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THE LOCAL ISOMETRIC IMBEDDING IN R3 OF TWO-DIMENSIONAL RIEMANNIAN

MANIFOLDS WITH GAUSSIAN CURVATURE CHANGING SIGN ARBITRARILY

-
Werner Greub' and Dan Socolescu

1. GEOMETRIC PRELIMINARIES AND STATEMENT OF THE IMBEDDING PROBLEM

Let M be an oriented Riemannian two-dimensional manifold and
let ¢ + M+ R3 be locally an lsometric imbedding, i.e. having a
non-degenerate differential. Let Fe denote the criented plane in

33 given by

(1) X EM: F, = (d8) M,

where TxH is the tangent space. Then there is a unigue wvector

3 such that the oriented plane F, together with n(x) in-

nix) € R

duces the given orientation of R%. The correspondence x + nix)

determines a smooth map n : M = R> called the normal field of b.
Recall that the second fundamental form for # is the symmetric

tensor field of degree two on M given by
(2) Alx:h k) = -<(d¢) h,ldn) k> , x EM , h,k € T M .

<= ,.+> danotes here the scalar product in R3. Thus A determines a
selfadjoint tensor fleld I' of type (1,1), called the Weingarten
tensor, such that

(3) glxsr(x)h,k) = Alxsh,k) , x € M , h,k € TM ,
where g denotes the Riemannian metric. We note that ' is a Gauss-
Codazzi field, i.e., a selfadjoint tensor field of type (1,7} on a

Riemannian two-dimensional manifold satisfying (cf. [31)

(4) Ve (TH¥)) = V (r(X)) = FUIX,X]) , X,¥ € X(M) .
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Here [(M) is the ring of smooth functions on M, X(M) isg the I(M)}-
module of vector filelds on M. ?x denotes covariant differentiation
in the direction of the vector field X with respect to the corre-
sponding Levi-Ciwvitd connection, and [X,¥] is the Lie bracket of X
and ¥. Recall further that the mean curvature and the Gaussian
curvature of ¢ are defined by

(5) H=atcl ,
and respectively

(6] K=detT .
Let denote now

(7} 8=T=HI,

where I is the identity and, according to (5],
(3) tr 8= 0 .

Using the selfadjointness of [, from (7) we infer that 0o is self-
adjcint tco, and hence

s Hl Il I
By the Cayley-Hamilton theorem we get

(10) r2 - (trT)r + (detT) I =0,
and hence, by using (5}, (6) and (9),

(1) K =8 - (0% + v .

After these differential geometric preliminaries we are now
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able to translate the above local isometric imbedding problem,
where only a sufficiently small neighbourhood of an arbitrarily
chosen point *g € M has to be isometrically imbedded in Ra, into
the language of analysis. Let x1; xz. x3 be cartesian coordinates
(of a point x) in R3 and let uT, u2 be local coordinates (in a
neighbourhood N, of %x5) on M. Then the above local isometric prob-

lem is equivalent tc that of finding a solution to the system

(12) N, : 3 E“ia"i-g k,1 =1,2 , x = #lu)
- ¥ ¥ - [ Ll ¥
0 i=1 3gaul KL

where g, , are the cnaffician?s ﬂg the Riemannian metric g with
respect to the coordinates u ', u”,

As known (see [5], [8], [11]), the study of the nonlinear
first order system (12) depends essentially on the sign of the
corresponding Gaussian curvature K. The local isometric imbedding
problem has already been solved not only when Elxz) # 0, 1.e. in
the elliptic case {K{xui > 0) or in the hyparbolic one IK[xu] < Q)
(ef. [5], [81, [10]), but also when Kixgq) = 0, i,e. in the para-
bolic case, provided ?Htxul # 0 Isee [6], [9]).

In the present paper we are concerned with the above local
isometric imbedding problem in the case where K{xnj = 0, ?Ktxul 2 0.
The existence result we obtained (and anncunced in [4]1, [12]) is
based on a common work with W, H. Greub, who unfortunately died
prematurely. I am greatly indebted to him for introducing me to
this matter.

' Instead of studying the first order nonlinear system (12) we
shall study an equivalent one, derived as follows (cf. [2]):

Recall at first that an almost complex structure on M is a
tensor field J of type (1,1} such that Jz = =I, We note that a
Riemannian metric g on an oriented two-dimensional manifold de-

termines an almost complex structure given by
(13) glJX,¥) = ﬁH{x,YI o XX € XM

where ﬁH denotes the normed 2-form on M which represents the ori-
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entation, i.e. a volume form on M. A vector field 2 on M will be
called a Cauchy-Riemann field if, for every X € X (M),

(14) Jilz,%x]) = [2,3%] .

The local existence of non-trivial Cauchy-Riemann fields is
proved by the following

Propogition 1 [3]). Set z, EM and Let h € 1":1= M) Be & nonzeps
)

tangent vector., Then there L3 a Cauchy-Riemann field £ in =zome
netghbourhood ¥, of z, such that Zlz,) = h.

Let now e, # 0 be a Cauchy-Riemann field in a (simply connected)
neighbourhood Ny of a point X; € M and set e, = Jey . Using the
characterization of a Cauchy-Riemann field given by

Lemma 1 [3]. & vector field Z on M 8 a Cauchy-Riemann field if
and only If

(15} [2,J52] =0 ,

we infer that e, is again a Cauchy-Riemann field. Moreover, from
{13) and (14) it follows '

(16) leql = leg| » glegiey) =0, [eg,e5) =0 .
Thus @4+ ©; is an orthogonal frame field in Ny, called a Cauchy-

Riemann frame.. Next consider the dual frame e*‘. e*z. Thaﬁ

(17) de*! = 0 , ge*® = 0 .

Hence, for soms ui 3 E{Hn}, i=1,2,

(18) e* mgu” , 1 = 1,2 .
Since the covectors a*1tx] and E'zlx] are linearly independent,
it follows that the functions u1 and u2 are local coordinates in

a neighbourhood N1 c Hu of xu. In this local coordinate system
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the metric tensor satisfies q11 = gzﬂ, Tyy = 0 and so lu‘,uzj is
a system of isothermal parameters (see [3] for details).

Let now Xq F M and let 2, 5 be a Cauchy-Riemann frame in a
neighbourhood N, of Xy. From (7) and (9) it follows then

B{e1l = -UeT + vhz =
(19) M, =
Glell = Ve1 + UEE .

On the other hand, according to (4) and (7), the selfadjeoint,
trace free tensor field € has to satisfy the equation

(20) N ?xE[YJ = ?Yﬂ[x] + X(H)Y = YH)IX =84¢[X,X]) ,

78
¥ X, Y E XM .
Using now the formula ([3]

(21} ?x! = X{In|2|)2 - IX(1n|2Z|)32 , X € X(M) ,

characterizing those vector fields £ without zeros, which are
Cauchy-Riemann fields, and taking X = €, ¥ = 8,, from (19) we get

(22,) Ny @ T Oley) = Ll;e1 . ::‘az * Wy oy # 0T e,
(22,) Ny s Vg 0ley) = -:%-:1 + :_:iez R SURS
(234) ¥y @ ""'e1e'r * Va2 T %51 = :—zz“z '

(23,) Ny s Vg e veze.l = ﬁie‘ . -:-ETaz .

where G = ln|e1| = ln|e,|. Inserting (22,1, 122,), (23;) and (23,)
into (20) we obtain finally the following nonlinear first order
system of eguations
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ay v G aG 3H
—_— Eﬁ-U-E—TV*'—-—.r-ﬂ;
au1 auz du Ju did

(24) N1 :
3?1'3U2+23G2U4_2EG1?_BH:=U'
au du au au au

Conseguently we seek a solution (U,V,H) of (11) and (24).

Remark 1. de we skall see in Ssction 2, this eguivaelent formula-—
tion of the local isometriec imbedding problem is very convenient
tn the case where z, is a parabolic point (independently of the
vaniehtng or nonvantehing of ?xrxajj as well as in the case where
2, ig an alliptie point.

2. EXISTENCE OF A SOLUTION OF THE LOCAL ISOMETRIC IMBEDDING PROBLEM
IN THE CASE WHERE THE GAUSSIAN CURVATURE CHANGES SIGN ARBITRARILY

The existence of a solution to the guasilinear system (11) and
(24) is based on the theory of guasilinear accretive systems of
partlal differential eguations developed in [7]. In order to for-
mulate the existence theorem for the local isometric imbedding
problem we need the following results:

Definition 1 [7]. Let us eonsider the gudeilinear system of
eéquatione

2 i = % =
{25) £ A% (u,U)d lu + Bla,0) =0 ,
i=1 u
- & o ol T o8 R£
where U = (U, ¥,8) i the unknown vestor, U = Uful, u = fu",u") € %
A%fu,y), i=1,2, 18 a 3%3 symmetric matpiz, ¥ = fyz.ys.yll belongs
to some neighbourhood of the origin in Rz. Bfu,u) i8 a vector in HE.
With (25) we assoetate the following generaliseéd linear system
2 i 1 -
(26) LA (u,wid (U B (uwl U= flu,w ,
i=1 u ¥

where wiul) = fujfu},ma

fu},msfujj 8 a given vector function of
u € R belonging to the same neighbourhood of the origin in 7% as

y, and By(u,w), Flu,w) are respectively defined by



Waerner Greub and Dan Socolescu 13

[2?] E {i.'l. w} = {3;5‘11 [u.«h"Hy,w i j 1 2

(28) Elu,w) = Byiu,w] = Blu,w) .

Differentiating (26) s-times Formally, where s iz a given posi-
tive integer, we obtain again 2 first order system for the un-
known U and its derivatives DU, ! 3 |a| € a. The last system

can be erpressed in matrix form as

£ B
129) AT fu,w)a nY
1 1 u

ftsitu.wsr .

g Pu{u,wjﬁ“ + By(u,W%) 05 =

Hers EE w¥ and fral denote the vectors formed by taking 5 w
and [ and their distinet derivatives up to order & respactively.
4 Yfu,w) is the pxp matrz: formed by taking all thes diagonal ele-
ments to be equal to A°, and satting the non-diagonal elements
egual to zers, where

(30) p =3 [“;2] .

Tha pxp matriz B, depends only on u and w, while the pxp matriz
£, has the property to vanish when W° ie szero.
The linear syatem (28) ia said to be accrative in the genera-
lized sense if the pxp matriz Qfu,y), dhfined by
2 g
(31 Qlu,y) = Pylu,y) + Por (u,y) ~ £ 2 (A u,y)
. i=1 ol

where Ptrru,yl denotes the transpose matriz of P {u,y} ig uni-
Formly positive definite for all u € &% and all y Eytng in a

amall neighbourhood Ko, of radius 8, of the origin in s b s
P

(32) " L 1ﬂ1j[u;r}EiEj 2ylel? , vEERrP,
P

holds for some paaattua constant y which fg independent of u and
&y For all u € R and all y € HE = Hs
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The guasilinsar system (25) ig gaid to be aeoretive, if its az-
goctated linear system (28) is accretive in the generalized sense.

Existence thecorem:for the gquasilinear system (25) [7]. Lat = be
@ poaitive integer, @ > 2, and assume that the symmetric matriz A°
and the vedtor 3 poisess bounded continuous derivatives up to @
eartain order, specifically for € = 1,2,

a_3+2 i P
(33) nung 8, qugn € cp(R®xN,) , [a] + (8] 55,
[ sup L |nzq$ntu,yll 58y
uERz |a|+|B|g5+2
l¢] =<1 |a|ss
(34) -
sup E |D\E]:!f'r A‘l{u,yﬂ iC, .
uep? |=l+|8]ss
L lyl<
Assume furthermore that the pxp matriz Qgful := @lu,0) is positiva

definite, uniformly with respect to w € RS. Then there existe a
pogitive numbar n; suech that for any presapibsd ball B:, n o< Ny,

about the origin in the Sobolev space EarRzJ, there i a positive
number a = aln) sueh that for ||[B(+,0]]|, ¢ @, the quasilinear
aceretive system (25) possesses a unique solution u lying in H:.

We shall prove now the following

Existence theorem for the local isometric imbedding problem [4].
Suppose that the Gauseian curvature K of an oriented two-dimen-
gtonal manifold M is a ¢¥-funetion, 2 2 3, and that Krwaj =8
vxr:aj = 8, whape ®, E M; then the local isometric imbedding
problem (11) and (24) ean be solved in a neighbourhood N, of =, by

a Cn+a*l-ﬂuingartiu tengor field T, 0 < Xk = 1,
Proaf. Without loss of generality we choose H1 to be the disk

of radius £ and center Xg = {0,0), and introduce the new local
coordinates

(35) My 2 v ut e 1,2,

Taking now into account on one hand that the Gaussian curvature K
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and its gradient wanish at Xy OD the other hand that by Proposi-
tion 1 the function G = lnle,| = 1n’e2| can be taken to vanish at
Xg, we introduce also the new functions

-2 1 2

(36) N, ¢ Riv' w?) = ekl w?) , el vh) = el wd)

Using (35) and (36), we give the guasilinear system (11) and (24)
the eguivalent form

(37) N, : a's LUt 4 a3 LU + eCUY + €
v v

I35 = 0,

where U* = U¥*|v)] is the unknown vector in the new local coordinates,

(383 Ny ¢ Apg T Ajy TRy =0, Al =A) = AL, =Al =
Ajp = Aly =0,

(3853 Nyr AQy = ADy = A7, =A% =ad, - A3y =0, A, -
A§3 =<3 A%T “ ¥ r

(39) B, 8 Gy 23v1i ¢ Cpy = <Cyg s 2avz& -
C23-= g, CEI = ~U¥ c32 = =y* | QJJ = g% ,

(40) N, : p'=pZ=0,p®=-x.

1

In order to apply the above existence result we add the first two
scalar equations (317) to the third one and obtain the following
equivalent quasilinear system

27 N, : s 15*1‘ IFZ+§]325*+EEEI*+E}E-D -
v v
where
1 % .5l .5l -l of ool
(41,) i 0 B =By “ Ry = Mgy SRyy = ¥ By, 555 =
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Kyy = Ry =0,
. § sl _w2 =2 =3 -2 =2
(8150 By & Agy =893 S8sy 85 8y =0 wdiy =85,
=% (ErTer E
Mo = Ny =
el Ny ¢+ Byy =By =By3 =8y, =B,y =By =By, = Byy
=0, Won =2,
=Ty =0, Cqyq = =U% 3 2391 G, Cyy = =V* =
23 ,6 , Eaa = H* ,
v
(44) Ny: D' =0,B°=0,0 =-K.
Next we scale up (or down) U* and K such that
(45) min Kiv',v?) = -1,
N
4
and demand that U* satisfy the conditions
(46) U*(0,0) =1 , V¥(0,0) = 1 , H*(0,0) = vZ .

Taking account of (46) we introduce a new unknown E- = E'Iv].
such that

(47) Hy & U'tv) = O%(w) = 1 , V'(v) = V*(v) = 1 , H'|v)
= H¥(v) = 2 .
Using now the following

Extension theorem [13]. Let f be a scalar or vestor function
defined in the disk D(0,r) of centér 0 and radius v. Assume that
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f belongs to C°, s € Ny, in D(0,r) and |frv) - 2| % n there,
where ¢ Zs a eonstant. Then there ezists an extenstfon [ of f
frém Df0,p/8) to H"U', aueh thar

(48) £ec®RY , IE(v) ~¢| g1,

as well as (47), from (37') we obtain finally the following e-
gquivalent quasilinear first order system

(3741) r? B2 ,0' « (B + B3 ,0" + TO =-c’D-cE,
2
v v
where
3 = = - 5 =
(49) R™ : Cyq =Cyy = Znitvlav1 G+ nylv) E}1 = Can =
zn1‘v1av2u 2 €3 2 T3 =0, Gy = -2 ¢ 2n, (V)=
d 1 G - o', c32 = =2 -2n1|?]ﬂ 1G -y, EEJ =
v w
2VZ +H' ,
150) Re ; E“ﬂpﬁz'ﬂfﬁz""nﬂ”lnr
(51) R2: El=2n,v)2 .G, E® = ~2n,(v)3 .G , B3 =0 ,
1 i) 1 R,

for appropriately chosen E“*hunp functions ﬂ1{V]; Ny (¥, n1tn?}

[0,11, T'Iz'le.'l = [0,1], 1.e. for HE o H.I

1:‘“EH1- D,vEH1.
(52) RS+ ny(v) = ny(v) =

0, veERNN, , 1, v e RN,

and where 1111I. [412| and (42) are now valid in R;. It is a
straight forward calculus to show that the system (37'') satisfies
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the conditions (32), (33) and (34) for a suitably chasen neigh-
bourhood N, of the origin in Ri. However, since the matrix B is
no longer a symmetric one, we have to verify that the existence
theorem proved in [7] still holds. Fortunately, it does! Conse-
gquently there exists a unique solution g' of (37'") belonging to
a small bkall Eﬁ of HS{REI. provided ¢ is sufficiently small. Tak-
ing now into account the follewing

Sobolev: imbedding theorem [1]. Let A be a domain in &* having
the strong local Lipechitz property. Then A_(Q) ean be imbedded

conttnuously in EB-E'hrﬁl, Rl TR - S
the local existence of a Cs'z‘l-ﬂhingartan tensor field T' then
follows.

Remark 2, For the proof of (32) we need the positiveness of

9 ,G. For the sake of completeness we note that this condition

L
ean aluays be satisfied. Indeed, otherwise. we introdice & nev

Riemgnnian metric g on M by setting

(53) g = etg , A ELiM .

The corresponding Gaussian curvature K s then givenm by

(54) ePrgax s B

where ﬂﬁ denotes the Laplace-Beltrami operator with respect to
the meirie g. For an appropriate choice of ) the positivensss of

3 1 G then follows.
v
Final cbservations., 1) Since we do not use in the above proof

the vantshing or nonvanishing of VKfz,), the result we obtain
improves alas Lin's result in [2].

2) It ta easy to see also that the argument we wsed appliss with-
cut changes in the case where x, ta an elliptic point.
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