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On Solutions of Singularly Perturbed
Stochastic Volterra Equations

Marica Lewin

This note is based on the results obtained by C. Carduneanuy for the existence of a solution

for abstract singularly perturbed Volterra equations [2].

In [2] C. Corduneanu proved the existence of a solution for the abstract Volterra equation
sy =1ty . I

and for the singularly perturbed functional-differential equation
srolt) = —rift) + (Veg )O) . =50 , (2)

using the Schauder fixed point theorem in C ([0, T), ") and L? ([0, T], R")

l € p <30,

He also proved that the solutions of (2) are defined on intervals not depending on :. and
finally, that in some conditions, the solutions of the equation {2) make a compact family of
approximate solutions in C ([0.T], "), or L?{[0,T], B*) 1 < p < oo for the solution of

the equation (1).
In this note we try to prove a similar result for stochastic Volterra equations.

Usually, a growth condition and a Lipschitz condition on the coeficients ensure a strong

unigue solution for differential and integral stochastic equations.
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A growth condition, and the continuity of the coefficients with respect to r. ensite the

existence (without uniqueness) of a weak solution for stochastic equations,

By using the method employed by C. Corduneanu, the Schauder fixed point theorem., we
can prove the existence (without uniqueness) of a strong solution for a Volterra stochastic
equation without drift. We shall work in the real case, becayse in ", the problem may he

treated in the same way,

We consider the stochastic Volterra equation
i
|f‘“:|=fu k(t.;.m:s}) dw[sj 3 |,lif

where w(t) is a real Wiener process with respect to an increasing flow { F,)io of complete -

algebras on a complete probability space (Q, F, P), and k{t, s, 2] is a function. k-0 x B — .

where & = {[r.s,!. 0Sss<git< T} and A is the real line.

The integral of (3) is an It5 integral with respect to the Wiener process wi{t),

Let L3*(f2, F, P) be the space of real random variables r, such that Ex*w) < oo, where
Ex was denoted by the expectation of a random variable. A real stochastic process (random

function) z(t) is called progressively measurable, if for every ¢t = 0, z(!,w) is Fr-measurable.

Definition 1 A solution of (4] is understood to be a continuous progressively medsurable
process 1(t,w) satisfying (3) with probability I, for all t > 0, at once, t belonging to some

interval (0,T5] € [0,T].

A solution x(t) of (3] is called strong if for all t & [0, T, Fo < T': the process r(t) is

measurable with respect to F*, the P completion of the o-algebras,

a'{{u.. 0<s< t}.
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We also consider the one-dimensional singularly perturbed stochastic equation
[ 4
5&,{!}:-:,1:]+L l‘(!.d.:,[a]}dwlaj. >0 i)

with the initial condition

) = e f {31

A solution of (4) and {5) will be a stochastic process satisfying the equations (4) and
(5). with probability L for all ¢ > 0 at once, | belonging to some interval, and having the

properties mentioned in Definition |.

We denote by L}(Q.T) = L*([0.7]]. L*(.F. P)). the Hilbert space of all functions
r=z{t.w), t&][0.T], with values »(¢) being real random variables in L’fﬂ. F, F). which

fulfills the following assumptions:

for every t € [0.T], x(t)iz F}* measurable. (6)

T
j; Ez*(t)dt < oo, the integral with respect to ¢ {n

Jeing Lebesgue.

The topology of L’(ﬂ. T) is generated by the norm

I = fla= (f Eﬂut.;:d:)m

the integral being taken with respect to the Lebesgue measure.

We have the [ollowing:
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Theorem 1 Suppose

a) the function kit, s, ) 45 measurable with respect do afl (L8] 2 0. wnd

continuous with respect fo r £ R,
b) Forall (t.5) e A

IN(t.s. o) S Kale* + Ky . forallzeR
7
r) kl_ngL (L' Il'-'“'l‘l’l.-ﬂ.i']—'ﬁ.'l:l,xhr”i d';}d!zﬂ _for all e R

Then, the equation (3] has a strong solution on an inferval [0,Tp], 0< Ty < T, where

Ty does not depend on w.
Proof: Let {7 be the operator from L*(Q,T) to L%, T) defined by
B
- -
Uz /:1 K (¢.5,2(s)) du(s)

We show first that {7 is a linear compact operator from L3(Q.T) to LYQ, T).
We denote by 5 the unit sphere in L3*(0. T).

We see, that for every = belonging to 5, we get

I Uzt + k) — Ux{t) |l2

fT E(Ux(t +h) - crzm)’d:
i ]

2

[”T @ (.[uIH -"{f - h.ﬂ..l"f.\:l) tus) — .[: .{'(h sorls) rhr*r.ql)

Fa

2 fﬂ?’ E (j:+h L‘(f+ |||1-51.-r{5}:} dtufsl)

ol
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= 2 f: E [Lj {HF- + h.d.d.'l.ﬂ} - ﬂ'{ha.:{a]) dwi.ﬂ]-l

= 2‘_[: ft“* Ek(:-q-ﬁ.a._;;a;)‘dnzf LIE(.&{;+#.5.:;~}]

2
- k{!.s.r[s}]) dadt i)

The condition b) of the theorem ensures the existence of the expectation of k{l'. sl s}}.

when r € 5, and the Lebesgue integrability of EF{L a...r[&:l} . We applied also the properties

of the It6 integral.

The conditions a), b) and ¢} of the thearemn result in

-
lim [ E(Us(e+h) = Cr()) de =0 (9)

uniformly with respect to r € s,

The relation (9) and the condition b) of Thearem 1 leads to the compactness of [/, as an
operator from LT, ) to L*(T,0). On behalf of condition b), we get that the unit sphere
5 is taken into itself by the operator [/, provided we substitute to the space L3(D.T). the

corresponding space of restrictions of its functions to a subinterval [0, T3], T < T.

Now, by using the Schauder fixed point theorem [3] in L*{). T'), we obtain the existence
of a solution for the equation (3}, belonging to the space L*(f), Ty). The properties of the
[t integral imply that the solutions are continuous with probability | and so, for every
t € [0,To], (3) is satisfied w.p.l. The continuity w.p:l of the process x(t) results in the
fact that (i) is verified w.p.l for all # € [0.T;] at once. The way as we defined [*(0.T),

containing all the functions F* measurable, implies that x(t) is a strong solution on [0. T4).

Before studying the solution of (4) and (5] we need some auxiliary results,
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Let us consider the family of functions Glls)y=¢"1 upl[-;‘"f}. for t & Ay

£ >0, and ¢{t,¢) = 0 on the negative half axis.

The following properties of the family of functions defined above ate abvions:
#
£ L —expl—="4 te Rt
a) fa o(s,2)ds = L - exp(—=""1) €
3) b g =) f T
) I_JEEL ols.z)ds =1, for any T > 0,
T
7) lim [ @(s.e)ds =0, for 0 <6 < T (seef2] , [6]).

Due to the fact that the family of functions {éit.s] VoS ﬂ} satisfies the conditions a) .

3), %), we can say that this family provides an approrimate identity for the convolution on

any interval [0,T], T >0 (see [2] , [6]).

The perturbed equations (4) and (5) may be rewritten in the equivalent form
r(t)=e"% -i'u'f'j e / L, .r[u:l d'w[u:ld.s . 10a)
or using the above notations

T (t) =4 py +£ Oe(t — ) Uz{s) ds (10b)

Theorem 2 The perturbed equation ({) with the initial condition (3) has a strong solution
on interval [0,T,], [T. < T, if the conditions a). b), ¢) of the Theorem 1 are fulfilled.

Proof: We naotice that e~7 1z, converges to 0 in the norm of L*([0,T], R), as £ > 0, for any

19 € R, soet converges to (. also in the norm of £3(0, T'), Hence, without loss of generality



Slarica Lewin 59

we can suppose that for any 1y € A, P belongs to the unit sphere S of L4Q. T, for

s0Me £,

For a given 2 > 0, the operator Ve is defined as
¢
{L‘.:)m:jl; ot —s)(lalsdds . te[0.T] el

and 15 linear, compact, as an operator in L{Lifﬂ,ﬂ, L*{ILT]}.

In order to see that it suffices to point out that the convolution operator involved in
(11) is continuous from L*([0.T], R) in L*([0.T], R). Therefore, the convolution product

appearing in (11) defines a continuous, compact operator in L£3(0, T,

On behalf of condition {9) and the properties @), 4} and ) of function ¢,(t — 5), ane

sees also that a ball centered in e~ rg is taken into itself by the operator'V, provided we
substitute to the space L*(0, T} the corresponding space of restrictions of its functions to a
subinterval [0. T.]. Moreover. the intervals where the solutions r, are defined do not depend
on £, so we consider the solutions z. of Eqgs. (4) and (5) defined on the same interval, without

loss of generality, dencted by [0, Tgl.

Taking into account the property o) of the approximate identity we obtain for z, € 5:

| Ve [l2

j:- E [L= ot — 5] j: k[:s.ll. .r,it:j} d'w{u]d.s]z dt
f: /u: j: Ot — 3)@e(t —v) E(L‘ k (3. u, ry(u) duwg - j:’ k{u.u.r-{uldw,.n dsdvddt

f:‘ j: j: PP jl;minu.u! Ekfs,u,:,{u]) kv, u, £ (u) dudsdvdt
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1A,

[ -[ur f i e & f“mﬂ'-ﬂ (K1 + KyExt(u)) dudsdvdt

2

C/nr(f;m,{t—s;lda~Ltw-,“-nldu)&!5;f_". forallz>0 .

where by €’ we denoted a constant (see [1]). Sox. € §. forall e > 0. t€[0. Ty

Since 5 is closed and convex, we obtain by Schauder's fixed point theorem, the existence

of a solution =, on [0, Tg] for all = = 0,

The properties of the [to integral and function o.(t) imply that sach of the solutions r.(1)
is continuous with probability 1 on [0, Ty]. The continuity results in the fact that r. verifies
the equation (10) for all ¢ € [0,Ty) at once, w.p.1, so =,(t) satisfies all the requirements

stated in Definition 1. Theorem 2 is proved.

Since, in general. the solution of equation (3) is not unigue, we cannot expect z.(t) to
converge towards a limit as £ tends to 0. This seems to be very natural, if we also keep in

mind that the equations (4) and (3) do net necessarily enjoy uniqueness.

Actually, we shall prove that the set of solutions of (4} and (3), for £ > 0, constitutes a
compact set in L3(0), Tp), even in the case whére we consider all the solutions of (4) and. (5)

rorresponding Lo a given =. with the chosen initial value,

We denote by 4 = {x.. £ E}} the set of all solutions of (4) and (5), and for the
simplicity of notations, we do not mark the differences between the solutions corresponding

to the same =,

We now prove

Theorem 3 The sel A is relatively compact in the topology of L*(, Ty) and the limits of

its convergent subsequences are solutions of equation (3).
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Actually,
T 12
sup || z. [la= sup (f Elzets)|* da) <% . (12)
red sigAd o
hiecause &, (s) for all £ > 0, belongs to the tnit sphere. The second condition is also satisfed.

zelt +h) = 2(t) = (lr__':rﬂ To—€ J:u) + f:h olt+h—s) j: i‘fﬂ. . e u)) duwlu)ds

—./: a:(t = 2) j: k(s.u,.reltl]) dw(n)ds
=(* =) m+ fu* (Bult 4 h—s) = olt =) [ k(s u,z(u)) du(u)ds

+j,m bult +h — 3) fu' k(.1 ealu)) diofu)ds

Taking into account that all x.(¢) belong to the unit sphere S and condition (b) of Theorem 1

on k. we obtain

—iewlii

| et + h) = iec(t) Ja< j:" (:f - r,'f)l £t

+ [T E([ (ot + 8- 91 = 0ute =) j.ic(s.u,::.tu:l)dw{u}da)l -

T i+h I 2
+[ E (£ oult+h—s) - [ k(s z.fu) dm{u_]da) = B(h)
+C(h} + D(h)
Obvicusly Pfé Bih) =0, uniformly with respect to =,

et = FEU; [ (outt +h =) = ot =) (8t 4 h = 0) = il = )

U: k(u.:_.{u;}du-i i) - L" k(u.u,.r,{u])dm{u]) durfa] dt
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T 1 ]
= j; jn ju (@t +h = 5)— @t — &) (Bt + h — ) =@t — )
f:ﬂhﬂ Ek(s.uw.zolu) - k(v, u, 2,(u)) dudsdudi (13)

We used the properties of the [t integral and the Fabini theorem. So, taking into account

2, £ 5, and the growth condition b), we obtain

Ta rf
Cih) _‘EL fuful1¢,Et+ﬁ--al—m;i!—-:]H¢.{E+b—M—ﬁir{f—u]} (14)
min(s,e) To i :
j; (K + KaE230)) dudsdudcgc,fn O; ﬁ,[i+h—s}-¢,[!—s}da) dt

A simple calculation of the last integral leads to lin'é Clh) =0, uniformly with respect to =,

Similarly, we prove that
" i . Tu t+h I !.
11_% DEME,IE".,C‘]; U: ¢.{t+h—s,’|d’a) dt =10 , (15)

uniformly with respect to ¢. Hence, the set of solutions A is relatively compact in L*(0. T).

Mow, we shall prove that the limits of l:::;uv_ergeut subséquences of the set A are solutions

of equation (3).
Let {5.1} be a sequence of positive numbers such that £, — 0, on n — oo,

For each n, let x.,(t) be a solution of equation (10) with the specified initial condition.

defined on the interval [0, Ty] and such that || z., [1< 1 (2., € 5).

This fact means that r. (t) is continuous w.p.1 and satisfies w.p.1 the equation

tlt) = e Fzot [ ot = s.en) [ k(5,000 (w)) dufu)ds (16)
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We consider now a subsequence of r,, . denoted for the simplicity of netation. also by 1.,
convergent in L}, T;) to 2. The couvergence of &, (¢, w) w.p.l for almost all ¢ £ [0.T3].

and this implies that r, (t) converges in probability for every t £ [0, Ty] to z(t).
The continuity of & with respect to = implies that j: kit 2o, (2) dufs) converges in
£
probability to ]ﬂ ks, u, 2(u) diw(u) for every s € [0, To).

Now we can write

[ DlE— 3, =4) L. k(.s.u..r,._{u])da
_f ot — s, L,li(f (s ufr.:_{u}l) duwfu) — f' k(s,u.x{uj) dw[u'!) ds

+j @t — 4, 24) (f {3 i, .T{u'l} dt.u[u})

= B] (t)+ Bl (t)
Because o(t.<} provides an approximate identity for the convelution ([see [6]). we have

l].m B (1) —j [:t s z[a]} dw(s), w.p.l, foreveryi € [0, Ty

A simple calculation leads to the fact that BL converges to 0, when ¢, — 0 in L0, Tp).
This implies lim B] (t) = 0, in probability, for every t € [0,Ty). So, taking the limit in
probability for 2, — 0, in the equation (16), we obtain that z(t, u), the limit of {z,, } satisfies
with probability 1 the equation (3) for every ¢ € [0, Ty).

x(t,w) satisfying the equation (3), w.p.l, has a continuous version due to the continuity
of the Ité integral. So, we obtain the process r{t,w), satisfies w.p.1 equation (3) for all
t € [0, T z{t,w) is F* measurable, because z.,(t,w) is F* measurable, so conformably to

the Definition (1) «{t,w) is a solution of (3), and the theorem is proved,



62 Stochastic Volterra equations

Remark:

1. The problem could also be treated in C([D.T], L. F. P}) but the result would be the

same because we need only the convergence in probability of z,(s) for every 5 € [0. Ty|.

for the convergence of the [t8 integral,
2, The problem could be solved in [R™ in the same way,

4. We could extend the problem without difficulty to a Volterra operatar with stochastic
kernel.

Valt) =fkft, s 2(s,w), w) dwiw)

that is to the study of the squation
i
.rﬁi,..:j:f{t,.uj+£ k(b5 phs.whw) du(s) (17)

b The solutions which we obtained are strong, but theyv are defined on a smaller interval

than initial. The interval of existence does not depend on w,
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