LIBERTAS MATHEMATICA, VOL. XIV (1984}

ON WERKLY BOOLEAN GROUP RINGS

W.B. Vasantha Kandasany,

#.I., Ursul in [1] has analyzed weakly Boolean rincs
topological sense. In this note we apply the algsbraic aspect of
it to group rings and cbtzin conditions undsr which & group ¥ing
is & weakly Haslean ring:

pefinitien 1. & group ring KG (or RG) of a group G ovar =z fisld K
(or. over a ring R) is said ts be weakly Boolean 1f for svsty XeRG
{or KG) there exists & natural number n{z)> 1 with V(2 = g,

Lemma 2. Every findite field Fy of charactsristic p, » a £¥igs D>l
is weakly Boolean.

Proof. Since w2 are given F, is a finite field we have fcr every
¥eF, thers sxists a natural integer n » 1 with x® = x. for
atherwisa it would contradict the fact FP is finite. Henca Fy is
Wea¥ly Boolean.

Remark. From the above lemma we see the class of weakly Boolsan

vings is non enpty.

Example 1. let Z, = (0,1) be a fisld of characteristic tso-and G
= <glg® = 1> clearly 2,6 = {0,1,4,92, 1+q, 1+g?, g+g®, 1=y+¢?} is

weakly Zoolean.

Example 2. Let G = <g|g? = 1> and Z, = (0,1}, Clearly 2,3 is not
weakly Bcolean.

Theoram 3. Let Z. = (0,1) AeA = zglg = 1a-gRan tha grsun =ing

Za3 Is not vssRly Soslazhn



- Weakly boolean rings

Proof. Take 1:g” e Z,6: Clearly (14¢™M2 = g, Thus Z;GC is not
weakly Boolean,

Theorem 4. A finite ring R is weakly Boolean if and only if B has
no nilpotent slements.

Proof. If R has no nilpotent elemsnts using the fact R is a
finite ring we have for every xeR there exists an intege- n such
that %™ = x; thus R i= weakly Boolean. Conversely givan R is
weakly Boolean we have for every x¢R x" = x so R cannct contain
nilpotent elements.

Theorem 5. L2t Z, = (0,1) and G = <g|g” = 1> n an odd nunber.
Then Z,G is weakly Boolean,

Proof. Clearly Z, G has no non zero nilpotent elements 2s (2,n) =
1. Thus by theoram 4 2,6 is weakly Boolean.

Theorem 6. Let C be a torsion free group and K any field. K& the
group ring of G over K is not weakly Boolean.

Froof. Clearly G = G.1 € KG: since G is torsion free for every
geG ws have gl + 1 for any finite integer n. Hence XKc is not
wzakly Boolean.

Theoram 7, Lét Z; = (0,1) and 5, be the symmetric group sf degree
n. Clearly Z,5, is not weakly Boolean.

PEogf, Taks & = 14 /1 23 ... 4 e F nes n}
Lo s Fressnnd eanen
Where 1,2,3,...;T 40449, ..,n where ™ denctes the elemect which

is permuted. clsarly «® = 0 Hence 2, S. i5 not weakly Bocolean.
Y 2 % n

Theoren §. L=t Zq = (0 Lyewey Brl) whers p is a pr ma > 2. Kg Sh

is not weakly soolean. (p<n , p/n).



W.B. Vasantha Kandasamy 113

Proof. Take a = 1 + @] % ... = ¥p-q clearly S, contains a
subgroup of order pj; vhere‘ul*...,zphl elemants ars £from 5,
forming a subgroup of ordsr v. Hence &®=0, Thus Zg 5, is mot
weakly Boolean.

Problem. TIf im the above thesorem (p, n) =1 or p> n and n/p but
{p, n) = 1; wa are not zble to conclude anything about ZP Sqe

Remark 1. If we take S, such that n is infinite and Z; = ({(0,1).

Clearly Z,5, is not weakly Beolean.

Remark 2. L=t EP = (0,1,+::,p=1) and G be a cyclic group of order

p.~Then Z.G is not weakly Zoolean.

Proof. Take ¢ = l+g®t... = gp-l y Slaarly 22 = 0. Hence EPG cannot

be waakly Hoolean.

Problem. If In the above remark take G to be a cycliec group eof
order q with (p,q) = 1. Is E,6 weakly Boolean?
Theoren 9. Lot G Be a infinite group in which every element is of

finite order and Z. be the field of integers modulo p, p a prime

B
Z2_G is not weakly Boolean if & has an element of order p.

B
, p-1
Proof. Let geG with gP = 1 then & = l+g+... + g is such that

a@® = 0. Thus 2Z.G is not weakly Boolean.

B

Refarence

[1] trsul, M.I.; Connectivity in weakly Boolean Topolagical
rings, IV, Aakad, lauk, HMoldor, SSR Ser. Fiz-Tekhn Mat.
Hauk. 79, No.1 17-21, (19289).






