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SOME OPEN PROBLEMS IN FIXED POINT THECRY
BY MEANS CF FIXED POINT STRUCTURES

Ipan A. Rus

ABSTRACT. The classical results of Darbo and Sadovskii proved
to be a fruitful scurce of inspiration for discoveries about fixed
point theary. Some abstract version of these resulis are given in
[42], [45]1, [4B6], [48] and [5C]. In this paper we present some
open problems, These problem= are formulated in the terms of Lhe
fixed polnt structures.
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1. INTRODUCTION. Fixed point theery is currently a very
active branch of mathematics, and there is a g:md reason to belive
that it will became even more active in the future Csee (541,
[37)}-L401, (201, [181, (300, [BB], (21, [8]1, [71, [93, (111, [13],
[24],...2. In the present paper we present a new direction of
research in the fixed point theery: fixed point structure thecry.

The notion "fixed point structure", which we gave in 1986
Cse= [42], [45]1, (46], (48] and (5013, i=s a generalization of zome
notion as "tLopological space with flxed point property" C(Brouwer,
Schauder, Tychonov,... (see (201, [211, [&31, [28], (301, [381,
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(111, is41, [881,...22, "ordered set with fixed point properiy"
CTarski, Bourbaki, Birkhoff,... Cse=s [37], E'.'-i.'[].d 4231, (811,
[541,...23, "mapping with flxed point property on family of set™
£Janes, de Blasi (see [45]1, [481, [471,...22, "object with lixed
point preoperty" CLawvere, Lambek, Rus,... Csee [40], [41], (11,
[(8), [32]1, [37), [55]+,.- 2D, "Fixed point structure” CMuenzenber-
ger-Smithson, Precup,.., (see [33], [358], (36133, In the papers
[42]=[4B]1, [48]1, [B0], we use the technique of Lhe fixed point
structure to give some new fixed point thecrems for single and
multivalued mappings. In this paper we present some cpen problems.
These problems are formulated in the terms of the fixed point
structures.
Throughout this paper we folleow terminologies and notations
in [45]. Here are some of Lhem
€12 PCe=(Y g X| ¥ =@,
MCYD:= (f| £: Y —Y a mapping?.
C2) For f: X —X,
ICfd:= (A & PCX2 | TCAD < A2,
Ff:= {x e X| f2 =22,
€33 For T, g: X —1,
Clf,gd:=s (x e X| L0 = glxdd,
£4) For CX.d) a metric space and f: X —X,
PbCX}:'-' {A = PCXD | &CAD ¢ +m,
P fX):i= (A ePCX)| A= A,
Pcpf.)t]: = {A e PCXD| A a compact setl,
IbCf]:S {A & ICED| &CAD £ +uk,
I €= CAaICE)]| A= Ar,
Icp":f‘}: = {A & ICf)| A a compact setl.
€S2 For CX.]*|? 2 Banach space and [: Y —,
chl.‘.'}{}ﬁt {A & PLX¥D | A a convex subset),

Fixed point theory
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ICVCf}:= {A & ICFf) | A a convex subset’,

2. FINED PCINT STRUCTURE. Feor the eonvenience of the reader,
we will recall seme fundamental notions which appear in the fixed
point structure theory (zee [42]1, [44]1, (4851, [48]1, [4810. We
begin with some definitions and sxamples.

Definition 2.1, A triple C(¥X,S,M is a fixed point structure
Coriefly, f.p.5.) if

cid X ls a nonempty set, S c PCX), S = O;

Ciid M: PCX2 — U MCYY, ¥ —oMCY) < YD, is 2 multi-

YePCX2

valued mapping, such that, if Z < ¥, Z= 0, then M(D > <{f - | T &
a MCYD, 2 = TCED):

€i1i) Every Y € 5 has the fixed point property Cbriefly,
f.p:p.d with respect to MCYD. '

Remark 2.1. Let X be a nonempty set and MCYD = MCY)Y for Yo X
The triple CX,5.M) which satisfies €iJ and €ii) in Definition 2.1,
we call weak fixed point structure Cbriefly, w.f.p.s.3. |
Now some examples of f.p.s.

Example 2.1. The trivial f.p.s. ¥ is a nonempty set,
S = {3 | € X» and MCYD = NCYD,

Example 2.2. The f.p,s. of contractions. (X.d) is a complete
metric space, 35 = FCI_C){J and MCYD) = 4f: Y —Y| £ a contraction}.

Example 2. 3. Fixed point structure of Brouwer-Schauder-
Tychonov. X is a locally convex linear topological space,
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= ] 2 2 CEN Yy,
s F:p,cvﬂj and MCY 5 (R
Example 2.4. Browder's fixed point structure. X is a Hilbert
space, S = F'b el ay-t2 and MCYD = (f: Y—¥| £ is nonexpnasive’.
Definition 2.2, Let X be a nonempty set, Z < PCX) and Z = .
A mapping 8: Z-——R_ has the intersection property if ‘fn s Z,

i : 5 = o

En+1 Fad 'fn. ne=Nand Lim ecrn- 0 implies ‘.t'm,= QNT“ z 9, Ym a 2
n+m n

and EC‘I‘m'J = 0,

Example 2.5. Let CX,d) be a complete metric space and

-l
]

=P X2. Then 8 = é is a mapping with intersection propertiy.

b.:lc
Example 2.6. Let (X.d) be a complete metric space and
=P £¥2. Then h

bB.cl .
a) @ = % CKuratowskil's measure of noncompactness) is a

=
I

mapping with intersection preoperty.
B2 8 = o CHausdorff's measure of noncompactness) is a
maipping with intersection property. '

Example 2.7 [44]. Let (X,d,%) be a convex metric space with
blclcxj —R_,
A—ssupldCa,A)| a € co A> {s a mapping with intersection property.

the property CC). Then the mapping 'GEL.: P

Definition 2.3, Let CX,S,M) be a fixed point structure,
a: 2—&E+ (5 22 c PCXI) and n: PCN) —PCX). The palr €8, is
compatible with CX,S,M> 1if

£ n is a closure operator, S ¢ D = 2, and
BCnCY2) = 8(Y2 for all Y € Z;

Ciid Y| YD =Y, Y c XX Nn (Y & Z) 8CYX = 0> ¢ S.
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Example 2.8. (X.5.M is the Schauder's f.p.s., Z = Pbl.‘.'}t}.

8 = a, and nCA) = co A.
Example 2.9. Let (X,d) be a complete metric space,
F'cpc:l[:h MY2D =4f: Y—Y| f is a contractive mapping?,

F.b(fﬂ. 8 =aKandﬂCAJ = A,

N0
o n

Definition 2.4. Let X be a nonempty set, Z < PCX), &: Z—R_
and p: R_—R_ a comparison function. a mapping f: ¥ —Y CY ¢ D
is a (8,p)-contraction if

Cid AsPCY) NZ implies fCAD & 2,

€113 BCfCA)) £ p(BCA), for all A = PCY) A 2 A ICED.

Definition 2.5. A mapping f: Y —Y is S-condensing if

€12 A eP(Y) n 2 implies fCAY = 2,

€112 6CfCAY) < 8CA), for all A € PCY) N Z n ICFY such that
BLA = 0O |

Remark 2.2. For some examples of (8-p)-contraction and
g-condensing mappings see [48]1, (481, (2], (8], [16), (18], [14].

3. INVARIANT SUBSETS AND FIXED POINTS. Our list of open
problems begins with

Problem 1. Let (X.S.M be a f.p.s. Y c X and f; ¥ —Y. The
problem is to investigate the existence of am invariant subset of

f, which is in S.

In this connection we have the following preliminary results
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Theorem 3.1, Let CX,S.M be a fixed point structures and
Ca,n) €8: Z—R_, n: PCXI —PCXD) a compatible pair with CX.5.M,
Let ¥ € nCD and [ e M(Y). We suppese Lhat

i) =8 oD has the intersection property,

€ii) f is a (8.p2-contraction.

Then

ca) ICfynsS =@,

Cb3 Ff. = 8,

e If Ff‘ e Z, then SCFf) =9,

Proof. Cad + (b), From the definitien of a (8,p)-coniraction,
Y e nCD implies fCY) € S. Let ‘fl = n(fCY)].....Yn = r_eCfCYn_lJ}.
neaehNN ILisclear that ¥ c¥Y, Y «eF and Y e ICf). Let
n n' n n n

'fm: =M ‘tn' We have

1l

ac‘..-:n} = pCE{‘fn_l')) £ .2 pnCE{TJJ —0 as n—sm.
Since 8: (D —R_ is a mapping with the intersection property, we
have that T:r.- = 8, ?m = 7l and 5EYm) = 0, These imply that

'fm e I(f2 NS, We have also that f ¥ = HCYME. Since CX.S.M is a
® .

f.p.s. we have Ff = g

Ce). From f‘CFf} = F,., wa have EEFf) = O *

£

Thecrem 3.2. Let (X,S,M be a f.p.s. and (8,9) (8: Z2—R ) a
compatible pair with (X,5,M. Let ¥ e n(D and f & MY). Ve
suppose Lhat

Ci) Ael, el imply AU (0 e Z and 8CA U () = BCAD,

€iid) f is 8-condenzing mapping.

Then

() Il nsS=@o,

(b2 F. =8,
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Ced If F, €« £, then ﬁ'iFf] Q.

i

Proof. Ca) + Cb), We need the follawing results

Lemma 3.1 Csee [45]12. Let X be a nonempty set, n: PRI —PCXD
a closure operater, ¥ = Fr; and £: ¥ —Y a mapping. Let Ac ¥ ba a
nonempLy subset of ¥, Then Lhere exists Aa c ¥, such that

A, 2 A, A & Fr,n n ICf) and anCAﬂ} v Aﬂ] - A,;,'

Now we prove (a) = (b). Let a & ¥ and A = {a¥. Then by the
above lemma, there exists Aﬂe Fnr'l ICf) such that rﬁfEAnJ}u {a>l=A.
But @ is S-condensing. Thus we have ﬁEan’CA!}) u .ﬁa} U €{ay) =
= E(r(ﬁa} W €axy = E(f{ﬁaJ} = S{ha). This implies ECAE‘} = 0. Thus

we have that A e I(f) NSand |, «MA>. Since ¢L.5.00 is a

A
L]

f.p.s., we have Ff 2 9,

Cecd. From fCFrJ = Ff. we have E(Ff)

0.

Remark 3.1. For more details about these results see [48] and
[48].

Remark 3.2. For the Problem 1 in the case of the trivial
f.p.s. see [47]. See alsec [48].

Remark 3.3. For the Problem 1 in the case of Lthe Schauder's
F.p.s. see [2]1, [4], (24].

4. COINCIDENCE THECRY. The following statment is a
J..nngst.anding t:on,ject.ﬁre in the fixed point theory

Schauder's conjecture (see [10]1, [17], [271, (341, [43],
[5213. Let Y be a closed, bounded convex set in a Banach space and
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f: Y —Y continuous mapping, Assume there exists an integer nﬂ =1
n :
such that f ° is compact. Then f has a fixed pocint.
Hore general we have

Horn's conjecture (see [27]1, [52], [48]). Let Y be a compact
convex subset of X and let f, g: ¥ —X be commuting continucus
mappings. Then CCf,g) = 8.

These give rise to

Problem 2. Which are the f.p.s., (X.S.M with the following

property
YeS f, geMi), f og=goef imply that CCT,gd = & ?

Problem 3, Let (X,5,M bBe a fixéd point structures, ¥ @ S,
'y g & M(Y), We suppose that f o g=gef. Estahl_l.:h conditions
en £ and g which imply that C(f,g) = @,

The following results are related to Lhese problems. .

Thecrem 4.1 CHorn [2713. If f, g € CCla,bl,[a,b]d and
fog=gef then CLf,g) = @

This theorem implies tLhat the Brouwer's f.p.s. on R is a
solution of the Problem 2.

Theorem 4.2 CRus [49]). The following statmenis are

equivalent:
€i) (Horn's conjecture) Let X be a Banach space, Y c X a
compact convex subset of X and f, g: Y—{ be commuting continuous
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mappings. Then this pair of mappings has at least a coincidence
point.
€i1) <CRus'conjecture) Let X be a Banach space, Y ¢ X a
bounded close convex subset of ¥ and f, g: Y —Y be commuting
continuous mappings. We suppose Lhat
ax[fcﬂ uglhAdd ¢ aK(AJ. V A= IC nifgd, such that atKCAJ 0,
Then CCf.g> = O.

Proof. It is clears that €li) # i), Thus we prove that
Ci) =» C1i), The proof follows fram

Lemma 4.1, Let X be a nonempty set, m: PFCXD) —PCX) a closure
operator, Y "Fn and f, g ¥ —Y such that f e g =g o . Let
Al c ¥, A, 2@ Then Lthere exists Aﬂ < ¥ such that An > hi.

1
A =F_nIlctfd) nitg) and nCfCAD U QLA UAD = A,
o n =] o

1 -]

Indeed., let A, = Ff‘ From a fixed point theorem for
aK—cnndensing mappings (see [41] we have Ff # @. From Lemma 4.1,
1 ﬁa L Fr_-ah ICTD N
r Ifg> and an(Aﬂ) u g{.hgl I .A.l.) =A_. From these we have axfha:)ﬂ.

Thus A = Fm nZ . Now the pair f, g: “.:, _”"‘n' satisfies the

Cwith # = cod, there exists A_ such Lhat A oA

conditions from Horn's conjecture,

Remark 4.1. For olher results in connection with Lhe= Problem
2 and Problem 3, see [26]1, (48], [52] and [55].

5. COMMON FIXED POINTS. There exist a lot of results on
common fixed point theory (see [20], [30], [37]-(38], (531, (541,
[568] and the papers cited therein). Some new problems, in Lhis
theory, can be formulated in the terms of the f.p.s. We start with
the following problem:
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Problem 4. Which are the f.p.s. (X.S, M, with the following

property
(c) ¥ & 8, f.geH(YJ.fog=gaf-:anFg=ﬁ'?

By definition a f.p.s. which satisfies the condition Ce) is
called f.p.s. with Lhe common fixed point property Cbriefly,
c.Fipup. .

Now, some examples of {.p.s., with c.f.p.p.

Example 5.1 (Huneke), X = R, S = (coCa.b>| a, b € B and
MCYD = {f € CLY.YD| £ s is full continuous for all subinterwval

J &Ny,

Example 5.2, Let X be a locally convex topological space,
S = Pip,eytX2 and WD = (f € CCY,YD| £ is an affin mapping.
Example 5.3 (Huneke). The Brouwer f.p.s. on R is not a f.p.s.
with e.f.p.p.

Example 5.4 (Tarski). C%,%) is a complete lattice,
S =« cX| €Y, is a complete lattice} and MCY) = (f: Y —Y|f is
an increasing mappimgX.

More general, we have

Lemma 5.1, Let (X,S,M bea f.p.s. If YeS, f & (D imply
Card Fr = ll trhﬂﬂ (H.S.lﬂ 15 Hith Lh‘ t.‘:.f'.p.p.

Lemma 5.2. Let CX.S,M be a fixed point structure. If ¥ e S,
[ e MCYY imply Ff € S, then CX,S,M is with the e.f.p.p.
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Proof. Let Y e Sand I, g & M(Y) such that f o g =g o .
Then Fr € [Cg). This implies Ff (a Fg = 0
Now we consider

Problem 5. Let (X.S.M be a f.p.5., €8, €8: Z—R_,
Sc 2 c PCX2) a compatible pair with CX,S,M), ¥ = n(D and
fv g € MY). We suppose that

(i fag=garf,

Cii) CX.S\M is a f.p.s. with ¢.f.p.p.
Establish conditions on f and g which imply that Ff n Fgl = 8.

In what follow we present some partial results for the

Problem 5. We hHave

L]
Theorem S.1. Let (X,5,M) be a f.p.s., with the c.f.p.p., and
ce.n) C8: Z—R_) a compatible pair with (X,S5,M. Let ¥ € ¢(D and

f, g  M(Y), We suppose that
il g "D has the intersection prap.nrty,

Cil) fag=gasf, _
€1ii) there exists a comparisen funct..‘:aln e R+—rE+ such that
SCLCAY L gCAY) £ plBCAD), for all A e ICf) n Ity n 2.
Then
F. mF_ a0

g

f
Proof. First we remark that f, g: Y —Y and fCYJ U gCY) < AcY
imply that A € ICf) n ICg). Now let ‘1'1: = plfCY) W glydd....,
Yn+1:= n(f(‘.t‘nj u gc‘fnﬂ. neN Itis clear that ‘fn e IC) n Icqd,
On the other hand we have
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E?('fnﬂj = E(n(!‘('fn) L gf'fn}]‘.! = E'Cff‘fn) J gCYn}] =

S YD 2,08 CBCY)Y) —0 as n—m,

From Ci) it follows that Y := nY =oand 8lY J = 0. We also have
- nel - @
nCYm3 = Tw and ‘.I!w e ICf) m ICg). These imply ?m & 5. But CX,35,M

is a f.p.s. with c.f.p.p. Hence, F_ n F.g = a

n+l
]

r

Remark 5.1. A pair, f, g, which satisfies the condition Ciii)
in the Theorem 5.1 is called (8,p)-contraction pair.

From the Theorem 5.1 we have

Theorem 5.2, Let X be a strictly convex Banach space,
Ye Fb.cl.cvcn and f, g: Y —Y Lwo nonexpansive mappings. We
suppose that
€iy fag=gerl,
Cii) the pair C(f.g) is an CaK.pJ—:nnLra::uan pair.
Then :
Ff. M Fg = 9

Proof, Let S:= Fcp cv(]{} and MCY2:= €f: T —Y| [ is a
nonexpansive mappingy. Then CX,S5,M is a f.p.s. with ¢.f.p.p. and
the pair Cay,&6) is a compatible pair with CX,S,M. The proof

folllows from the Theorem 5.1.

Theorem 5.3. Let (X,S, be a f.p.s. with the c.f.p.p. and
C8,m) (8: Z—R ) a compatible pair with CX,S,M. Let ¥ & n(D and
f., g € MY). We suppose Lhat

i) xe¥, AeZimply AU {30 = Z and 8CA U (33) = BCAD,

Ciid) fog=got, .

C11id 8CICAY U glld) ¢ 8CA), for all A = ICf) n ICg n 2,
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such that 8CAY = 0,

Then
F.NnF =8
I =]

Proof. The proof foolows from Lemma 4.1. See Lthe prooef of the
Thecrem 4. 2. )

Remark 5.2. A pair, f, g, which satisfies the condition Ciii)
in the Theorem 5.3, iz called S-condensing pair.

Remark 5,3. For other results in connection with the Problem
4 and Problem 5 see [18], [201, (241, (301, [371, [38], [47]1, [54]
and [56].

6. INVOLUTICONS AND FIXED PCINTS. Let X be a nonempty seb. A
mapping f: X —X is an involution if there exists n &N, n 2 1,
such that " = II' Very little is known about the fixed points of
the involutions (see [22], [37), [38], [39],...2. In th.i.s

connection the following problem may be of Lnterest.

*Problem 6. Let CX,S,M) be a f.p.s. and { € MCX2, an
involution of order n. When deces there exists Y < X such that

YuftH u..ut" ey es 2

For example, let (R,S.,M) be the Brouwer f.p.s. en R, i.e.
S = {cofa,b>| a, b & B¥, and MCY) = CCY,¥D. In this case, if
¥ = colu, £00Y, x € R, them ¥ U £CYI U...U 7 2CY) e S. On the
other hand ¥ U Y w, ..U f‘n_lt‘:'] e ILf). Thus we have the
following results: Every econtinucus invelution, F: R—R, has at

least a fixed point.
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7. RETRACTIBLE MAPPINGS. Let X be a nonempity set and ¥ < X.

A mapping p: X —Y is called a retraction of X onto ¥ if o i IY'
A mapping f: ¥ —X is retractible by means of a retraction
ar X — if F‘f = qu!" Here are some sxamples.

Example 7.1 C(Poincar#, Behl, Leray-Schauder). Let X be a
Banach space and Y = BCO,RY < X. If f: BCO:R) —sX is such that
I¢] = R, fCx = Ax implies X £ 1, then f is retractible onto
BCO;R) with respect to the radial retractien
X If x e BCO;R

p: X —BO;RY, x—s B
-";[i- if x = XNBCO;RD.

Example 7.2 CAltman). Let X be a Banach and f: X —i a
quasibounded mapping with [f| ¢ 1. Then there exists R > O such

that f : BCO;R) —X is retractible with respe-ct. to the
BCoO.®

radial retractien, g: X —BCO;R).

Problem 7. Let CX,S.M be a f.p.s. and (8, (8: Z—R) a
compatible pair with (X.S.,M. Let ¥ € n(2 and f: Y —¥ a mapping.
¥hen does there exist a retraction g X —Y such that pof & MCYD 2

In connection with this problem we have Csee alse (121, [311,
[43]. (461, [481,...2:

Thecrem 7.1. Let CX,S,M be a f.p.s. and (8,n) a compatible
pair with CX,S.,MD. Let Y & n(D, f: ¥ —X a mapping and p: X —Y a
retraction. We suppose that

£y @ wD is a mapping with the intersection property,
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€ii) f is a strong C8,¢)-contract on,

€iil2 £ is retractible ente ¥ by o and g o . f & MCYD,

£ivd pis (8,a0-Lipsechitz,

€v) Lthe function ap is a comparison function.

Then, F, # @ and if Fo & Z. then 8CF = 0.

Froof. From the conditieons Cii}, Civd and Cv),. the mapping
geaof: Y—Y is a strong (8,ap)-contraction, i.=.,

#CCp o FICAIY £ apl8CAdD, for all A @ PCYD n 2,

By the Theorem 3.1 it follews that F'm # @ From the condition

f
Ciiid it follows that F. # @. From I‘EFf) = F. and the condition

f 2
Ciid, we have ECFFJ = 0,

From the Thecrem 7.1, we have

Theorem 7.2. Let X a Banach space and f: BCO;R) —X a
continuous mapping. We suppese that -

(i) f is a strong Eax.ph-cnn*.'ractinn. :

€ii> f is a retractible by means of radial retraction.

Then F'f # @ and nKCFrE = 0.

Proof, We take (X,S,M) the Schauder's f.p.s., 8 = % and’
nCY) = co Y.

Theorem 7.3. Let CX.S.M) be a fixed point structure and (8,7
a compatible pair with (X,S5,M. Let ¥ & (2, f: Y —K a mapping
and p: X —1 a retraction.

We suppose that

i Ael, xeY imply AU {0 € Z and 8CA U (20D = BCA,

Ciiy f is a strong 8-condensing mapping,

€iiid f is retractible onte ¥ by pand po f &€ MCYD,
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€iv) p is a strong €8,1)-contraction.

Then F!‘ # P and Lf Ff € Z, then E'CF'I.} = 0,

Proof. From Ciil and Civ), the mapping p'b f: ¥—Y ig a
strong -condensing. By the Thecrem 3.2, Fpof # @. From the
retractibllity of £ {t follows that Ff. # @ From fCFr'J = I-"f. we
have &CFf'J = 0.

Eemark 7.1. For seme resulls in connection with the above
results see: [2], (8], (121, [18]1, [20), [43), [48], [48].

8. CATEGORICAL POINT OF VIEW. Let ¥ be a category and
A, Bech 8 A morfismf e CA.A)H has the f.p.p, if there exists a
morfism g = CE.BE such that f o g =g o f. An cbject A = ob ¥ has
the f.p.p. if each = CA.AJH has the f.p.p. (see [31]1, [33],
[34]).

Problem 8. Study the Problem 1-7 from a categorical point of
view,

Remark B.1. For some results in this direction see [11, [25],
[281, (32), (331, [34] and [48]. -
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