyp <D <G<D <Dy<D3<A

for allm > 2 and if m > k > 2 then D' 2D§.
Proof. Using the Theorem 1 and the AM-GM inequality, we obtain

8
8r1xars < Chy (21,22, 23) < (21 + 22) (T2 + 23) (T3 + 21) < 7 (z1 + x5 + 23)°

or

(.’El —+ X9 —+ xg),

W Do

2otz < Y/ Cm (21,2, 23) < /(21 + 22) (T2 + 3) (3 + 1) <

therefore

n
1
G(xl,ﬂfg,-.-,l‘n) =" ]ka < ﬁ Z Jriroxs = Dy (1‘1,.132,...,3?”) <

cyclic

cyclic

1 1 .
<5 ZI VCm (1, w2, 05) = DY (1,00, am) <= Y Y (wr+m2) (ot a3) (w3 +21) =
cyclic
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1 T1 + T2 + T3
= D3 (r1,29,...,2p) < — Z —5 = A(xy, 29, .. xp).
cyclic
If in this chan of inequalities we take zp — o (k=1,2,...,n), then we obtain the

others inequalities.
Now, we introduce the following new means:

1 A
) = 5 H K C’I’n (.1'1,.’172,1)3),

D4 (.’131,.(1}2, N i)
cyclic

, L) = L H 3T\L/(l‘l + x2) (2 + 23) (23 + 1)

Ds (z1, 22, ...
cyclic
1 n
D (w1, 22, =3 I Vo2 +as
cyclic
and D; (21, 29,...,2,) = ﬁ (1 € {4,5,6}), for which we obtains the following
i H’E"”’E
new refinements:
,n) then

Theorem 2.2. If x>0 (k=1,2,...
H<Dg<D5s<Dy<G<Dy<D;5<Dg<A.

(1,22, 23) <

Proof. n 1
H.’L'k = H QS/"ElI'Q.’L'?, S H 5 y
k=1 cyclic cyclic
n n n
T2 I3 ( Z >
_ x| .

< H 1\3/(961—Hrz)(xz—va)(:rg—i—fm)S H nt 3

cyclic

IA

cyclic

Theorem 3. If x,y,z > 0, then
[) EEEEE) {(1 N

TYZz

2 2 2
z+y . ytz . ztx _
S (1) (14 52) 128

9) EHDHGTD) 5 1 (1 N 3@)2 i1(1e yjjf 10

TYZ +
Proof. (%er) >2\/7+2f0r\/a:+y+z)(
>

($+y)(y+Z)(Z+$) aty (z+y) (y+2) (2+2)
1+ >1+4+ Nk therefore e

We mtroduce the following notations:

Fi (x,y, 2) = xyz max <1—|—
) N

JTY

Py (z,y,2) = 3

2 2 2
x+y y+z z+x
- (1 (1 _
) 7( +\/yz> 7( +\/Zl’>} e

1z ((1+x+y>2+ <1+ %)2+ (1+ \/J;—;f) - Yz,
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so we have the following inequalities

8ryz < {F1(x,y,2); Fa (2,y,2)} < (x+y) (y+2) (2 + ).

Application 3.1. In all triangle ABC' holds
1) 32sRr < {Fi (a,b,c); F5 (a,b,¢)} < 2s (s> + 1 + 2Rr)

2) 8sr2 < {Fi(s—a,s—b,s—c);Fy(s—a,s—b,s—c)} <4sRr
3) 8.9 r <A{Fi (ra,r0,7¢); Fo (ra,7p,7¢)} < 45°R
) 5
)5
)3

S

<P (92,192, 199)  F, (192,192 ,tgS) } < 12
2 <{F (ctgy,ctgl, ctgS) (cth,ctQQ,ctgz)} < 4B

_ 2,2 _ 2
§{F1 (51112 A sin? B sin? Q) Fy (sm2 4 sin? £ sin? C) < (2R—r)(s*+r"~8Rr)~2Rr

Ot

< 1\0%‘0‘7

D

PR 2 2 20 2 } 32RY
2 A 2 B 2 C 2 A 2 B 2C (4R+r)°+s“(2R+r)
7) 555 < {F1 (cos 5,008 5, Cos 2) Fy (cos 5,C08* 5, Cos 2)} <

which are new refinements for Euler’s and Gerretsen’s inequalities.

%mm\

In following we introduce the new means

1

R(z1,22,...,2,) = o Z {\3/F1 (1,2, 73); Y/ Fy (5517562,563)}

cyclic

1 1 1

RS R

and R (z1,%2,...,T,) = R( L ) , then we have the following new refinements:

Theorem 4.1. Ifz, >0 (k=1,2,...,n) then H< D3 < R<D; <G<D; <R<
D3 < A.
Proof. Using the Theorem 3 and the AM-GM inequality, we obtain

212073 < {Q/F1 (1,22, 23); Q/Fz (351,5627153)} <

2
< i/(m +x2) (w2 + 3) (23 +21) < 3 (1,2, 23),
therefore
1
G (21,22, 2n) < D1 (21,22,...,7p) < o Z {i/Fl (21,22, 23); ¥/ Fa (I1,1‘2,$3)} =
cyclic

1
=R(x1,29,...,2,) < o Z f/(acl + x2) (22 +23) (3 +21) =

cyclic
= D3 (x1,29,...,2n) < A(x1,22,...,2,).

If 2p — 2~ (k=1,2,...,n) then holds the another inequalities:
Now we introduce the following new means:

1
D7($1,$27-~-,l’n)=§ 1T { R Fy (1,0, 23); X/ Fy $1>$2,$3)}

cyclic
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and Dy (z1,29,...,7,) = ) , for which we obtain the following new refine-

N S
1 1 1
T e

ments:

Theorem 4.2. Ifx;, >0 (k=1,2,...,n) then H < Dg < D5 < D; <G < D; < D5 <
Dg < A.

Theorem 5. If x,y,z >0, then (x+y)(y+2)(z+2x) >

> (2\/@+ (W)j <2\/y7+ (*@;ﬁ)Q) (2\/%+ (W)j > ayz.

Proof. [ (z+y)> ]I <2\/7+<f f) > (see [2]).

cyclic cyclic

Nt
If Ky (z,y,2) = [] (Z/xy + ( : 2‘/@) ), then we have the following
cyclic
Application 5.1. In all triangle ABC holds
1) 32sRr < K (a,b,¢) < 2s (s® + 1% + 2Rr)

2) 8sr2 < Ky (s —a,s—b,s —c) < 4sRr
3) 8s%r < Ky (rq,mp,7.) < 48°R
4) 8; < Kl (tggAatggatgg)CS 4(R4
5) 87 Kl (CtgfaCtggvctgj) < :ZR
. (2R—7)(s?4+r2—8Rr)—2Rr?
6) 2’}%2 < K; (Sln2 ‘;‘,sm2 g,st %) < (s T2R3 r)-2Rr
4R 2R
7) 5 < Ky ((3052 4 cos? %,cos2 g) < (4R+r)°+s*(2R4r) +T)d;§3( +r)
which are new reﬁnements for Euler’s and Gerretsen’s inequalities.
Now we introduce the following new mean: Ko(x1, X, ..., %,) = % Xl: Ky (21,20, x3)
cyclic
and Ko (z1,22,...,2,) = = ( — - ) for which we obtain the following refinements:
2 E7E7"'7E

Theorem 6.1. Ifz, >0 (k=1,2,...,n) then H< D3 < Ky < D; <G<D; <K<
D3 < A.

Proof. Using the Theorem 3 and the AM-GM inequality, we obtain G (z1,xa, ..., z,) <
Dy (z1,22,...,2,) < Ko (x1,22,...,2,) < Ds(x1,29,...,2,) < A(x1,22,...,2,). If in
this we take z — ﬁ, then we obtain the others inequalities.

Now, we introduce the following new means: Kj (21, 22,...,T,) = % 1T /Ky (21,22, 23)

cyclic

1 ) for which we obtain the following new refinements:

1 1

z1 0 Tg 0" ’»Ln

and K3 (11, 22,...,%,) = (

Theorem 6.2. Ifx;, >0 (k=1,2,...,n) then H < Dg < D5 < K3 <G < K3 < D5 <
Dg < A.

Theorem 7. If x,y,z > 0, then (x +y) (y + 2) (z + z) >

28xyz< (\/g\/[)>< (\/78\/1%5))<1+(\[8_\/7\f:)>28myz.
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Proof. [] (z+1)> II 2f(1+(€rﬂ ) (see [2]).

cyclic cyclic

_ (Vo-vm)® o
If P (x,y,2) = cyl}w 2./T <1 + 57y , then we have the following;:
Application 7.1. In all triangle ABC holds
1) 32sRr < P (a,b,c) < 2s (s> +r? + 2Rr)
2) 8sr2 < Py (s —a,s —b,s —c) < 4sRr
3) 85%r < Py (rq,p,7c) < 45°R
4) 5
) 5
)

00

o <P1(t927t92at92>§ iR
< Py (ctgg,ctgS,ctg$) < et
6 2R2 <P (sin2 %,sin2 ]23,81112 %) <

24 g2 B w
7) 2R2<P1 (cos? 4, cos? B cos? §) < 25T

which are new refinements for Euler’s and Gerretsen’s inequality.

Ut

3, ﬂ‘oo

(2R— r)(s +T278R7’) 2Rr?

Now, we introduce the following new mean Py (21, xa, ..., 2T,) = % S P (21,29, 23)

cyclic

1 ) for which we obtain the following refinements:

1
ETREP RS

and Py (z1,%9,...,Ty) = P(

Theorem 8.1. Ifz; >0 (k=1,2,...,n) then H< D3 < P, <D <G< Dy <P, <
D3 < A.
Proof. See the proof of Theorem 7.

Now, we introduce the following new means P (21,22, ..., Zn) = % T ¥/Pi(x1,29,23)
cyclic
and P (z1,22,...,2n) = - ( - 11 S ) for which we obtain the following refinements:
3\ zr0 350 e

Theorem 8.2. Ifz; >0 (k=1,2,...,n) then H < Dg < D5 < P3 <G < P3 < D5 <
Dg < A.

Conjecture 1. If z, >0 (k=1,2,...,n) then
(1 +22) (2 +23) .. (T + 1) < (21 +23) (T2 + 224) ... (T + 22) .

IfM(xayaz) € {Cn(x?z%z)yFl (xaywz);F? (Z‘,y,Z);Kl (Z‘,y,Z);Pl (xayvz);Ql (Z‘,y,Z)},
then we have the following

Conjecture 2. If x;, >0 (k=1,2,...,n) then

2onk< H \3/M l‘l,l‘g,l‘g Z‘1+$2 $2+$3)...($n+$1).

cyclic
n
Partial proof. The inequality 2" H xp < 1 M (21,9, 23) is immediately from
= cyclic
Theorems 1, 3, 5, 7 but from this theorems for the right side results olny [[ M (21,22, 23) <

cyclic

[T (z1+ 22)° (z1 + 23), we must prove that [] M (z1,20,23) < [ (214 22)°.

cyclic cyclic cyclic
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2 Extension to the convex functions

Theorem 9. If F: R — R is a convex function then

iF (n—1)ax) iF (ar) > (n—2) <ZF ar —nF( ))20,
k=1

where ap, € R (k=1,2,...,n) and S = ) ay.
k=1
Proof. We start with the generalized T. Popoviciu’s inequality (see [3])

;F% Vb n(n—2)F ( Zyk>_ n_le< (Zyz yk>>
gF@k)—iF(nl

k=1

> (n—2)iF<n11 (iyl—yk>> —n(n—Q)F(iiy;J —
k=1

or

i=1

S (S (o)) G2

because from Jensen’s inequality holds:

n 1 n 1 _Zn:lyi_yk 1
2 (e (G 2 m | B ) | - ()

k=1

Denote aj, = —— (Z Yi —yk> (k=1,2,...,n), then result > y; —yr = (n—1)ay and
i=1 i=1

Zyz: Zai7goyk: Zai_(n_1>ak (k:1,2,,n) and
i=1 i=1

i=1

zn:F (n—1)ay) zn:F (ak) (iF ar) —nF (Tllzn:ak>> >0
k=1 k=1

n

This is a refinement of inequality > F (S — (n — 1) ax) > >, F (ax) doe to M.S. Klamkin

k=1 k=1
(see [5]).

Application 9.1. If a;, >0 (k=1,2,...,n) and S= > ax, S>(n—1)ar (k=1,2,...,n)
k=1
1 n

n n—2
n n o Z ag n
then [[ar > ] (S—(n—1)ax) (<’“=1)> > [[ (S—(n—1)ag), which is a
k=1 k=1 a k=1

f=F
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refinement of inequality H ap > H (S — (n—1)ayg), doe to D.S. Mitrinovic and Adamovic
=1

k=1
(see [4]).

Proof. In Theorem 9, we take F'(z) = —Inz.

Application 9.2. (A refinement of Cesaro’s inequality for n variables). If z; > 0
(k=1,2,...,n) then

n(n—2)

n—1

HSUH- ATE 1+ T+ A Ty) > (n—1)" )
k=1

ka (iZ“ﬁ) > (n—l)onk
k=1 k=1 k=1

Proof. In Application 9.1 we take aj = S =tk (k=1,2,...,n), S = > x.

If Q1 (z,y,2) = 4/ 64zyz (I+y+z) , then we have the following

Application 9.3. If z,y,2 > 0, then 8zyz < Q1 (z,v,2) < (z+y) (y+2) (2 + 7).

Proof. In Application 9.1 we take n = 3.

Application 9.4. In all triangle ABC holds

1) 27 (s +r2 4+ QRT) > 512s%Rr

2) 3V3R > 2s

3) 2752 (s> + 12 + 2Rr)2 > 16 (s + 72 + 4Rr)’

4) 27s?R% > 4r (4R + 7’)

5) 27 (2R — r) (s + 2 — 8Rr) — 2Rr?)* > 819272 (2R — 1)’
6) 27 ((4R )+ 8?2 (2R + r))2 > 81925%R (4R + 1)°

which are new refinements of Euler’s and Gerretsen’s inequality.
Proof. In Application 9.1 we take

(29,2) € { (a,0,€)5 (5 = a5 = .5 = ) (has s ) (a0, 70)

A B C A B C
sin? =, sin® =, sin® — cos® =, cos® =, cos® — }
2 2 2 2’ 2’ 2

Now, we introduce the following means: Qs (x1,Z9,...,2,) = ﬁ?/@l (z1,22,23) and

Qg (21,79, ,2p) = ﬁ, for which we obtain the following refinements:
2\ 310350 T
Theorem 10. Ifx;, >0 (k=1,2,...,n) then H < D3 < Q2 < D; <G <Dy <Qs <
D; < A.

Proof. See the proof of Theorem 8.

Theorem 10. (A generalization of T. Popoviciu’s inequality). If f: A— R (A C R) is
a convex function, and x, € A (k=1,2,...,n), then

S @) +nn—2)f (;ka> > (-1 f (nil (Zx@-—xk».
k=1 k=1 k=1 =1
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Proof. We use the Hardy-Littlewood-Pélya’s inequality. Let be x; > 29 > --- > x,, or

n n n n
1 1 1 1
— (Z%—%) > (in—xn_l) > > (in—m) and x1 > - > x) >
i=1 i=1 i=1 k=1
Ty, therefore we have the following cases:
n
1) If 9 > % > xp > xo, then we take a; = x1,a0 = a3 = a4 = -+ = ap2_9py11 =
k=1
1 n
n Z zp and Ap2_2n42 = L2,0p2_2n43 = L3y, Ap2_2n4k = Lhky-- -3 Ap2_2n4n = Tn but
k=1
1 n
An2_2n4+n = OGp(n—-1) and by = by = -+ = b, = n_1 Zxk_xn ;bn = bn+1 =
k=1
1 n
= bn+(n—2) = -1 Z T — Tp—1 7~~~7bn2—2n+2 = bn2—2n+3 = = bn(n—l) =
k=1

ﬁ Zxk—xl) SO ay +ag +---+ap > by +by+ - +b, k€ {172,...7712—71—1}
k=1

and a1 +ag+ -+ ap2_p, =by + b2+ -+ b,2_,, therefore from Hardy-Littlewood-Pdlya’s
inequality, holds f (a1) + f(a2) + -+ f(apz_,) > f(b1) + f(b2) + -+ f(bp2_,,) and

n
from this result the desired inequality. In general case k.) we have xp > % 21331 > Tpal

1=

n
1
and we take a; = ¥1,a2 = Ta,...,Qx = Tp, Qg1 = pg2 = - = Qpgn2—n = 5 > Ti
i=1
Apgn?—ntl = Thtly - Qhgn?—nin = Thin,An2_p = Tp and by = by = -+ = b,y =
n n
1 1
1 (Z i xn) o = bpy1 = 0 = bongk—2 = 3 <Z Ti xn—l) soresbp2onio =
i=1 i=1
n
bp2_opig =" =by2_, = ﬁ > x; — a1 |, finally we obtain (like in case 1) the desired
i=1
inequality.

n
Application 10.1. If z; > 0, then H (x14+ a0+ Tho1 + g1+ -+ xy) >
k=1

n(n—2)

Proof. In Theorem 10 we take f (z) = —Inz.

Theorem 11. (A generalization of T. Popoviciu’s inequality). If f: A— R (k=1,2,...,n),
n n
then (n —2) > f(zr) +nf <71L > xk) >2 3 f(HTIJ)
k=1 k=1 1<i<j<n
Proof. By induction. For n = 3 we have the Popoviciu’s inequality (see [4]). We
suppose true for n — 1 so

@ @-9E fe)+o-0f(ZTa)z2 5 f(=4=)

k=1 1<i<j<n—1
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If we write all permutations of inequalities (*), then after addition we obtain

- Ti+x;
(n—3) (n—l)Zf(a:k) (n—1) Zf(n 1 (le—xk>>>2 (n—2) Z f( )
k=1 1<i<j<n
Using the inequality from Theorem 10, holds

(n=3)(n = 1)) flax)+(n-1) f(n_l(sz k>> (n=3)(n =1 f(x)+

k=1

(Zf zp) +n(n—2)f < Zxk» (n—2) <n—2 éf , —&-nf(:l;xk))

k=1

or after simplification (n —2) > f(zr) +nf (711 i $k> >2 Y f (m;z:) .
k=1 k=1

1<i<j<n

Application 11.1. If z; > 0, then

7L72 n nfl

I E (ka> <i¥k>— o (U )

1<i<j<n

This is a new refinement of Cesaro’s inequality.
Proof. From Theorem 11, we take f (x) = —Inz.

Theorem 12. If f: A — R (A C R) is a convex function, x; >0 (i=1,2,...,n) and
2<k<n-—1, then

-2 1 & it Ty T,
<Z—2>< —12”1 ”f(n;))” e

1<ip << <n

This inequality generalize the T. Popoviciu’s inequality and is doe to Stankovici (see [4]).
Proof. By induction. For n = 2 we have the T. Popoviciu’s inequality. We suppose

true for n — 1 so
n—1

<**>(Z_§)("““Zf<x» (n—l)f<n£12xi)>2k s p(mt)

i=1 1<ip << <n—1
We write all permutations of inequality (**) and after the addition holds:

n

(S G ) e vg(a (5e+))
>kZZf<x” +M)
ZZf(:cm +x”> (n—k sz<xpl +xpk>

but
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and

S (1 (S )

E )
D )

Jj=1

<n(n-2) <Z:§)f<iix> +<Z:§>if(zi)

=1

(See Theorem 10), so

and adding to this the identity

(Z:;)Wi(:lﬂx»—f(m) (o e e

=1

we obtain
m-1 (773 W,
(e (e A -
=n(n—k) <Z:§>f (ii};) + <(Z:;) (n_l)k(v:k_l) <Z:§>)i““)
(i) () = 5 ()

kn—k) Y f(W) <

1<i;<-<ip<n

<(n—k) <Z_§> (”f (;2%)) +Z_f2;f($i)

and after division by n — k we obtain the desired inequality.

Application 12.1. If z; >0 (i =1,2,...,n) and 2 < k <n — 1, then

o \EEn () o \BGED) n o\ 1
H (i + -+ myy,) > k() (H acl> (n ZCEZ> > (%) (H xl> .

1<iy <--<ip<n i=1

SO

This is a new generalization and a new refinement of Cesaro’s inequality.
Proof. In Theorem 12 we take f (z) = —Ina.
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3 Another refinements and generalizations

Theorem 13. If x,y,z > 0, then

3
VEE) 2 ) 4 ) () 2 g o+ V) VI ) (4 VEE ) 2

> 51 WE+vE) (Vi+VE) (VE+ V)" 2 oo (VaT + VE + Va) 2 .

3
Proof. 21 [] (z+y) = 27 £ty ( l+y> ( > $> iy >0,
1 cyclic

cyclic cy(,lzc cyclic
then 3 (z+y) > 2+ iy +y > 3 (Vi+ ) ete. LetbeA_f+\[+\f B =
VY + 9z + Ve, C = Jzyz. From Y a (VY — f) > 0 holds AB > 9C and from

cyclic
> (Vo - \/17)2 > 0 we have A2 > 3B, therefore 27 (AB — C)* > 27 (AB - éAB)2 =
cyclic
! 3
84282 > 64B% or 27 [[ (Va+ y)” > 64 ( > ,@) .
cyclic cyclic

Now we introduce the following new means

1
U1 (1‘1,1‘2, - ,xn) = % Z i/(zl + \/Tr1x0 + .Z‘Q) (JCQ + Vxox3 + .Ig) (Ig “+ /x3x1 + 1‘1),

cyclic

Us (o1, 2, ) = 3= 30 V(WAL + V) (Va2 + VE) (Vs + V)

cyclic
U3 (Il, Loy ,xn) = Z \V/L1T2
cyclic
and
Ui (x1,22,...,2p) = Wll) (i=1,2,3), for which we obtain the following re-
finements: R
Theorem 14.1. Ifx;, > 0 (k=1,2,...,n), then H < D3 < Uy, < Uy < U3 < Dy <

G<D <U3<U;<U; < D3 <A
Proof. See the proof of Theorem 8.

Now we introduce the following new means

1
Us(z1,22,...,20) = 3 1T 3T\L/\/Jlflzfz + V2w + /T34,

cyclic

Us (o122, oan) = 3 I WE + VB (VA2 + V) (VEs + V)

cyclic
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1
Us (1‘1,1}2, L 7.13”) = g Z 37\1/(1‘1 + V/T1x2 +.%‘2) (CCQ + \/T2x3 —|—J}3) (373 + /x371 +x1),

cyclic
Ui (21,00,...,2,) = m (i € {4,5,6}), for which we obtain the following re-
finements:

Theorem 14.2. Ifx;, > 0 (k=1,2,...,n), then H < Dg < D5 < Us < Us < Uy <
G<U<Us <Us < D5 < Dg <A

Theorem 15. Ifz;, >0 (k=1,2,...,n), then

(Zaﬁil) > () TL @t +an ) 2 T (@0 4 el 2o+ o+ mag 2 4 ah ) 2
k=1

cyclic cyclic

n

n n _ _

> (i) I @b = [y
k=1

cyclic

(A generalization of Cesaro’s inequality).
n
L " n—1, n—1
Proof. (%4 - ( > ) > (3)" I (57 +a37).
k=1 cyclic cyclic

Now, we prove the following inequalities:

xnfl _|_yn71 - l’n71+In72y+"'+0yn72+yn71 - (m+y)n—1
2 - n - 2

for all z,y > 0. For n = 2 and n = 3 its true. We suppose true for n — 2 and we prove for
n — 1. For this we starting from:

xn—2+xn—3y+__.+xyn—3_’_yn—2 $+y - .’E+y n—1
n—1 2 - 2

or

but this result from

wn—l +y7z—1 > xk’yn—l—k +$n—1—kyk
which is equivalent with (.Z'k — yk) (x”_l_k' — y”_l_k) > 0, where k € {1,2,...,n—1}.
If k € {1,2,...,n— 1}, then from pondered AM-GM inequality results that kz"~! +
(n—k)y"=t > (n—1)2¥y"~*. After addition we obtain:

xn—l +yn—1 - xn—l +xn—2y+ L. +xyn—2 +yn—1
2 - n '

Finally we have

n o o nfl_’_ n—1
(g) IT @t +as ) =n" ] %Z

cyclic cyclic
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> I] v +ai e+ a2 +af ) >
cyclic
n—1
T+ T2 . n \" n—1
w11 (™5 ) = (5)" T1 @+ 2o Lo
cyclic cyclic k=1

Now, we introduce the following new means:

—1
1 1 n n—1—1 i
) L —1 n—1
V1(I1,$27~-~,xn)=§ H Vi + 2, V2(.T1a$27--~71'n):ﬁ H \ E Tt wy
cyclic cyclic =0
n—1
n—1
V3 (21,29, ..., 2n) = o1 H ( bt ) ;
cyclic
Vi(x1,20,...,2,) = e R ] (i € {1,2,3}), then we obtain the following refinements:
i E?EV")H

Theorem 16. Ifz, >0 (k=1,2,...,n), then H <V, < Vo < V3 <G < V3 <V <
<A
Theorem 17. Ifx; >0 (i=1,2,...,n) and m,k € N*, then

1, 1 1 o 1 IPLA

i=1 cyclic k—1 mi+--+mp=m cyclic

Proof. In [6] and [7] is proved that

. L ) k m
mi my ]
%E: = m+k 1) E: Ly e Ty Z<k§:x1> )
i=1 k—1 mi+--+mr=m i=1
therefore
1 1 1< 1 1
- § m _ - § - § 2 - § : 2 : my my
n Z; n (k ) = n (m—i—k—l) Lyo e Ty >
i=1 cyclic i=1 cyclic k—1 mi+--+mp=m

—_

_% > (;ga)mzn >

cyclic

Now, we introduce the following new means:

1 1 1
W1($1,.’L‘2,...,St‘n):7 ZW Z (x;nllek)iz7

n
cyclic \ k—1 my+t-tmp=m
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N~—
I

k m
1 1 1
Wg(a?l,fl,‘g,...,xn):g E (/f E x{”) s Wg(.rl,l‘g,...,ain
1=1

cyclic

W; (z1,22,...,2,) = L ) (j € {1,2,3}), for which we obtain the following re-

Wj(ﬁéﬁ
finements:

Theorem 18.1. Ifz; > 0 (i=1,2,...,n), then H < W; < Wh < W3 < G < W3 <
Wy < Wy < A

Now, we introduce the following new means: Wy (21, z2,...,T,) =

Ws (21, 22,...,2,) = H <<m+1k—1) Z (xznlxglk)fn> 7

cyclic k—1 mi+-+mr=m

m

k -
We (21,22, 2a) = [] (;Zx> 7
1=1

cyclic

Wi (z1,22,...,2,) = L ) (j € {1,2,3}) for which we obtain the following re-

m

Tz ey

finements: (for the Cesaro’s inequality t0o0.)

Theorem 18.2. Ifz; >0 (i=1,2,...,n) and m,k € N* then H < Wy < W5 < Wg <
G<We <Ws <Wy <A

Conjecture 3. If f: A —- R (ACR)isconvex, z; € A (i=1,2,...,n),1 <k <mn,

then%éf(:ci)zﬁ > f(xl)f(l’k)Zf( _lx)

-1 ni+-+ng=n 7

3=

References

[1] M. Bencze, Inequalities (manuscript), 1982.

[2] M. Bencze, Transylvanian and International Hungarian Mathematical Competitions (in
Hungarian), Fulgur Kiadd, 2002, Brassé, pp. 184.

[3] M. Dinca and M. Bencze, A generalization of Tiberiu Popoviciu’s inequality, Octogon
Mathematical Magazine, Vol. 10, No. 2, October 2002, pp. 614-619.

[4] D. S. Mitrinovic, Analytic Inequalities, Springer-Verlag, Heidelberg, 1970, pp. 208-209.

[5] M. S. Klamkin, Extensions of on inequalities, Public. Elektrotechnik Ser. Mat. 7, 1996,
pp. 72-73.

[6] O. Bagdasar, About an Inequality, Octogon Mathematical Magazine, Vol. 11, No. 2,
October 2003, pp. 544-549.

[7] Octogon Mathematical Magazine (1993-2006).






