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Unsymmetrical Distributions for Quality Control
CONSTANTIN ANGHEL

The use of the normal distribution for quality control is well known. This distribution cannot be
used for evaluating non-symmetnic collectives. For monitoring such processes can be used
(among other) models as: folded normal distribution (one dimensional unsymmetry) and
genaralized Rayleigh distribution (two dimensional unsymmetry). This paper concentrates the
results of these distributions for use to process capability and quality control study,

Folded mormal distribution, [1],[2],[5].[6].[8] Measurements are frequently recorded
without their algebraic sign. As a consequence, the underlying distribution of measurements is
replaced by a distribution of absolute measurements by folding the negative side of the
distribution onto the positive side. When the underling distribution (of the algebraic values) is
normal, the new distribution is called folded normal distribution and is obtained by folding
the normal density

fly) = mrz—,r*{%""””“ (1)
at the Null-point. We get ﬁ:rxf|y| the probability density function
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and the distribution function
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where @ is the standardized form of the normal distribution function,
For p=0 and o=1 we get

fi(x)=2 @(x), x 20

Fi(x}=2 (®(x) - 0.5)

For the mean value and standard deviation we have
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One can solve the equation
oy pty =0+l )

for estimates of p and o
For p, and o, we use the unbiased statistics
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normal distribution (a). Table | gives statistical values for the folded normal distribution.
The epk-value will be calculated as follows

sk
Epk‘;“l-p (6)
where p is part of the distribution outer tolerance and u the normal-quantile.
Example Table 2 gives the measurements with and without algebraic sign. Figure 2 gives the
evaluation of measurements with algebraic sign and Figure 3 the evaluation of absolute
measurements.

Excentric Rayleigh distribution, [1],[2],[61.[9] A two-dimensional unsymmetry is a vector v
which is given by the components (x.y) or by (x,, @) where

x, =x"+)" and p=arcigy/x)

To find the distribution of x,wemppuuﬁmthnxmdyuenmnuld:mﬂmndwuhp-ﬂ
ad o, =g, =0

The probability function of v is
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The probabilty density function of x, is
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and the distribution function
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For the case with excentricity

*B
we have
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The density function for xg is
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and the distribution function
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For the mean value and the standard deviation we have
#{, =E[X']=J¥f.{xm
]

' = E[[X—,uﬁ }’]:a‘ +20" -,

One can solve the equation

g, vu=a'+ o (1)
to estimate g and o

For u, mdaﬁmvﬂidmemmmuﬁrﬂmfnldaﬂmmuldhuﬂamim[ﬂﬁmm4

shows excentric Rayleigh distributions for some values of a/g. Table 3 gives the statistical
values of the excentric Rayleigh distribution.
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Example Table 4 gives the (x.y)- and xg-measurements. Figure 5 shows the corresponding
distributions of the components. Figure & and 7 give the evaluations of x-and y-measurements
as normal distributions and Figure 8 the evaluation of xg-measurements as excentric Rayleigh-
distribution.

Control Charts, [3],[4],[7]. To assert something about the capability of one process of such
unsymmetric variable we need information about the stability of the process with regards to
median and dispersion. For this we ‘Il define median- and range-charts for the folded normal
distribution and for the excentric Rayleigh distribution To define such charts we need the
theory of order statistics For X|.X7,..X; n independent variates, each with distribution
funetion F{x), the density function of the k-order statistic h’;kj is

at - L
Pt{I} WI—HF f.t}'[] a"{r}] f'fl'} {12}
and the distribution function
DQ.(x)=P(X,, <=x) (13)

The joint density function of X(r) and X(5), | <=r<=s<=n s
@ (e ) =CF () [ (D[ FO) - Flo)]™ fO1-Em]™ (14)
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Median-Chart. For n=2k+1, f"‘[kﬂ]- The distnbution function of ¥ is

F (x)1-F(x)]™

Flx)=®,.,(x)= E”{" i = Foa]™ =1- E”{ i

=l-H{g:n—-kk+1)=H{l-g.k+L.n—k) (15)

q=1-F(x), p=1-q

F is the distribution function of the folded normal distribution or excentric Rayleigh distribution
and H is the B-distribution function.

From the Equations

/2 =H(l-g;k+1,n-k)

1-a/2 = H(1-gk+1,n-k)

we get for 0t=0.05 and a=0.01 the limits of £-Chart.

(16)
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Forn=2k, f_—;[fu. + X))

With V= %, We BEL w=t=y/2Z The joint density function Dfx(k] and Xk+1) is
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With X+ 1) = v=X{)) >= %) the density function of v is
wl
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and the distribution function
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With s=y-2x we get
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and for w=v/2

HI(2)=Plw<=2)= P{v<=22)=H!(2z) (20)
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also

E(z) =—%' Feafo{i- Fz-o] ~[1-Fx] e @1

fand F are the density function and the distribution function of the folded normal distribution
or the excentric Rayleigh distribution. The 0.005-, 0.025-,0.5-,0.975-,0.995-Quantiles give the
standard limits and the standard meanline of the £-chart Tables 5-7 give the model and the
coefficients for calculation of these quantles. The multiplication with o leads to the real limits.

Range-Chart. The distribution function of the range R=Max-Min=x(n)-%{1) is
m-l

H,(r) =f fx)[F(x+r)-Fix)] ax (22)

fund F are the density function and the distribution fimction of the folded normal distribution
or excentric Rayleigh distribution. Tables 8 and 9 give the model and the coefficients for the
calculation of the standard quantiles of the distribution function H The multiplication with o
leads to the real limits: (For the complete list of the tables please contact the author).

Examples. The measurements from a folded normal distributed collective (u=0.829, o=1.113 )
are in the Table 10 and Fig. 9 shows the £ — R-chart. Table 11 gives the measurements from a
excentric Rayleigh distributed collective (a=2.909, 0=3.232) and Fig. 10 the ¥ - R-chart.
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Median-chart (folded normal distribution) n=2

Mu = juh + l'.‘.-ld'

Quantile a b ] d
0,005 001136 4 33508 001451 063829
0025 003116 403217 02412 051118
0.3 071814 123445 054863 0.50362
1,975 [&5326 47231 213006 00016
(1995 192374 1. 34548 10017 064411
Table 3

Median-chart (folded normal distribution)

Modell ; ax™ + bx” +cx= +dx + &
n a b e d
1 [,00000 005739 0,02879 D037 0.06037
4 -0,04350 17653 0. 33489 0, 19107 0.08707
3 004873 1.30505 -0, 36814 018288 0.08986
[ -L4459 025770 022214 010915 014582
1 -.04958 028347 (26043 i, 12364 014034
L 004373 023437 13831 0.06809 0,1 8464

Table &: 0.005-Duantiles

n a ] € d
3 ,01688 0.24720 0,32230 0,35020
k] ,02016- 027620 A1L26970 (. 36050
4 A,01953 015920 A1, | 5080 044070
5 1,02007 0.26310 0,15030 043550
] A, 01972 (125430 ALES1 110 {1 50440
7 001991 0.25540 -0,08%00 0.50130
B 0,01 958 0. 24880 A1, 04950 0.55290
Tahle 7: 0.005-Ouantiles
R-chart (fol ibution) u/og <32
Modell : ax? + bxd v exl +dn+e
n 8 ] € d
H 0, 00004 0,00137 [0,00393 -,000358 L.00447
3 (0,001 16 LLEI6FT 007193 A.01334 0.06912
4 (.0657 LLOR733 020872 A,04294 0,17914
5 0.01529 <1, | 6210 00,356532 0,07730 0,29400
f 002393 «0,23154 11, 50676 00, 10770 0,40020
T 0,03055 <1, 28803 0,62373 A,13117 049505
[] 1,03435 0,32789 1,71293 0, | 4854 057904
Tahle & 0.005-Cuantiles
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Measurements (Tolded normal distribution)
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0,322 | 0,152 | 0,783 | 1.9 | 2608 | 1,533 | 0,998 | 1.277 | 1643 | 0,604 | 2,352 | 0178 | 0.996
D28 | 0,653 | 3136 | 0,086 | 107 | 2373 | 1013 | 082 | L.ib6 | 0920 | 0.064 | 2039 | 0.149
1863 | 1.832 | 2610 | 2525 | 1116 | I.755 | 1427 | 2.853 | 0.398 | 2.589 | 1807 | 0.o86 | 1379

Tahle 10 --

| e | et | B | | =

Measurements (excentric Rayleigh distribution)
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Frgure 4, Tac. Rieyleigh density for s/sigma—values
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Flgure 5. x=,y-components
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Figure 1. Mormal- &Falded Normal-diztribution
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Unsymmetrical distributions
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Figure 18, ¥-R-Chart (Exc. Rayleigh distribution)



